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Zusammenfassung in deutscher Sprache

In dieser Arbeit werden integrale n Varifaltigkeiten in R betrachtet, wel-
che eine Bedingung an die verallgemeinerte mittlere Kriimmung in LP-Raumen
erfiillen. Genauer wird der Zusammenhang von Groflen, welche den klassischen
Tilt- und Height-Excess umfassen und verallgemeinern, untersucht, insbesonde-
re im Hinblick auf die Frage moglicher C2-Rektifizierbarkeit solcher Varifaltigkei-
ten. Das Hauptresultat besagt, daf§ die Abweichung der integralen Varifaltigkeit
von einer eventuell mehrwertigen Ebene (Height-Excess) durch die Abweichung
der approximativen Tangentialriume der integralen Varifaltigkeit von besagter
Ebene (Tilt-Excess) und die mittlere Kriimmung kontrolliert werden kann.

Introduction

This work is concerned with C? rectifiability of integral n varifolds in R™*™,
m,n € N which are of locally bounded first variation. More precisely, given
assumptions on the mean curvature, the relationship between C? rectifiability
and decay of height or tilt quantities is examined.

First, some definitions will be recalled. Suppose throughout the introduction
that m, n are as above and U is a nonempty, open subset of R"*™. Using [Sim83,
Theorem 11.8] as a definition, u is a rectifiable [an integral] n varifold in U if
and only if 1 is a Radon measure on U and for p almost all z € U there exists an
approximate tangent plane T, u € G(n + m,n) with multiplicity 6™ (i, x) of p at
z [and 0™ (p, x) € N], G(n + m, n) denoting the set of n dimensional, unoriented
planes in R™*™. The distributional first variation of mass of p equals

(6p)(n) = [div,ndu  whenever n € CL(U,R"™™)

where div,, n(z) is the trace of Dn(z) with respect to Tpu. |[|6p| denotes the
total variation measure associated to du and p is said to be of locally bounded
first variation if and only if ||du|| is a Radon measure. The tilt-excess and the
height-excess of u are defined by

tiltexu(x, o, T) = QinfBg(m) |T§’U - T|2 du(f)’
heightex , (z, 0, T) = g_"_QfBQ(w) dist(& — z, T)* du(€)

whenever x € R*"™ 0 < ¢ < oo, B,(z) C U, T € G(n+m,n); here S €
G(n + m,n) is identified with the orthogonal projection of R"*™ onto S and |- |
denotes the norm induced by the usual inner product on Hom(R"™t™ R"*+™),
From the above definition of a rectifiable n varifold y one obtains that p almost
all of U is covered by a countable collection of n dimensional submanifolds of
R™*™ of class C'. This concept is extended to higher orders of differentiability
by adapting a definition of Anzellotti and Serapioni in [AS94] as follows: A
rectifiable n varifold p in U is called countably rectifiable of class C*< [CF],
k€N 0 < a <1, if and only if there exists a countable collection of n
dimensional submanifolds of R"*™ of class C¥* [C¥] covering p almost all of U.
Throughout the introduction this will be abbreviated to C*® [C] rectifiability.
Note that C*! rectifiability and C**! rectifiability agree by [Fed69, 3.1.15].
Decays of tilt-excess or height-excess have been successfully used in [All72,
Bra78, Sch04a, Sch04b]. The link to C? rectifiability is provided in [Sch04b], see



below. In order to explain some of these results, a mean curvature condition is
introduced. An integral n varifold in U is said to satisfy (Hp), 1 < p < oo, if and
only if either p > 1 and for some ﬁu e L} (p,R™™), called the generalised
mean curvature of p,

(6u)(n) = — [H, e ndp  whenever 5 € CH(U,R"™™) (Hyp)
or p=1and
w is of locally bounded first variation; (Hy)

here o denotes the usual inner product on R**. Brakke has shown in [Bra78,
5.7] that

tiltexu(x, o, Tw,u) - 0;8(9)7 heightexu(m, 0, T;L',U) = 01‘(@) as 0|0

for p almost every x € U provided p satisfies (H7) and

tiltex,, (z, 0, Tw ) = 04(0*~%), heightex, (z, 0, 1) = 02(0” )

as o |0

for every € > 0 for p almost every x € U provided p satisfies (Hs). In case
of codimension 1 and p > n Schétzle has proved the following result yielding
optimal decay rates.

Theorem 5.1 in [Sch04a]. If m =1, p > n, p > 2, and p is an integral n
varifold in U satisfying (Hp), then

tiltex,, (z, 0, Tppr) = Ox(0%), heightex,, (z, 0, Tup) = Ox(0°) as o |0

for i almost all x € U.

The importance of the improvement from 2 — € to 2 stems mainly from the
fact that the quadratic decay of tilt-excess can be used to compute the mean
curvature vector Ijlu in terms of the local geometry of ;1 which had already been
noted in [Sch01, Lemma 6.3]. In [Sch04b] Schétzle provides the above mentioned
link to C? rectifiability as follows:

Theorem 3.1 in [Sch04b]. If p is an integral n varifold in U satisfying (Hz)
then the following two statements are equivalent:

(1) w is C? rectifiable.
(2) For u almost every x € U there holds

tiltex,, (z, 0, Tupt) = Oz (0?), heightex,, (z, 0, T:pt) = 0.(0*) asol0.

The quadratic decay of heightex,, implies C? rectifiability without the con-
dition (Hs) as may be seen from the proof in [Sch04b]. However, (1) would not
imply (2) if ¢ were merely required to satisfy (H,) for some p with 1 < p < f—f:z,
an example will be provided in C.5. On the other hand, it is evident from the
Caccioppoli type inequality relating tiltex, to heightex, and mean curvature,
see e.g. [Bra78, 5.5], that quadratic decay of heightex,, implies quadratic decay

for tiltex,, under the condition (H2). This leads to the following question:



Problem. Does quadratic decay of tiltex, imply quadratic decay of heightex,,
under the condition (Hz)?

More generally, suppose that u is an integral n varifold in U satisfying (H),),
1<p<oo,and 0<a<1,1<q<o0. Does

. —a—n 1
hmlsoupr /e (fBT(I)|T£H = Topl? dﬂ(f)) /e < o0

for p almost all x € U imply

limsupr— - "/4 (f5

(2) dist(§ — @, Top)? dﬂ(f))l/q <0
rl0 "

for p almost all x € U?

The answer to the second question will be shown in 2.8-2.10 to be in the
affirmative if and only if either p > n or p < n and agq < n"—f;j, yielding in
particular a positive answer to the first question. The main task is to prove the
following theorem which in fact provides a quantitative estimate together with

the usual embedding in L? spaces.

Theorem 2.8. Suppose Q e N, 0 < a<1,1<p<mn, and p is an integral n
varifold in U satisfying (Hp).
Then the following two statements hold:

(1) Ifp<n,1<q <n,1<¢qg <min{-22 L. ”_pp}, then for p almost all

n—qi’a n

a € U with 6™(u,a) = Q there holds

limlsup poo—1i-n/a [ dist(- — a, Tapt)|| o2 (1 B, (a))
rl0

< Ty limsup PO T, = Tapll o (a3, (a))

where T'(1y is a positive, finite number depending only on m, n, Q, q1, and
qz-

(2) If p=mn, n < q < oo, then for u almost all a € U with 0™ (u,a) = Q there
holds

1imlsoup rm O dist(- — a, Tap) || Lo (e B, (a))

<L liTl%upr‘“‘”/qHTﬂ — TaptllLagu B, (a))

where T'(9) is a positive, finite number depending only on m, n, Q, and q.

Here T}, denotes the function mapping = to T, whenever the latter exists.
The connection to higher order rectifiability is provided by the following simple
adaption of [Sch04b, Appendix A].

Lemma 3.1. Suppose 0 < a < 1, u is a rectifiable n varifold in U, and A
denotes the set of all x € U such that Ty exists and

lim sup gfnflfafB (@) dist(§ — z, Tpopn) dp(§) < oo.
0l0 ¢

Then po A is CH rectifiable.



The analog of Theorem 2.8 in the case of weakly differentiable functions can
be proved simply by using the Sobolev Poincaré inequality in conjunction with
an iteration procedure. In the present case, however, the curvature condition is
needed to exclude a behaviour like the one shown by the function f : R — R
defined by

o0

f(z) = 2(2_7;))([2—1'—172—1’[(‘7}) whenever x € R
=0

at 0; in fact an example of this behaviour occurring on a set of positive £!
measure is provided by f/2o¢g where g is the distance function from a compact
set C such that £1(C) > 0 and for some 0 < A < 1

1imﬁ)nfr*3/2£1([x +Ar,x 4+ 7r[~C) >0 whenever z € C.

Therefore the strategy to prove Theorem 2.8 is to provide a special Sobolev
Poincaré type inequality for integral varifolds involving curvature, see 2.4. In
the construction weakly differentiable functions are replaced by Lipschitzian @
valued functions, a () valued function being a function with values in Qo (R™) =
(Rm)Q/ ~ where ~ is induced by the action of the group of permutations of
{1,...,Q} on (R™)%.

Roughly speaking, the construction performed in a ball B, (a) C U proceeds
as follows. Firstly, a graphical part G of p in B,(a) is singled out. The com-
plement of G can be controlled in mass by the curvature, whereas its geometry
cannot be controlled in a suitable way as may be seen from the example in C.2
used to demonstrate the sharpness of the curvature condition. On the graphical
part G the varifold p might not quite correspond to the graph of a @ valued
function but still have “holes” or “missing layers”. Nevertheless, it will be shown
that p behaves just enough like a @ valued function to make it possible to re-
duce the problem to this case. Finally, for @) valued functions Almgren’s bi
Lipschitzian equivalence of Qg(R™) to a subset of R™” for some P € N which
is a Lipschitz retract of the whole space directly yields a Poincaré inequality.
More details about the technical difficulties occurring in the construction and
how they are solved will be given at the beginning of Section 1.

To conclude the introduction, it will be indicated why tilt quantities with
exponent different from 2 may become relevant. The above mentioned decay
rates for tilt-excess (or height-excess) shown by Brakke in case the integral
varifold y satisfies (H;) imply that u is C''/2 rectifiable but for every 1/2 <
a < 1 there is no example known to the author of such a p which is not C1®
rectifiable. In contrast, for any 1/2 + m < a <1, n > 1, there exists an
example, see C.4, showing that tilt-excess and height-excess do not decay with
power 2q, i.e. the power corresponding to C1® rectifiability via Theorem 2.8
and Lemma 3.1. The 1 tilt does behave better in this respect. In fact, it will
be shown that decay of the 1 tilt implies C? rectifiability and locality of mean
curvature:

Lemma 3.2. Suppose p is an integral n varifold in U satisfying (Hy) and A
denotes the set of all x € U such that Typ exists and

limisoup g_l_”fBQ(mﬂTgM — Tyl dp(§) < 0.
0



Then p A is C? rectifiable and for every n dimensional submanifold M of
R™™ of class C? there holds

—

H,(z) = Hy () for p almost every z € AN M

where I:iM denotes the mean curvature of M and _ﬁu corresponds to the ab-
solutely continuous part of dp with respect to .

The first part of the lemma is a direct consequence of Theorem 2.8 and
Lemma 3.1 whereas the second part is an adaption of [Sch01, Lemma 6.3] with
the help of the differentiation theorem provided in B.1.

The work is organised as follows. In Section 1 the approximation of u by a @
valued function is constructed. In Section 2 the approximation is used to prove
the Sobolev Poincaré type inequality 2.6 and Theorem 2.8. Section 3 provides
Lemmas 3.1 and 3.2. The Appendices A and B provide more basic properties of
rectifiable varifolds which are needed to prove the various results contained in
the body of the text in a precise fashion which then allows the example given in
Appendix C to demonstrate the sharpness of these results. Finally, Appendix
D collects for the convenience of the reader the results needed from Almgren’s
Big Regularity Paper [Alm00].

The notation follows [Sim83]. Additionally to the symbols already defined,
im f and dmn f denote the image and the domain of a function f respectively,
T+ is the orthogonal complement of T for T € G(n + m,n), 7y, denotes the best
constant in the Isoperimetric Inequality as defined in A.3, and f(¢) denotes the
ordinary push forward of a measure ¢ by a function f,i.e. f(¢)(A) := ¢(f~1(A))
whenever A C Y, if ¢ is a measure on X and f : X — Y. Definitions are denoted
by ‘=’ or, if clarity makes it desirable, by ‘:=’. To simplify verification, in case a
statement asserts the existence of a constant, small (¢) or large (I'), depending
on certain parameters this number will be referred to by using the number of
the statement as index and what is supposed to replace the parameters in the
order of their appearance given in brackets, for example €4 19(m,n,1 — d3/2).

Acknowledgements. The author offers his thanks to Professor Reiner Schétz-
le for guiding him during the preparation of this dissertation as well as inter-
esting discussions about various mathematical topics. The author would also
like to thank Professor Tom Ilmanen for his invitation to the ETH in Ziirich
in 2006, and for several interesting discussions concerning considerable parts of
this work.

1 Approximation of integral varifolds

In this section an approximation procedure for integral n varifolds u in R**™
by @ valued functions is carried out. Similar constructions occur in [Alm00,
Chapter 3] and [Bra78, Chapter 5]. Basically, a part of u which is suitably
close to a ) valued plane is approximated “above” a subset Y of R™ by a
Lipschitzian @) valued function. The sets where this approximation fails are
estimated in terms of x4 and £" measure.

In order to obtain an approximation useful for proving the main lemma 2.4
for the Sobolev Poincaré type inequalities 2.6 and 2.8 in the next section, the
following three problems had to be solved.



Firstly, in the above mentioned estimate one can only allow for tilt and mean
curvature terms and not for a height term as it is present in [Bra78, 5.4]. This
is done using a new version of Brakke’s multilayer monotonicity which allows
for variable offsets, see 1.8.

Secondly, the seemingly most natural way to estimate the height of x above
the complement of Y, namely measure times maximal height h, would not pro-
duce sharp enough an estimate. In order to circumvent this difficulty, a “graph-
ical part” G of pu defined mainly in terms of mean curvature is used which is
larger than the part where p equals the “graph” of the @ valued function. Points
in G still satisfy a one sided Lipschitz condition with respect to points above Y,
see 1.10 and 1.14 (4). Using this fact in conjunction with a covering argument,
the actual error in estimating the ¢ height in a ball B,(¢) where £L*(B,({)NY)
and £"(B,({) ~Y) are comparable, can be estimated by £"(B,(¢)~Y)"4 - ¢
instead of £™(B,(¢)~Y)Y? . h; the replacement of h by t being the decisive
improvement which allows to estimate the ¢* height (¢* = 77_‘1(1, 1<q<n)
instead of the ¢ height in 2.4.

Thirdly, to obtain a sharp result with respect to the assumptions on the
mean curvature, all curvature conditions are phrased in terms of isoperimet-
ric ratios. Therefore, it seems to be impossible to derive lower bounds for the
density and monotonicity results for the density ratios by integration from the
monotonicity formula, see e.g. [Sim83, (17.3)], as in [Sim83, Theorems 17.6,
17.7]. Instead, lower bounds are obtained via slicing from the Isoperimetric
Inequality of Michael and Simon, see Appendix A, and it is shown that noninte-
gral bounds for density ratios are preserved provided the varifold is additionally
close to a @ valued plane, see 1.4. Both results appear to be generally useful in
deriving sharp estimates involving mean curvature.

1.1. TmyneN, ae R 0<r <oo,T € G(n+m,n), and p is a stationary,
integral n varifold in B,(a) with Ty = T for p almost all z € B,.(a), then
T+ (spt 1) is discrete and closed in T+ (B,.(a)) and for every z € spt u

y € B.(a), y—x €T implies 0"(p,y) =0"(n,x) €N;
hence with S, = {y € B,(a):y—x €T}
pr Sy =0"(u,x)H"L S, whenever z € B,(a).
A similar assertion may be found in [Alm00, 3.6] and is used in [Bra78, 5.3 (16)].

1.2 Lemma. Suppose 0 < M < oo, M ¢ N, 0 <A\ <X <1l,mneN,Tce¢
G(n+m,n), F is the family of all stationary, integral n varifolds in B} (0)
such that

Top =T for p almost all x € B}T™(0), u(B}(0)) < Mw,,
and N is the supremum of all numbers
(war™) " (B (0))

corresponding to all p € F and A1 < r < Ag.
Then for some € F and some Ay <1 < Ag

N = (war™) " u(BE(0)) < M.



Proof. The proof uses the structure of the elements of F' described in 1.1. Since
(war™) "t (B H™(0))

depends continuously on (u,7) € F X [A1, A2], the first part of the conclusion is
a consequence of the fact that F' is compact with respect to the weak topology
(cf. [All72, 6.4]). To prove the second part, one notes

(r? — *)"? < (1 — )%™ whenever 0 < g <r < 1

and computes

u(BrTm(0)) = > 0" (1, x)wn (r* — T+ (a))"/?
z€BIT™(0)NT (spt )

> 0" (s 2w (1 = [T (@)[2)"/2 )y
z€BRT™(0)NTL (spt 1)
< u(BYT™(0)r™ < Mw,r™.

IN

If sptu ¢ T, then the first inequality in the computation is strict. Otherwise,
the last inequality is strict because M ¢ N. O

1.8 Remark. Any p € F satisfies
(war™) T p(BEH™0)) — wi t(BYTT(0)) as T L,

and this number may equal M. Therefore the conclusion N < M would fail if
A2 = 1. However, the supremum in the definition of NV can be extended over all
0 <7 < Aor with V < M still being valid as will be shown in 1.4.

1.4 Lemma (Quasi monotonicity). Suppose 0 < M < oo, M ¢ N, 0 < A < 1,
and m,n € N.
Then there exists a positive, finite number € with the following property.
Ifa € R™™™ 0 < r < oo, u is an integral n varifold in B, (a) with locally
bounded first variation,

u(B,(a)) < Muwpr™,
and whenever 0 < o <r

160l (By(a))
<e

< epu(B,(a)' ",
S5, @)\ Tep = Tl du(z) < e u(B,

5
(a)) for some T € G(n+ m,n),
(here 0° := 1), then

1(B,y(a)) < Mwno™  whenever 0 < ¢ < Ar.

Proof. Using induction, one verifies that it is enough to prove the statement
with A\2r < o < Ar replacing 0 < ¢ < Ar in the last line which is readily
accomplished by a contradiction argument using 1.2 and Allard’s compactness
theorem for integral varifolds [All72, 6.4]. O



1.5 Remark. Clearly,

(wng”)flu(BQ(a)) < MX™" whenever 0 < o <.

1.6. Suppose —c0 < a < b < o0, I = [a,b], f : I — R is nondecreasing and
continuous from the left, g : I — R is continuous, and f(a) > g(a), f(b) < g(b).
Then there exists £ with a < ¢ < b such that

f(€)=g(&), and f(t)>g(t) whenever £ >t € I;

in fact one may take & = inf({t € I: f(t) < g(t)}).

1.7 Lemma (Multilayer monotonicity). Suppose m,n,Q € N, 0 < § <1, and
0<s<1.
Then there exists a positive, finite number € with the following property.
IfFXCR"™™ TeGn+mmn),0<r<oco,

|T(y —x)| < sly— x| wheneverz,y € X,
w is an integral n varifold in \J . x B,.(x) with locally bounded first variation,
Yeexti () 2 Q- 144,
and whenever 0 < p <r, x € X Nsptp
I601(By(2)) < < u(By()' ™", [ | Tep — T dn(E) < & (B, ().
then
1(Uzex Bo(®) = (Q — §)wno™  whenever 0 < o <r.

Proof. If the lemma were false for some m,n,Q € N,0 < § < 1/2,and 0 < s < 1,
there would exist a sequence ¢; with ¢; | 0 as ¢ — oo and sequences X;, T;, 7,
and p; showing that €; does not satisfy the conclusion of the lemma.

Clearly, one could assume for some T' € G(n 4+ m,n)

T,=T forieN,
X; Csptp; for i € N and in view of A.10 also
#X; <@ forieN.

One would observe that 1.6 could be used to deduce the existence of a sequence
0 < 0; < r; such that

1i(Urex, Bo: () < (Q = 6)wn ()",
i (UxeXiBQ(I)) > (Q—143/2)wne” whenever 0 < o < g;.
There would hold for z € X;,i € N

161811 (By, (2)) < i(Qun)' /" (00)" 1,
fBQi(a;)|T§“i = T|dui(§) < eiQun (i)™



Rescaling, one would infer the existence of sequences of integral n varifolds
v; in R™™™ X; C spty;, and €; with ¢; | 0 as 4 — oo such that for some
TeGn+mmn),0<M<oo,QeN,0<d<1/2,and0<s<1

#X:<Q, s T(y—a)|<|y—a| forzyeX,,
||5VZH(Bl(I)) <&M, fBl(x)leVi — T| dl/z(g) <egM forzxe X,
Vi(UzeXiBl(x)) < (Q - 6)"‘)“7
Vi(UzexiBQ(m)) >(Q—146/2)wpe™ whenever 0 < o < 1.

The proof will be concluded by showing that objects with the properties
described in the preceding paragraph do not exist. If they existed, one could
assume first

X, C By™(0) forieN

by moving pieces of v; by translations (here v is a piece of v; if and only if
v = v;L Z for some connected component Z of |J B;(x)) and then, since

zeX;
X; # 0 for i € N, passing to a subsequence,
X; — X in Hausdorff distance as i — 0o, #X <Q

for some nonempty, closed subset X of B} (0) (cf. [Fed69, 2.10.21]). Noting
that given 0 < g1 < g2 <1

UIEXBQI (gj) - U$€XiBQQ (‘T)7 UIEXB.Qz (l‘) 2 UwEXrLBKh (:Z?)

for large 4, one could assume, possibly passing to another subsequence (cf.
[All72, 6.4]), that for some stationary, integral n varifold v in

U= UsexBi(@)
satisfying
T.v=T for v almost all z € U
there would hold
Jedv; — [pdv asi— oo for p € CO(R™™) with spt C U.
The inclusions previously noted, would show

v(U) <(Q — 0)wn,
V(UpexB,o(2)) > (Q =1+ 6/2)wno™ for0< o<1
Since for y,z € X

sTHT(y — =) < |y — =],
{xeR"™y—zeTIN{zeR"™™:z2—2eT}=0 ify+#z

these inequalities would imply by 1.1
Q—-1+6/2< limi%nfI/(UzeXBg(x))/(wng")
0

=D wex0" () <v(U)/wn < Q =6
a contradiction to > . 0" (v,x) € N. O



1.8 Lemma (Multilayer monotonicity with variable offset). Suppose m,n,Q €
N,0<M<oo,6§>0,and0<s<1.
Then there exists a positive, finite number € with the following property.
IfFX CcRY™™ T e Gn+mmn), 0 <d<oo,0<r<oo0<t< oo,
f: X —Rtm

Ty —2)| <sly—zl, [T(f(y) = f(@)] <slfly) = f(@)],
f(x)—x€eByf™O0)NT, d<Mt, d+t<r

forx,y € X, p is an integral n varifold in \J . x B,.(x) with locally bounded first
variation,

dwexti() 2Q—1+46, p(B.(x)) < Mwyr™  forz € X Nsptp,
and whenever 0 < p <r, x € X Nspt p

161(By(x)) < € m(By(2)' ™", [ ([ Ten = TIdu(€) < & pu(By(x)),
then

(Upex{y € Bi(f(2):|T(y — )| > sly — z[}) > (Q — 0)wnt™

Proof. The proof skips some arguments already presented in 1.7.

If the lemma were false for some m,n,Q € N, 0 < M <00, 0<d <1, and
0 < s < 1, there would exist a sequence ¢; with ¢; | 0 as ¢ — oo and sequences
X, T;, d;, ri, t;, fi, and u; showing that e; does not satisfy the conclusion of
the lemma.

In view of 1.4, 1.5 one could assume d; + t; = r; for ¢ € N by replacing
M by 2M. Using isometries and homotheties one could also assume for some
T e G(n+m,n)

jjile7 ’/‘izl

for ¢ € N. Finally, one could assume as in 1.7, possibly replacing M by a larger
number,

X, Csptu, #X;,<Q, X;cC By ™0)

for i € N.

Therefore passing to a subsequence (cf. [Fed69, 2.10.21]), there would exist
a nonempty, closed subset X of B}/™(0), 0 < d < o0, 0 < t < oo, and a
nonempty, closed subset f of R**™ x R®™™ gsuch that #X < Q,

d; > dand t; — t as i — oo,

X; — X and f; — f in Hausdorff distance as i — oo.
There would hold
sHT(y—2)| <|ly—z| forz,yeX, d<Mt, d+t=1, t>0.
Moreover, since
(1= )2y — 2] < |TH(yi — 2))|
= ‘TL(fi(yi) - fz(xz>)| <|fi(y:) = fi(x:)]

10



for x;,y; € X;, and i € N, f were a function and one could readily verify
dmn f = X, and

f(x)—xz € By™0)NT forz € X,
sTUT(f(y) = f@)| < |f(y) = fz)] forz,yeX.

Possibly passing to another subsequence, one could construct (cf. [All72,
6.4]) a stationary, integral n varifold p in U := |J, ¢ x By (z) with

T,p=T for p almost all x € U
such that
Jedu; — [pdu asi— oo for ¢ € CO(R™™) with sptp C U.
According to 1.7 one would estimate for large 4
1 (Upex, B,(2)) = (Q — 8)wno™  whenever 0 < ¢ <1,
hence
1(Uzex B,(#) > (Q — §)wne™  whenever 0 < o < 1.

Therefore, passing to the limit o | 0, one would infer the lower bound (noting
1.1)

2rext"(m2) 2 Q = 6.

For y,z € R™™, 0 < ¢ < oo define V(y, 2, 0) to be the set of all z € B,(2)
such that

sTHT(y — x)| > |y — x|,

and note that every compact subset K of |, .5V (z, f(x),t) would satisfy

z€X
K CU,ex, Vi, fi(z),t;) for large i;

hence

(Upex Vi, f2),1)) < 1iilg(i£fui(UmeXiV(iL’» fi(@), 1)) < (Q — §)wnt™.
On the other hand 1.1 would imply in conjunction with the fact

{zeR"":x—yeTIN{z eR""™:x—2€T} =10
for y,z € X with y # z and the lower bound previously derived
1(Upex V(@ F@),8)) = (Xex 0 2))wnt™ > (Q = S)wnt”,

hence Y 0" (u,z) = @ — ¢ which is incompatible with Q — ¢ ¢ N. O

zeX
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1.9 Lemma. Suppose m,n e N;0<d<1,0<s<1, and 0 <M < 0.
Then there exists a positive, finite number € with the following property.
Ifa e R 0 <r <oo, T e Gn+mmn), 0 <d< oo, <t < o0,
¢ e R,

max{d,r} < Mt, (€ B;T0)NT, d+t<r,
w is an integral n varifold in B, (a) with locally bounded first variation, a € spt ,

I16ull(B,(a) < e u(B,(a))' ", u(B,(a)) < Mw,r™,
fBr(a)|TE/~L —T|du(§) < ep(B,(a))

and for0< o<t
15l1(B,(@)) < (27) (B, ()~
(see A.3), then
iz € Bila+Q):IT(x —a)| > sl —al}) = (1 - S)wnt™.

Proof. A contradiction argument using A.8, 1.1, and [All72, 6.4] yields the re-
sult. O

1.10 Lemma. Suppose m,n,Q € N, 0 < §; < 1,0 < 62 < 1,0 < s <1,
0<s9<1,0< M < o0, and 0 < A <1 is uniquely defined by the requirement

2\n/2 (s0)”> "2,
(1— A2/ :(1“52”(1%(50)2) A",

Then there exists a positive, finite number € with the following property.
IFXCcR"™™ T eGn+mmn), 0 <d<oo,0<r<oo 0<t< oo,
¢ €R™H™,
#T(X)=1, ¢eB*™0)NT, d<Mt, d+t<r,

p is an integral n varifold in \J,c x B, (x) with locally bounded first variation,
0" (p,xz) €N forz e X,

erXen(,u‘vx) = Qa N’(Br(x)) S Mwnrn fO?” T € Xa

and whenever 0 < p <r,x € X
161 (By(x)) < € u(By(a)' ", [5 | Ten =TI dp(€) < e p(B,(x))
satisfying
p(Upex{y € Bilw + Q):[T(y — @) > soly — al}) < (Q+1 - d2)wnt”,

then the following two statements hold:

(1) If 0 < 7 < Xt, then

1(Usex Br(2)) < (@ + 01 )wnt™.
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(2) If y € spt p with dist(y, X) < At/2 and
161l[(By(w)) < (23a) " (B, () "™ for 0 < o < & dist(y, X),
then for some x € X

|T(y — x)| > sly — x|

Proof of (1). One may first assume max{d;,d2} < 1/2 and then \? < 7/t < A
by iteration of the result observing that the remaining assertion implies induc-
tively

N(UxeXBA*ir(x)) <(Q+ 51)Wn(>‘_i7—)n

whenever i € N, A™%7 < \t. Moreover, in view of 1.4, 1.5, only the case r = d+1t
needs to be considered.

The remaining assertion will be proved by contradiction. If it were false for
some m,n,Q €N, 0 <d; <1/2,0<62<1/2,0< 59 <1,and 0 < M < o0,
there would exist a sequence &; with ¢; | 0 as ¢ — oo and sequences X;, T;, d;,
i, t; Ci, pi, and 7; with ¢ € N showing that ¢; does not satisfy the assertion.

The argument follows the pattern of 1.8. First, one could assume for some
TeGn+m,n)

T,=T, r=1

for i € N and then noting #X; < @ that X; C B}/™(0) and hence, possibly
passing to a subsequence, the existence of real numbers d, t, 7, of a nonempty,
closed subset X of B}/ (0), of ¢(,€ R"*™ and of a stationary, integral n
varifold p1 in U := |J,c x By (z) such that #X < Q, and, as i — oo,

di—d, ti—t, 17—>1 (=
X; — X in Hausdorff distance,
[edu; — [edu  for ¢ € CO(R™™) with sptp C U,
and additionally
T.p=T for palmost all z € U.
Clearly,
d<Mt, d+t=1, t>0, N <71/t<)\
#T(X)=1, (e€By™0)NT,
and one would readily verify
p(Upex{y € Bi(z+ Q)T (y — 2)| > soly — =[}) < (Q+1— d2)wnt",
1(Upex B- () > (Q + 61 )wn ™.

Moreover, 1.7 would imply with S, := {z € R"*™:T+(z — x) = 0} for
xr € Rvt™

M(UmGXBQ(x» > (Q — 01)wnpo" for 0< p <1,
ZmEXan(Max) 2 Qa
>ex 0" (@) (H" L Sy)(A) < p(A) for ACU.
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Therefore if z € X, y € sptu, T+(y) ¢ TH(X), 0 < [T+ (y — x)| = h < t, then
one would find

(2 € 8,57 = ) < solz—al} = 8,1 Boa_y oy o+ Ty~ ),
(1= (h/)*)"2 = (55 = 1) 2(h/t)" ) wnt”
= (MU S,)(By(w + 0)) — (H"L8,)({z € R™™ [Tz — )| < solz — 2]})
(H™ L Sy)( {zeB(m—l—C) |T(z — x)| > solz — z|})
(1 = da)wn

INIA

hence h > At, in particular, since At > 7 and #7T(X) = 1,

(Sptu)ﬁUxex ( ) :UajeXS mBT(x)’
/‘(UxeX ( )) Qu, "

contradicting the previously derived lower bound because 7 > 0. O
Proof of (2). On may first assume max{dy,d2} < 1/2, then
\2/2 < dist(y, X)/t < \/2

by part (1), and 1 <r/t < M + 1 by 1.4, 1.5.

The remaining assertion will be proved by contradiction. If it were false for
some m,n,Q € N, 0 < <1/2,0<62<1/2,0<359<1,0<s<1,and
0 < M < oo, there would exist a sequence ¢; with ¢; | 0 as i — oo and sequences
X;, Ty, d;, v, t; G, pi, and y; with ¢ € N showing that e; does not satisfy the
assertion.

The argument follows the pattern of part (1). First, one could assume for
some T' € G(n +m,n)

TZ‘:T7 Ti:1

for i € N and then noting #X; < @ that X; C B}/ (0) and hence, possibly
passing to a subsequence, the existence of real numbers d, ¢, of a nonempty,
closed subset X of B}™(0), of ¢ € R"™™ and of a stationary, integral n

varifold p in U := |J,c x By (z) such that #X < @, and, as i — oo,

diﬂda tig)ta Czﬂg,
X; — X in Hausdorff distance,
Jedu; — [edu  for ¢ € CO(R™™) with sptp C U,

and additionally
T.pn=T for palmost all z € U.
Clearly,
d<Mt, d+t<1, 0<t<1l, #T(X)=1, (e€B;™0)NT,

and one would readily verify

p(Uzex{y € Bz + Q) :[T(y — )| > soly — z]}) < (Q + 1 — dz)wnt™
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It would hold y € spt u by A.8 and
0 < dist(y, X)/t < \/2,
[T(y —a)| <sly—a| forzeX, TH(y)¢TH(X)

hence there would exist z € X with |y — x| < M/2 implying 0 < |T*(y —z)| < t.
Finally, one would obtain as in the last paragraph of the proof of part (1) that

At < ‘TL(y — )|
which is incompatible with
Ty — )| < |y — | < At/2
because At > 0. O

1.11 Remark. Combining A.15 and 1.10(2), one obtains the following proposi-
tion about tangent planes:

Suppose m, n, p, U, and j are as in A.1 with p < n and p integral. Then
for every 0 < s <1

liﬁlu({y cU:s Vdist(y —a, (Tou)) < |y — 2| < r})/r"Z/("_p) =0

for p almost every x € U.
The exponent n?/(n—p) cannot be replaced by any larger number as C.2 (4)
shows.

1.12 Definition. Suppose m,n,Q € N, and T € G(n + m,n).
Then P is called a @ wvalued plane parallel to T if and only if for some
S € Qq(T+) (see D.1)

P = (6°(IS],-) o TH) K"

S is uniquely determined by P. For any two @ valued planes P, and P, parallel
to T associated to S1,55 € QQ(TL) one defines (see D.1)

G(P1, Pp) := G(51, S2).
In case S = 2?21[[22]] for some z1,...,29 € T+, then
Q Q
I1SI=3"06... P=> H'{zeR™™: T (2) = 2}
i=1 i=1
where §, denotes the Dirac measure at the point x.

1.13. In studying approximations of integral varifolds the following notation
will be convenient. Suppose m,n € N, and T' € G(n + m,n). Then there exist
orthogonal projections 7 : R**™ — R" ¢ : R*™™ — R™ such that T = im 7*
and woo* =0, hence

1
T=n"omr, T- =000, lgnim =7"om+c o0o0.
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Whenever a € R"™™ (0 < r < oo, 0 < h < oo the closed cylinder C(T,a,r,h) is
defined by

C(T,a,r,h) = {x € R"*™:|T(x — a)| <7 and |T*(x — a)| < h}
={z e R"":|1(x —a)| <r and |o(x — a)| < h}.
This definition extends Allard’s definition in [All72, 8.10] where h = cc.

1.14 Lemma (Approximation by @ valued functions). Suppose m,n,Q € N,
0<L<oo,1<M<oo,and0<6; <1 forie{l,2,3,4}.
Then there exists a positive, finite number € with the following property.
Ifa,r, h, T, 7w, and o are as in 1.13, h > 24,7,

U= {zx € R""™ dist(z, C(T,a,r,h)) < 2r},
w is an integral n varifold in U with locally bounded first variation,

(Q -1+ 61)“}”7,,71 S /”’(C(Tv a,T, h)) S (Q + 1- 62)0}717"”,
w(C(Tya,r h+ d41) ~C(T,a,r,h —2647)) < (1 — d3)wpr™,
w(U) < Mw,r™,

0 < &1 < e, B denotes the set of all x € C(T,a,r,h) with *™(u,x) > 0 such
that

either [0pll(B,(x)) > e1 M(Bg(x))l_l/” for some 0 < p < 2r,
or fBQ(m)‘Tﬁf‘ — T du(§) > ey u(B,(x)) for some 0 < o < 2r,
and G denotes the set of all x € C(T,a,r, h) Nspt u such that

16l|(Bay. () < & p( By, ()",
fBQT(w)|T§N = T|du(§) < e p(By,(z)),
I8ull(B,(x)) < (29m) ' u(By(2)) /™ for 0 < o < 2r,

then there exist an L™ measurable subset Y of R™ and a function f : Y —
Qo (R™) with the following seven properties:

(1) Y C B,(n(a)) and f is Lipschitzian with Lip f < L.

(2) Defining A = C(T,a,r,h)~ B and A(y) = {x € A:7(x) =y} fory € R",
the sets A and B are Borel sets and there holds (see D.1)

a(ANsptp) C By,_s,.(0(a)), sptfly) Ca(Ay)),
If )l = o (0™ (1, )HO L A(y))

whenever y € Y.
(3) Defining the sets
C = B,(r(a))~(Y ~7(B)), D=C(T,a,r,h)N7 1 (C),
there holds
LM(C) + (D) < T3y pu(B).
with T3y = max{3 + 2Q + (12Q + 6)5™,4(Q +2) /01 }.
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(4) If z1 € G, then
lo(z1 —a)| < h— 047

and fory € Y N B)\W (m(x1)) there exwists x5 € A(y) with 0™(u,x2) € N
and

|Tl($€2 — .’El)’ <L |T(-'172 - 371)|7

where 0 < A4y < 1 depends only onn, d2, and 64. Moreover, G O ANspt u
and (see D.1, D.4)

(o) (GNna (V) = graphg, f.

(5) Y ~Y has measure 0 with respect to L™ and 7(uL G).

(0°(||S||,-) oo )YH™ is the Q valued plane associated to S via o, and g:Y —
R is defined by g(y) = G(f(y),S) fory €Y, then

(6) If L"(B,(7(a))~Y) < %wn(z\(4)r/6)”, 1<g<oo, §S€QoRm),P=

[| dist(-,spt P)||La(ue @)
< (12" Q(lgllpacen vy + Loy L™(B,(m(a)) ~ Y )/ 0H1/m),

where T ) is a positive, finite number depending only on g, and n, and

sup{dist(z,spt P):z € G}

<N gll(en vy +2(£7(B,(w(a) ~ ) fun) "

(7) For L™ almost all y € Y the following is true:

(a) [ is approzimately strongly affinely approzimable at y.
(b) Whenever x € G with w(x) =y

(7 % 0)(Tpp) = Tan (graphg ap Af(y), (y,0(z)))

where Tan(S,a) denotes the classical tangent cone of S at a in the
sense of [Fed69, 3.1.21].

(¢) [Top =T < l[ap Af (y)|| for z € G with w(z) = y.
(d) |ap Af ()l < Q(1 + (Lip f)*) max{||Top — T||*:x € 7~ ({y}) N G}

Choice of constants. One can assume 3L < d,.
Choose 0 < 89 < 1 close to 1 such that 2(s;? — 1)1/2 < 44, define A\ =
A1.10(n, d2, 80)/4, choose sg < s < 1 close to 1 satisfying

(2= <4, QU -1)E <L
and define € > 0 so small that

e<(2m)™ Q-1+461/2<(1-ne®)(Q—1+0d1),
Q—-1/2<(1—-ne?)(Q—1/4), 1—-ne?>1/2,
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and not larger than the minimum of the following seven numbers

eato(m,n,1—9063/2), e1s(m,n,1,M, d3/2,s),
e18(m,n,Q+1,M,02/2,8), e15(m,n,Q,M,1/4,s),
€1.9(m,n, min{d>/3,d5/2}, s, max{M,2}), e1.8(m,n,Q,M,d2/3,s),
e110(m,n,Q, 1,02, s, s0, M).

Clearly, ¢, satisfies the same inequalities as ¢ and one can assume a = 0,
and r = 1. O

Proof of (1) and (2). Since 6*™(u,-) is a Borel function, one may verify that A
and B are Borel sets (cp. [Fed69, 2.9.14]).
First, the following basic properties of A are proved: For x € ANspt

Qf(lhx) > 63/2’
{€en 1(B(0):T(€ — )| > sl — 2[} €07 (Biina/2.6,3 (0(2)))
o(Ansptp) C By s,(0).

The first is implied by A.10. The second is a consequence of the fact that for
§ € 77 H(B1(0)) with [T(§ — x)| > s|¢ — 2]

lo(&) —o(z)] < (s2 = DY2|n(€) — m(x)] < 2(s72 = 1)/2 < min{\/2,8,}.
To prove the third, note that 1.8 applied with

Q, 6, X, d, r, t, and f replaced by
1, 83/2, {x}, 1, 2, 1, and T+ |{z}

yields
p(r =1 (B (0) No ™ (By, (0(x))) = (1= d3/2)wn,
so that h — 4 < |o(x)| < h would be incompatible with
w(C(T,0,1,h+64) ~C(T,0,1,h — 244)) < (1 — 83)wh.
Next, it will be shown if X € ANspty, 0™ (u,z) € Ny forz € X,
sHT(zg — 21)| < |w2 — 21|  whenever x1, 25 € X,
then Y o 0" (1, ) < Q. Using the basic properties of A to verify

{€ € BY(T*(2)):|T(¢ — )| > s[¢ —z[} < 7~ 1 (BY(0)) N (Bg, (o(x)))
c C(T,0,1,h)

there holds
(Upex (€ € Bi(TH(2): [T — )| > sl¢ — 2[}) < p(C(T,0,1,h))

S (Q+ 1-— 62)wn
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and 1.8 applied with
Q, 6,d, r,t, and f replaced by
Q+1,05/2,1,2, 1, and TH|X
yields
Yowex?" () <Q+02/2<Q+1,

hence » . 0" (1, 2) < Q. In particular, ZIGA(y) 0" (u,x) < @ whenever y €

B7(0) and 6" (p, x) € Ny for each x € A(y).
Let Y be the set of all y € B}'(0) such that

Yseaw?" () =Q and 0"(u,x) € N for x € A(y),
Z be the set of all z € B}(0) such that
Ypeat"(nr) <Q—1 and 6"(p,x) € Ny for v € A(z),

and N = B?(0)~(Y U Z). Clearly, Y N Z = (). Note by the concluding remark
of the preceding paragraph L£™(N) = 0 because 0" (u,z) € Ny for H™ almost all
x € U. Since 6"(u,-) is a Borel function whose domain is a Borel set and A is
a Borel set, Y and Z are £" measurable by [Fed69, 3.2.22(3)]. Let f : ¥ —
Qo(R™) be defined by

fly) =ox (ZmeA(y)H"(um)[[m]]) whenever y € Y.
One infers from the assertion of the preceding paragraph and D.12
G(f(y2), f(1)) < QV*(s72 = 1) 2lyz —wu| for yr,y2 €Y.
(1) and (2) are now evident. O

Proof of (3). For the estimate some preparations are needed. Let v denote the
Radon measure defined by the requirement

v(X) = [(J'Tdp for every Borel subset X of U
where J* denotes the Jacobian with respect p. Note
|Tpp —T| <e for p almost all x € A,
hence 1 — JHT(x) < 1 — (J*T)(z)? < ne?. Therefore
(1—ne*)uL A <vLA.
This implies the coarea estimate

(1 =ne*)pu(C(T,0,1,h)Na~ (W))
<puBna T W)+ QLMY NW) +(Q — 1)L (ZNW)

for every subset W of R™; in fact the estimate holds for every Borel set by
[Fed69, 3.2.22(3)] and w(puL B) is a Radon measure by [Fed69, 2.2.17]. Also
note that in view of the choice of I'(3) one can assume

N(B) < ((51/4)(4}“7
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which implies £"(Y) > 0 because it follows from the coarea estimate applied
with W = B}(0)

n < (1 - ngz)p’(c(Tv 07 13 h))
< u(B)+QL(Y) +(Q-1)L"(2)
< (01/Dwn + (Q =146 /H)w, + LMY ) — (61/4) L7 (Z),
hence L™(Z) < (4/61)L™(Y).
In order to derive an upper bound for the £™ measure of Z, the following

assertion will be proved. If z € Z with 6" (L™ LR™ ~ Z,a) = 0, then there exist
CeR™ and 0 < t < co with

(Q—1+61/2)w

z € By(Q) € BY(0), L™(Bs(¢)) <6-5"pu(BN7 " (B,(()))-
Since £(Y) > 0, some element B,(¢) of the family of balls
{B,(1-0)2):0<0<1}
will satisfy
2 € B(¢) C BY(0), 0<L"(YNB(C) < 3L£™(Z N By(Q))

Hence there exists y € Y N B,(¢). Noting for £ € A(y) with " (u,£) > 0, and
ne Rn+m with ‘77777*({77;),1(5) - 77| < tal

t<1, w(§) =y,
lm(n) = ¢l =€+ 7 (C—y) = )| < n—rrc—y)1(§) —m| <,
Bt(n—ﬂ*(ﬁ—y)71(€)) C Tﬁl(ét(C))a

and, recalling the basic properties of A,

{k € By (c-3),1(€) : [T = &) > slw — €[} € C(T,0,1,h) N7~ (B,(Q)),
one can apply 1.8 with
6, X, d, r, and f replaced by
1/4,{€ € A(y):0"(p,€) > 0}, ¢, 2, and
nfﬂ*(ny),ng € A(y) en(u,f) > 0}

to obtain
(@ = 1/9)wnt™ < p(C(T,0,1,h) N7~ H(By(C)))-
The coarea estimate with W = B,(¢) now implies
(Q — 1/2)wnt"
<u(BNa 1 (By(0)+QL™M(Y NBy(¢)) + (Q — 1)L"(Z N By(¢))

=pu(BNr N (B(Q))) + (Q — 1/2)wnt™
+ 3L"(Y N B,(C)) — 5£™(Z N B,(¢)),

IRecall from [Sim83] that the functions 7q,, : R*t™ — R"*™ are given by nq,r(z) =
r~Hz —a) for a,z € R™ ™, 0 < 7 < o0.
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hence
3L"(B,(Q)) < LMZ N By(Q)) <4p(Bnm(B,(¢)))

and the assertion follows.
L™ almost all z € Z satisfy the assumptions of the last assertion (cf. [Fed69,
2.9.11]) and Vitali’s covering theorem (cf. [Fed69, 2.8.5]) implies

L(Z) < 6-5" u(B).
Clearly,
LM(m(B)) < H"(B) < u(B).
Since C'~ N C Z Ur(B), it follows
LM(C) < (146-5")u(B).
Finally, applying the coarea estimate with W = C yields
(1 —ne?) u(D) < u(B) + QL (C) < (1+Q +6Q-5") u(B). O

Proof of (4). Assuming now that 21 and y satisfy the conditions of (4), it will
be shown that one can take A4y = A. Verifying

{€ € 77 (BY(0)): T (€ = z1)| > sl — 1]} € 07 (Buingay2,6,) (0(21))),
defining §5 = min{d2/3, d3/2} and applying 1.9 with

0, M, a, r,d, t, and ¢ replaced by
05, max{M, 2}, x1, 2, 1, 1, and —T(z1)

yields

p(m (BT (0)) N0 (Buingay2,s, (0(21)))) = (1= 85)wn
so that h — 4 < |o(z1)| < h would be incompatible with
w(C(T,0,1,h 4 84) ~C(T,0,1,h — 204)) < (1 — b3)wy,

and the first part of (4) follows.
To prove the second part, one defines X = {¢ € A(y):0™(n, &) € N} and
first observes that 1.8 applied with

d,d, r,t, and f replaced by,
62/3, 1,2, 1, and 1y (y) 1| X

yields
N(Uxex{f € By(rx —7"(y)):|T(§ —x)| > 5§ — 95‘}) > (Q - %)Wm
On the other hand

M(C(Tv 0,1, h)) < (Q +1- 52)wn'
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Therefore, using the basic properties of A, for some z € X
C(T,0,1,0) N0~ (By al0(1))) Mo~ (By jnlor(a))) # 0,
hence |o(z1 — z)| < X and
dist(z1, X) < |m(x1 — x)| + |o(x1 — )| < 2X = A1.10(n, 02, 80)/2 < 1.
Finally, the point z2 € X may be constructed by applying 1.10 (2) with

01, A, d, r, t, ¢, and y replaced by
1, Ar.10(n, 02, 80), 1, 2, 1, —7*(y), and x;

noting
{§ € Bi(x =" (y):IT(§ — )| > s0l¢ — x[} € C(T,0,1, )

for z € X.
The postscript follows readily from the second part and 1 < ¢ < (27,,)~
O

1

Proof of (5). Recalling (u. A)/2 <vi A and L*(N) =0, it is enough to prove
YCNuUY, 7 5Y)NGC ANnsptu

in view of the coarea formula [Fed69, 3.2.22 (3)].
Suppose for this purpose y € Y. Since f is Lipschitzian, there exists a unique
S € Qg(R™) such that

(y,S) € graph f.
Let R=7"1({y}) No~1(spt S). Since AN spt p is closed (cp. [Fed69, 2.9.14]),
RC Ansptu

and (4) implies G N7~ ({y}) C R, the second inclusion follows.
Choose a sequence y; € Y with y; — y as ¢ — oo and abbreviate X; = {{ €
A(yi):0™(p, &) € N} for i € N. 1.8 applied with

6, X, d, r, and f replaced by
1/4, X;, 0, 2, and 1x,

yields for i € N
1(Uzex, Bi(x)) > (Q — 1/4)w,t™  whenever 0 <t < 2.

Since f(y;) — S in Hausdorff distance as i — oo the same estimate holds with
X; replaced by R and

Q—1/4§Iimsupu(UxGR ! < ZG*” (1,
10 wpt™
TER

implies y ¢ Z, hence the first inclusion. O
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Proof of (6). Let ¢ :=puL G. Using (7(¢)) LY <2(nr(v.G))LY <2QL"L Y,
{zeGnr YY) dist(z,spt P) >y} CcGNa ' {y €Y :g(y) >~})
for 0 < v < 00, one infers
| dist(-,spt P)||a(ue gna-1(v)) < 2QlgllLacer vy

Hence only || dist(-,spt P)||za(u. ¢~=-1(v)) Deeds to be estimated in the first
part of (6). B -
Whenever z € BY(0) ~Y there exist { € R™ and 0 < ¢t < A/6 such that

2 € B,(¢) C BY(0), L™(B,()NY)=L"(B,(()~Y)
as may be verified by consideration of the family of closed balls
{By((1 - 0)2):0 < < AL

Therefore [Fed69, 2.8.5] yields a countable set I and ¢; € R", 0 < t; < A/6 and
y; € Y N B, (¢;) for each i € I such that

B,(G) € Bi(0), LB, (G)NY) = £°(B,(G)~Y),
Bti (&) N Btj (¢j) =0 whenever i,j € I with i # j,
B (0)~Y C U, Ei € BY(0)
where E; = By, ((;) N B}(0) for i € I. Let
b= GUS), Xii= {€ € Al) 50" (. 8) €N}

foriel, J:={iel:h;>18},and K :=1~J.
In view of (5) there holds

ldllLau gan-10vy) < ldllaw o, By + 1dlLaw crr(User )

for every 1) measurable function d : R"™™ — [0, 00[. In order to estimate the
terms on the right hand side for d = dist(-,spt P), two observations will be
useful. Ifi € I, z1 € GNr1(E;), then

dist(z1, spt P) < 6t; + hy;
in fact |m(z1) — y;| < 6t; < X and (4) yields a point 25 € X; and
|TJ‘(ac2 —a1)| < L|T(x2 — 21)| = L |m (1) — yi| < 6t
implying
dist(z1,spt P) < |TL(332 — )| + dist(z2, spt P) < 6t; + h;.
Moreover,
vy — 21| < |T(x2 — x1)| + | T (22 — 21)| < 12t;, 21 € By, (22),
hence

Gnr Y(E;) C Ua;eXiBlﬂi ()
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and 1.10 (1) applied with

01, s, A\, X, d, r, t, {, and T replaced by
]-a Oa )‘1.10(77/»52780)’ Xia 1; 2» ]-, _W*(yi)v and 12t2

yields
Y(r N E;)) < (Q + 1w, (12t;)"  whenever i € 1.

Now, the first term will be estimated. Note, if j € J, then
dist(z, spt P) < 3h; whenever z € G N T Y(E;),
ih; <26(f(y),S) whenever y € Y 1 B, ((,),
because
G(f (), ) = G(f(y;),8) — Lly — y;| > hj — 2Lt; > 3h;.

Using this fact and the preceding observations, one estimates with J(v) := {j €
J:3hj >~} for 0 <v < oo

¢(7r_1(UjeJEj) N{z € R"™ :dist(z,spt P) > ~}) < Zje]('y)w(ﬂ-_l(Ej))

< Yjerm (@ + Dwy(12t5)™ < (Q + 1)(12)n£n(UjeJ(—y)Btj(Cj))
<2(Q+1)(12)"L" (Uje st By, (G) NY)
<2Q+1)(12)" L"({y € Y:G(f (), 5) > v/2}),

hence

B < (2Q+1(12)")2 9] Lacen  v)-

To estimate the second term, one notes, if i € K, x € GN 7 1(E;), then

H dist(-7 spt P)HL‘I(dJ (G
dist(z, spt P) < 24t;.
Therefore one estimates with K(y) := {i € K:24¢; > v} for 0 < v < oo and
u:R™ — Rdefined by u =37, 2t x5, (¢,
P Uiex Bi) N {z € RM™ i dist(z,spt P) > 7)) < 3oy (nH(Ei))
< Yier(y)(@+ Dwn(12t:)" < (Q +1)(12)" L™ (Ui g () Be, ()
< (Q+1)(12)"L" ({y € R":u(y) > ~/(12)}),
hence
|| diSt(', spt P>||Lq(7ﬁ‘—7"71(UieK E)) < (Q + 1)(12)n+1|‘u||Lq(£n)
Combining these two estimates and
L7 (UzerBe, (G)) < 2L (BY(0) ~Y),
n n —q/n n/o 1+ /
Jlul?dL™ = Dier(2t)dwn(t:)" < 2qwnq/ (Zie[ﬁ (Bti(Ci)» o
< 2‘1+1+Q/nw;q/n (EH(B?(O) -~ Y))l""Q/"’
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one obtains the first part of the conclusion of (6).
To prove the second part, suppose z1 € G. Since

By((1 = 0)m(21)) € BY(0), L™(By((1 = O)m(21))NY) >0
for (L™(B}(0)~Y)/w,)/™ < 0 < 1, there exists for any § >0 ay € Y with

G(f(y),9) < llgllzeeen vy,

() =yl < 2(L7(B(0) ~ V) fuwn) "

+ 0,

in particular |w(z1) — y| < A for small 6. Therefore (4) may be applied to
construct a point x2 € A(y) with 0" (u, z2) € N and

|TL($2 - $1)| < L|T(w2 —21)] < |7(21) — yl.

Finally,
dist(z1,spt P) < dist(22,spt P) + [T (z2 — z1))|
< G(I(9),8) +2(L" (B (0) ~ Y ) fwa) /" 4
and J can be chosen arbitrarily small. O

Proof of (7). Combine (1), (4), D.2, D.11, and estimates for orthogonal projec-
tions, see e.g. [All72, 8.9 (5)]. O

1.15 Remark. The idea to prove (4) was taken from [Alm00, 3.8 (4)].

2 A Sobolev Poincaré type inequality for inte-
gral varifolds

In this section the two main theorems, 2.6 and 2.8, are proved, the first being a
Sobolev Poincaré type inequality at some fixed scale r but involving of necessity
mean curvature, the second considering the limit r tends to 0. For this purpose
the distance of an integral n varifold from a ) valued plane is introduced. One
cannot use ordinary planes in 2.6 (without additional assumptions) as may be
seen from the fact that any @ valued plane is stationary with vanishing tilt. In
2.8-2.10 an answer to the Problem posed in the introduction is provided.

2.1 Definition. Suppose m,n,Q € N, 1 < g < 00, a € R*™™, 0 < r < o0,
0<h<oo, TeGn+m,n), Pisa@Q valued plane parallel to T (see 1.12), u is
an integral n varifold in an open superset of C(T, a,r, h), A is the H™ measurable
set of all z € TN B,.(T(a)) such that for some R(z),S(z) € Qg(R™™™)

|R(z)|| = 0™(PLC(T,a,r h), )YH' LT~ ({z}),
1S(@)|| = 0" (ueC(T, a7, h), YHO LT~ ({x})

and g : A — R is the H™ measurable function defined by g(z) = G(R(z), S(z))
for v € A2

2The asserted measurabilities may be shown by use of the coarea formula (cf. [Fed69,
3.2.22(3))).
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Then the g height of p with respect to P in C(T,a,r,h), denoted by
H,(u,a,r, h, P),
is defined to be the sum of
=19 dist (-, spt P)l| Lo o(Tanmn))
and the infimum of the numbers
r gl pagen vy + T T IHMT O B(T(a)) ~ YV

corresponding to all H™ measurable subsets Y of A. The q tilt of p with respect
to T in C(T,a,r,h) is defined by

Tq <M7 a,T, h, T) = ’r—n/qHTu - THL‘Z(/JL C(T,a,r,h))"
Moreover,
Hq(.ua a,r, hv Qa T)

is defined to be the infimum of all numbers Hy(u, a,r, h, P) corresponding to all
Q@ valued planes P parallel to T.

2.2 Remark. Ty(p,a,r, h,T) generalises tiltex,, in an obvious way.

H,(u,a,r, h, P) measures the distance of ¢ in C(T), a,r, h) from the @ valued
plane P. To obtain a reasonable definition of distance, neither the first nor the
second summand would be sufficient. The first summand is 0 if 4 = P B for
some H" measurable set B. The second summand is 0 if 4 = P+H" L B for some
H™ measurable subset B of C(T,a,r, h) with H"(B) < oo and H"(T(B)) = 0.
From a more technical point of view, the second summand is added because
it is useful in the iteration procedure occurring in 2.8 where the distance of @
valued planes corresponding to different radii » has to be estimated.

2.8 Remark. One readily checks that H,(u, a,r, h, P) = 0 implies
uLC(T,ya,r,h)=PLC(T,a,rh)

and Hy(p,a,7m,h,Q,T) = 0, h < oo implies Hy(p,a,r, h, P) = 0 for some Q
valued plane P parallel to T

More generally, the infima occurring in the definition of H,(u, a,, h, P) and
H,(p,a,7m,h,Q,T) are attained. However, this latter fact will neither be used
nor proved in this work.

2.4 Lemma. Suppose m,n,Q € N, 1 < M < oo, and 0 < § < 1.
Then there exists a positive, finite number € with the following property.
Ifa e R 0 <r<oo,0<h<oco, TeGn+m,n), dr<h, pisan
integral n varifold in an open superset of C(T, a,3r, h + 2r) with locally bounded
first variation satisfying

(Q =14 8)wpr™ < u(C(T,a,r,h)) <(Q+1—0)w,r™,
w(C(T,a,r,h+r)~C(T,a,r,h —6r)) < (1 —0)w,r™,
w(C(T,a,3r,h+2r)) < Mw,r",

6l (C(T,a,3r,h+2r)) < er™ ', Ty(u,a,3r,h+2r,T) <e,
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G is the set of all x € C(T,a,r,h) Nspt u such that
15 (By(2)) < (29n) " (B, () /™ whenever 0 < o < 2r,

and A is the set defined as G with € replacing (27,)~!, then the following two
statements hold:

(1) If 1 < g <n, q*:n"—fq, then
Hq* (/J“LG7G7T7 hanT)
< Ty (Ty(ps a,3r, b+ 20, T) + (7" u(C(T, a7, h) ~ A)) )

where T'(1) is a positive, finite number depending only on m, n, Q, M, d,
and q.

(2) If n < g < oo, then

Hao(p Gra,r,1,Q,T)
<T(y (Tq(u7 a,3r,h+2r,T) + (r " uw(C(T,a,r,h) ~ A))l/q).

where T'(9) is a positive, finite number depending only on m, n, Q, M, 4,
and q.

Proof. Let

Lo :=Tpis(m,Q), T1:=T11403(Q,n,/2), L:=1,
€0 = 51_14(m,n, Q,1, M, 6/276/275/2a 5/2)7
£1:=¢€0, A= A1144)(n,0/2,8/2)

and choose 0 < € < g such that

)l—n

e <eo(nyn , 3" <eglny,) ",

['1N(n+m)3"% < swi(A/6) ifn=1,
TiN(n+m) (3% +ev 1) < 1w, (\/6)" ifn>1;

recall that N(n +m) denotes the best constant in Besicovitch’s covering theo-
rem in R"™ see [Sim83, Lemma 4.6].

Assume a = 0 and r = 1. Choose orthogonal projections 7 : R*T™ — R™,
o:R"™m — R™ with 71 o0* = 0 and im7* = T. Applying 1.14, one obtains
sets Y, B and a Lipschitzian function f : ¥ — Q¢o(R™) with the properties
listed there. Using 1.14 (1) (2) and D.15 and noting the existence of a retraction
of R™ to B;"(0) with Lipschitz constant 1 (cf. [Fed69, 4.1.16]), one constructs
an extension g : B}(0) — Qg(R™) of f with Lipg < I'g and spt g(z) C B™(0)
for z € BY(0).

Next, it will be verified that the set G agrees with the set G defined in 1.14;
in fact for z € G using A.8 yields

180l (By(@)) < 51l[(C(T, 0,3, 1 +2)) < & < eq u(By ()",
S| Tett = TN () < forog vy Tert — T du(€) < 3" < o pu(By(a)).
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In order to be able to apply 1.14 (6), it will be shown
LB (0)~Y) < jwn(A/6)".
Let B; be the set of all x € B such that
|0u]|(B,(x)) > o ,u(Bg(x))l_l/” for some 0 < p < 2,

and let B> be the set of all x € B such that

fBQ(z)‘Tfﬂ — T|du(§) > eo (B, (x)) for some 0 < o < 2.
Clearly, Besicovitch’s covering theorem implies

w(Bs) < N(n+m)3"T1(1,0,3,h+2,T) < N(n+m)3"e.

Moreover, By = ) if n = 1, and Besicovitch’s covering theorem implies in case
n>1

u(B1) < N(n+m) [|6p|[(C(T,0,3,h +2))"/ Y < N(n+m)e™/ =1,

Therefore the desired estimate is implied by 1.14 (3) and the choice of €.

To prove part (1), let 1 < ¢ <n, ¢* = =L define

n—q’
F2 =1 + (12)n+1Qm3‘X{17F1‘14(6) (q*7n)}7
Iy = 2FD.14(1)(m7 n, Qv q)a ry= N(TL + m)l/qgflgn/qv
Iy = 21/2le/27 T = Foml/le/z7
choose S € Qgo(R™) such that (see D.13)
he+(9,8) < Tstq(g), sptS C By'(0)

with the help of D.14 (1) noting again [Fed69, 4.1.16] and denote by P :=
(6°(]|S]],-) o o)H™ the @ valued plane associated to S via . The estimate for
Hg-(uo G,0,1,h, P) is obtained by combining the following six inequalities:

Hy (1 G,0,1,h, P) < Ta(hg-(g,5) + L"(BY(0) ~Y) 1), (1)
hq<(9,5) < Tst4(9), (II)

LB (0) ~ YY)V < (Tn)Y9 u(B)M7, (I1I)
w(BNAYI <TyT,(11,0,3,h+2,T), IV)

tq(glY) < TsTy(p,0,1,h,T), (V)

tq(g| B (0) ~Y) < Tg L"(B}(0) ~Y)'4. (VI)

(I) is implied by 1.14 (2) (4) (6) and spt S C Bj*(0), (II) is implied by the choice
of S, (IIT) is implied by 1.14 (3), (VI) is elementary (cf. D.2). To prove (IV),
note that for every x € BN A there exists 0 < o < 2 such that

€0 M(Bg(x)) < fBg(x)|T§:u - T| du(£)7
hence by Holder’s inequality

()" 1(By(®)) <[5 (o Tere = T1" du($)
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and Besicovitch’s covering theorem implies (IV). Observing that

{yeY:lapAg(y)| >}t ~m({¢ € GNr (V) [Ten — T| > 4/T5})
has £™ measure 0 by 1.14 (7d) and D.2, inequality (V) is a consequence of
L"({y € Y:|ap Ag(y)| > 1)
< H({€ € G (V)i [Tep — ] > 4/Ts))
< u({€ € G (Y):[Tep — T| > 7/T5)).

The proof of part (2) exactly parallels the proof of part (1) with co, ¢, and
D.14 (2) replacing ¢*, ¢, and D.14 (1). O

2.5 Remark. Part (2) can be sharpened using Lorentz spaces to

HOO(/’(‘ L G) a7 T? h7 Q? T)
= F(Tml(ﬂa a,3r,h+2r,T) 4+ (r " w(C(T, a,r, h) ~ A))l/n)
with a positive, finite number I depending only on m, n, @, M, and §. Here

T),,1 is the obvious generalisation of T}, to Lorenz spaces.
A similar improvement is possible for part (1) using Peetre’s theorem.

2.6 Theorem. Suppose m,n,Q € N, 1 < M < o0, 0 < § <1, a € R*™™,
0<r<oo, TeGm+myn),1<p<mn,uisan integral n varifold in an open
superset of C(T,a,3r,3r) satisfying (H,) and

v=oull ifp=1, v=[Hln ifp>1,
(Q—140w,r™ < pw(C(T,a,r,r)) < (Q+1—0)w,r",
,LL(C(Ta a, T, (1 + 5)T) ~ C(Ta a, T, (1 - 6)T)) < (1 - 5)&)”7"“,
w(C(T,a,3r,3r) < Mw,r".
Then the following two statements hold:

(1) If p<n, 1 < g<mn, then

H za (p,a,7,7,Q,T)
< Tiay (Ty(ps a,3r, 30, T) + (r~"$(C(T 0,31, 3r))) 707 )

where I' (1) is a positive, finite number depending only on m, n, Q, M, 6,
p, and q.

(2) If p=n and y(C(T,a,3r,3r)) < ) where £(2y is a positive, finite number
depending only on m, n, Q, M, and J, then

(a) Hra (p,a,r,r,Q,T) <T(20) Tg(pt,a,3r,3r, T) whenever 1 < q <mn,

n—q

(b) Hoo(pt,a,m,7,Q,T) < Tap) Ty(p, a,3r,3r,T) whenever n < q < 0o

where T 24y, (a1 are positive, finite numbers depending only on m, n, Q,
M, 6, and q.
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Proof. To prove part (1), assume a = 0, r = 1, define ¢* = n"—fq, and suppose

that €, A, and G are as in 2.4. Observing
Hy(11,0,1,1,Q,T) — Hy (n. G,0,1,1,Q,T) < 2u(C(T,0,1,1) ~ G)M/
+HM(T({¢ € C(T,0,1,1): 0" (11, €) > 0} ~G)) /4
< (24w Mu(C(T,0,1,1) ~ GV,

(C(T,0,1,1) ~G) < N(n+m)(2y,) "7 9(C(T,0,3,3)) 77,
w(C(T,0,1,1)~A) < N(n +m)e 7 5p(C(T,0,3,3)) 77,
16pI[(C(T,0,3,3)) < w(C(T,0,3,3)) " /P(C(T,0,3,3)) "/

< (Mw,)'~VPp(C(T,0,3,3))"/7,
Ty (1,0,3,3,T) < 379 (Mw, ) =Y 9T, (11,0,3,3,T),
Hy (11,0,1,1,Q,T) < u(C(T,0,1, 1) 4wl < MY LT 4 /e

a suitable number I'(y) is readily constructed using 2.4 (1).
Part (2) is proved similarly using 2.4 (2). O

2.7 Remark. In case p additionally satisfies
p{z e C(T,a,r,r):0"(p,x) = Q}) > dwpr™,

there exists z € T such that for P := QH™ L{x € R*"™™: T+ (2) = 2}

n—q

Hn%qq (u,a,r,r, P) < F(Tq(u, a,3r,3r,T) + (rP~ " (C(T, a,3r,3r)))Q<”*P>)

provided p < n, 1 < g < n where T is a positive, finite number depending only
onm,n, Q, M, d, p, and q.

In fact from 1.14 (2) (3) and the coarea formula [Fed69, 3.2.22 (3)] one obtains
for the set Yy of all y € T'N B,.(T(a)) such that for some xy € C(T,a,r,r) with

T(xo) =y
0" (n,x0) =Q,  0"(w,x) =0 forze T ({y}) NC(T,a,r,r) ~{zo}
the estimate
LY (Yo) > (26/3)wnr™

provided the right hand side of the inequality in question is suitably small
(depending only on m, n, Q, M, 8, p, and q), hence for any @Q valued plane P’
parallel to T" such that

(2H% (uya,r,m, P < (6/3)wn

there holds

1/q—1/n diam T (spt P’)
2r

((6/3)“)”) § QHRqu (M? a,r,T, P/)

and suitable z and T" are readily constructed.
A similar remark holds for the second part.
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2.8 Theorem. Suppose m,n,Q € N, 0 < a <1,1 <p <n, U is an open
subset of R™™™ and u is an integral n varifold in U satisfying (H,).
Then the following two statements hold:

(1) Ifp<n,1<q <n, 1<¢qg <min{2 L. ”_pp}, then for p almost all

n—qi’a n

a € U with 0™(u,a) = Q there holds

limlsup poo—1i-n/a [ dist(- — a, Tapt)|| o2 (1 B, (a))
rl0

< Ty limsup PO, = Tapll o (o B, (a))

where T'(1y is a positive, finite number depending only on m, n, Q, q1, and
qz-

(2) If p=mn, n < q < oo, then for u almost all a € U with 0™(u,a) = Q there
holds

lirnlsup 7’70‘71” dist(- — a, Ta,LL)”Loo(HLBT(a))
rl0

<l hlflso‘lpr_a_"/qHTu — TapillLagu B, (a))

where T'(9) is a positive, finite number depending only on m, n, Q, and q.

Proof. For a € R™™ 0 < r < oo such that By,.(a) C U denote by G,(a) the
set of all z € B;,.(a) Nspt p satisfying

16pl(B,(z)) < (27n)_1u(39(x))1_1/" whenever 0 < ¢ < 2r.

To prove (1), one may assume first that go > —"5 possibly replacing g» by
a larger number since min{ 24 1. "2} > ~2=, and thus also that go = "~
n—q’a n—p n n—qi

possibly replacing ¢; by a smaller number. Define M = 6"Q, § = 1/2, ¢ = q1,
7" = qo,

€= min{52.4(m7 n, Qa M7 5)7 (27n)71}7 r= 1_‘2.4(1) (m7 n, Qa Ma 57 Q)

Denote by Cj for i € N the set of all 2 € spt p such that B, ,(z) C U and

[0pll(B,(x)) < su(BQ(x))l_l/” whenever 0 < p < 1/i.
The conclusion will be shown for a € dmn 7}, such that

0" (,a) = Q, 0" '(||oull,a) =0,
lim r*”Q/("*p)u(Br(x) ~C;) =0 for someieN.

r|0
Note that according to [Fed69, 2.9.5] and A.12 (1) (4) (5) with s replaced by n
this is true for p almost all a € U with 8™ (u, a) = Q, fix such q, i, and abbreviate
T :=Tyu.
For a there holds

lim =Q,

r]0 W™
lim w(C(T,a,r,3r/2)~C(T,a,r,r/2)) _0
r10 W T
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and one can assume for some 0 < vy < 00

limsupr~*Ty(p, a,r, 7, T) < 7.
rl0

Choose 0 < s < min{(2i)~1, dist(a, R"™™ ~ U)/7} so small that for 0 < o < s
(@ —1/2)wno™ < W(C(Ta,0,0) < (Q+1/2)wno",
w(C(T,a,0,30/2) ~C(T,a,0,0/2) < (1/2)wn0",
1(C(T,a,30,30)) < u(Bs,(a)) < w,6"Qo™,
I18ull(C(T' a,30,30)) < €™, Ti(p,a,30,30,T) <e,
Ty(p,a,30,30,T) + (0" u(C(T, a, 0, 0) ~ Ci))9 < 0™

in particular 2.4 (1) can be applied to any such ¢ with (r, h) replaced by (o, 0).
For each 0 < p < s use 2.3 to choose @ valued planes P, parallel to 7" such that

Hq* (,UJLG,Q(a)a(% 0, Qan) S QHQ* (:U’LGQ(a)aa7 0, QanT)a

denote by A, the H™ measurable sets of all z € TN B,(T'(a)) such that for some
Ry(x), 8,(7) € Qo(R™™™)

IR, (x)]| = 0" (P, C(T, a,0,0),) H* . T~ ({x}),
||SQ(‘T)H = en(uLGQ(a) N C(T7a7 9, Q)v ) HO LT_l({x})7

and by g, : A, — R the H" measurable functions defined by
9o(x) = G(Ry(x), So(x)) for x € A,.
By 2.3 there exist H"™ measurable subset Y, of A, such that
2H<I* (/1' L GQ(a)7 a, 0,0, PQ) > Q_n/qH diSt('> Spt P@) HL‘Z* (pL Go(a)NC(T,a,p,0))
07" ol o 3o v,y + 0T IHN(T N By(T(a) ~ Y)Y

Possibly replacing s by a smaller number, one may assume for 0 < o < s
that

(2H¢1* (,U, - GQ(G’)’ a, 0, 0, PQ))q S 27”72‘*)?1
by 2.4 (1) and also that
w(C(T,a,0,0)~Ci) < 27" Pwy0".

Noting C; N C(T,a,0/2,0) C G,(a) N G,/2(a), one obtains directly from the
additional assumptions on s that
H(T 0 By(T(a) ~ V) < 27" 20",
HY (TN BQ/Q (T'(a)) ~Yy/2)} < 2720, 0",
H"({x € Y,2NY,y:S,(x) # Sp/2()})
<H'(T({z € C(T,a,0/2,0):0"" (n,x) > 1} ~C))
< p(C(T,a,0,0)~Ci) < 27" 2w, 0",
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hence for B, := Y, NY, /s N{x:5,(x) = Sy/2(x)}
H™(B,) > tw,(0/2)™ for 0 <o <s,
in particular
dmnR, = A, DY, D B, #0, G(P,,QH".T) < Q"?p.
By integration over the set B, one obtains
(Gon(0/2)") 71 "G(Py, Pyy2)

< Ngellar (n cvy) + 902l Lo (1 Ly, )

< 0"94(Hy- (o Go(a),a,0,0,Q,T) + Hy- (11 Gya(a), 0/2, 0/2,Q,T))
for 0 < p < s. Therefore 2.4 (1) implies

g(Pg7 Pg/?) < Fl’YQH_a
where I'; = 23+"/q+2/‘1*2/”w,1/"_1/q1“, hence
GQH" LT, Py) < 320G (Py-igy Py-i-1,) < 2T170

because G(P,, QH"LT) — 0 as ¢ | 0. From the definition of the ¢* height of u
in C(T,a, o, p) one obtains

Hq* (/‘L L Gg(a)v a, o, 0, QHn L T) - Hq* (/i L Gg(a)v a, o, 0, Pg)
< 0" (p(O(T a0, 0) V" +H" (V)" )G(QH" LT, Py) < Ty

for 0 < 0 < s where I'y = w,l/q*2(Q + 1)1/‘1*21"17 hence

limsup o~ “Hy- (ue Gyla), a, 0,0, QH" L T)
0l0

< (8T' 4 TI'g) limsup 0~ *Ty(p, a, 0, 0,T)
0l0

by 2.4 (1). Combining this with the fact that
13?01 o™ | dist (- — @, Tupt)|| o (0 B,(a)~G,(a)) = 05

the conclusion follows.
(2) may be proved by a similar argument using 2.4 (2) and A.9 instead of
2.4 (1) and A.12(1). O

2.9 Remark. Asin 2.5, in (2) the L7 norm can be replaced by L™, in particular
n = q = 1 is admissible. The latter fact can be derived without the use of
Lorentz spaces, of course.

2.10 Remark. 1 <p<n,1<q; < ¢ < 00, é . % < @9, then the conclusion
of (1) fails for some p; in fact one can assume ¢ = g9 possibly enlarging ¢; and
then take s = e and «; slightly larger than as in C.2. Clearly, also in (2) the

assumption p = n cannot be weakened.
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3 About the significance of the 1 tilt

The purpose of this section is to show the significance of the 1 tilt introduced
in the preceding section for C? rectifiability and locality of mean curvature of
integral varifolds. Firstly, decay of the 1 tilt implies by 2.8 decay of the 1 height
— the leading integral quantity for C? rectifiability. Secondly, concerning locality
of mean curvature, using the differentiation theorem B.1 an adaption of [Sch01,
Lemma 6.3] (or [Sch04a, Prop. 6.1] or [Sch04b, Theorem 4.1]) yields the desired
result.

3.1 Lemma. Suppose m,n €N, 0 < a <1, U is an open subset of R*™™, u is
a rectifiable n varifold in U, and A denotes the set of all x € U such that T,
erists and

limsupo "', (o) dist(§ — @, Tppn) dpu(€) < oo
0l0 ¢

Then L A is countably rectifiable of class C1°.

Proof. The proof mainly requires an extension of the results in [Sch04b, Ap-
pendix A] to the case @ < 1 which may be accomplished using [Ste70, VI1.2.2.2,
VI.2.3.1-3). O

3.2 Lemma. Suppose m,n € N, U is an open subset of R"™™, u is an integral
n wvarifold in U of locally bounded first variation, and A denotes the set of all
x € U such that T, exists and

limlsoup R (m)|T5M — Tpp| dp(§) < oc.
0 e

Then pL A is countably rectifiable of class C?> and for every n dimensional

submanifold M of R"*™ of class C? there holds
ﬁM(CE) = Hy(z) for pu almost every x € AN M

where Hyy denotes the mean curvature of M and —I:‘IH corresponds to the ab-
solutely continuous part of dpu with respect to .

Proof. The first part follows from 2.8 and 3.1.

Suppose now M is a n dimensional submanifold of R®*™ of class C2. Since
the conclusion is local, one may assume the existence of an orthogonal frame
adapted to M in U, ie. of 7, : U — R"™™ v; : U — R*"™™ 4 € {1,...,n},
j €{l,...,m} of class C! such that 71 (z),..., 7 (), v1(x),...,Vm(z) form an
orthonormal base of R"*™ whenever x € U and such that 71 (x),...,7,(z)
form an orthonormal base of T, M whenever x € U N M. Define S : U —
Hom(R™*™ R™"*™) H :U — R"™™ by

S(x)(v) = Z(TZ(.’E) ev)ri(r) forzeU,veR"™™

i=1

H(z) == % Ony;(x) emi(z)v;(x) forz € U;

i=1 j=1
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here 0, f(x) denotes the directional derivative of f at z with direction v. Clearly,
Tpp = S(z) for p almost every x € AN M. Hence, since S is of class C?,

limsup o™ "~ lfB z)|T5,u S(€)|du(€) < oo for p almost every x € AN M.
el0

By B.1 applied with v = |T,, — S|uL(A N M), this implies

hfIOlQ s (| Ter = ()| dp(§) = 0 for p almost every x € AN M.
0 o

The conclusion will be shown for a point x € AN M which additionally satisfies
Top=S(x), 60"(lop],z) < oo, Hy(z) € (Tup)",
lim o™ (™ (y — @)) ddp(y) — —0" (@) (fndH" L Top) o H,(x)
as 0 | 0 whenever n € CO(R"™™ R"*™) as p almost all do according to [Fed69,

2.9.5, 2.9.9, 2.9.10] and [Bra78, Theorem 5.8).
Let v € (Tpu)t, ¢ € CLR™™) such that [@dH" L Tpu # 0, and define

779 . Rn-i-m N Rn-i-m
No(y) = @0 (y — ) (v — So(y)(v)) for y e R"*™, 0 < g < o0

where Sp : R™ — Hom(R"™™ R"*t™) is a function of class C' agreeing with
S in an open neighbourhood V of . One computes, noting S(z)(v) = 0,

lim ¢™" (611)(m,) = lim Je(e™ (y — =)o dduly)
—0™(p,z) ([ dH " L Tp)v @ H, (),

(6p)(no) = JT,, @ Dnydp for 0 < o < o0,
hmg nf /L*SO) Dnng:Q
0l0

as well as

S(x) & Dy ZZELM vj @ novj)(x) @ 7i(z)

=1 j=1
=D > (W #1)(@)0r, v (x) e Ti(w) = —H () @ ()
i=1 j=1
whenever x € V, 0 < o < o0,
0" [SoeDn,du=—o " [Hen,dp — —0"(p,x (f(ﬂdHnl_Tw/,L)’U.HM( )

as 0 | 0. Recalling H (), H,L(J:) € (Tpyp)* = (T, M)+, one finally obtains
Hy () = Hy(x)
as claimed. O

3.3 Remark. The method of [Sch0l, Lemma 6.3] (or [SchO4a, Prop. 6.1] or
[Sch04b, Theorem 4.1]) suffices to prove the locality of mean curvature in case
the 1 tilt is replaced by the ¢ tilt for some 1 < ¢ < oo. The differentiation
theorem B.1 is used to extend this method to the case ¢ = 1.

3.4 Remark. It is not known to the author if (U ~ A) > 0 for some p.
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A The Isoperimetric Inequality and its applica-
tions

In this appendix the connections between smallness assumptions on the mean
curvature and lower bounds for density ratios are investigated by use of the
Isoperimetric Inequality of Michael and Simon, see e.g. [Sim83, Theorem 18.6].
Despite the fact that it is well known how to derive such lower bounds by use
of an isoperimetric inequality (see [Fed69, 5.1.6] for currents and [All72, 8.3]
for varifolds), this method appears to be only rarely used in literature in the
present case. Since the sharpness of the results in this work depends crucially on
a seemingly slight weakening (see A.8) of the assumptions used in [All72, 8.3],
the author felt obliged to briefly document the deduction of the lower density
bound, see A.6—A.8. The main theorem concerning the size of various sets where
the mean curvature is large is then derived in A.12.

A.1. In this appendix the following situation will be studied:

m,n € N, 1 < p < n, U is an open subset of R"*™ 1 is a rectifiable n
varifold in U of locally bounded first variation, 8™(u,z) > 1 for p almost all
x € U, and, in case p > 1,

(6p)(n) = —fH endy  whenever n € CHU,R™™™)

for some H,, € L _(u, R"™).
In doing so, the following abbreviation will be used:

Y =|oul| ifp=1, ¢=|ﬁu|pu else.

A.2 Theorem. Suppose m € No, n € N, u is a rectifiable n varifold in R*T™
such that p(R™™) < oo and ||op|[(R"T™) < co.
Then for some positive, finite number v depending only on n

M({JC c Rn+m:9n(u7x) > 1}) < ,y’u(Rn—i-m)l/n”(sluH(Rn—&-m).

Proof. This follows from [All72, Theorem 7.1] with a constant v depending
on n+m (what would be sufficient for the purpose of this work). A slight
modification of [Sim83, Lemma 18.7, Theorem 18.6] yields the stated result. O

A.3 Definition. For n € N let ~,, denote the best constant v in A.2.
A.4 Remark. Taking m =0, u = L™ B?(0) yields

Yo = wi " .
Does equality hold?

A.5 Definition. Suppose k,m,n € N, k < n, U is an open subset of R"*™,
and f: U — R” is a Lipschitzian function.
Then for x € R¥ the Radon measure (u, f,z) is defined by

(s fr) (0) = limw o™ [ 5, ) (T o d - for € CO(U)

whenever this limit exists for all ¢ € C(U); here J* denotes the Jacobian with
respect to p.
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A.6 Lemma. Suppose k,m,n € N, k <n, U is an open subset of R"™™ 1 is
a rectifiable n varifold in U with u(U) < oo, and f : U — R¥ is a Lipschitzian
Sfunction.

Then the following three statements hold:

(1) For LF almost all x € R¥ the slice (u, f,x) exists and satisfies
(, fo) = 0" (u, yH"™* L fH({a}).
(2) Whenever k=1, —co < a <b< o0
S s £,4) (U) ALME < (Lip f) p({z € Ua < f(2) < b}).

(3) If k =1 and u is of locally bounded first variation, then there holds for L
almost allt € R

5L An) () = ()L A)(m) + [ o éjﬁ' du, £.1)

whenevern € CL(U,R" ™) where Ay = {x € U: f(x) < t} and V* denotes
the gradient with respect to p.

Proof. Similar results valid for general varifolds and smooth f which are readily
modified to treat the present case can be found in [All72, 4.10]. O

A.7 Lemma. Suppose m, n, p, U, and u are as in A.1, p = 1, a € sptu,
I =]0,dist(a, R"™™ ~U)[, and u: I — R, v: T — R are defined by

u(t) = u(By(a)), v(t) = [0pll(B,(a))

whenevert € I.
Then for L' almost all t € T

Yo b < u(®Y o)+ u() (1),

Proof. Let 0 <t < 00, 0 < h < oo with B, ,,(a) C U, and d : U — R defined
by d(z) := |z — a| whenever x € U. Since

h —
S s dor) (U) ALY < u(Byp(a) ~ By(a)),

t

there exists t < p < t 4+ h with

</1'7d7 97> (U) S h_llj‘(Btth(a) NBt(a))v
16(ur By(a))ll < [Iopll v B,(a) + (1, d, 0)

by A.6, hence
u(t) < (pLBy(a))(U) < ult +h),  (lulle By(a))(U) < v(t + h).
Therefore A.2 implies
Yo b a0+ )+ u() T w4 h) — () /R

and the conclusion follows by taking the limit h | 0, see [Fed69, 2.9.19]. O

37



A.8 Remark. A basic consequence of A.7 is the following: If 0 < r < oo,
B.(a) C U,

[0]|(B,(a)) < (2fyn)_1,u(BQ(a))l_1/" whenever 0 < o < r,

then -
w(B,(a)) > (2ny,) "™  whenever 0 < o < 1;

in fact one observes

27) 7t < u(@)V" M (o), (2nyn) T < (W) (o)

for £ almost all 0 < o < r and integration with the help of [Fed69, 2.9.19]
yields the asserted inequality. Moreover, if 0 < 7 < oo, a; € R™™™ for i € N,
i is a sequence of rectifiable n varifolds with locally bounded first variation in
R™™ and 6™ (i, x) > 1 for u; almost all x € R"t™,

||5Nz||(Bg(az)) < (27n)7lﬂi(BQ(ai))lil/n whenever 0 < o<r, i€ Na

a; — a as i — oo for some a € R"™ [fdu; — [fdp for f € COR"™) as
i — oo for some Radon measure p, then a € spt p.
The first consequence is also derived in [All72, 8.3] from a condition implying

16ul|(V) < (29,) L (V)17

for any open subset V of B, (a) (here 0° = 1) what is, of course, stronger than
the assumption above in case n > 1.

A.9 Remark. Clearly, the conditions of the preceding remark can be deduced
by means of Holder’s inequality from similar conditions involving the measure
1 defined in A.1. In particular, if p = n and ¥({a}) < (2y,)™", then

10pl(B,(z)) < (27n)*1,u(39(x))1*1/" whenever 0 < o < 7, z € spt uN B,(a)
is satisfied for all sufficiently small positive radii r (here 0° = 1).

A.10 Lemma. Suppose m,n € N, and § > 0.

Then there exists a positive number € with the following property.

Ifa e R, 0 <r < 0o, m, n, p, U, and u are related as in A.1 with
U=1B,(a), p=1, a €sptu, and

16ull(B,(a)) < (27n) ' u(B,(a))' "™ for0 < o<,
I6p[(B,(a)) < € u(B,(a) 1/,
then
w(B, () > (1 - S)wr™.

Proof. If the lemma were false for some m,n € N, and § > 0, there would exist
a sequence ¢; with ¢; | 0 as ¢ — oo and sequences a;, r;, and p; showing that
€ = g; does not satisfy the conclusion of the lemma.

One could assume a; = 0, r; = 1 for i € N and it would hold

16| (BEF™(0)) < Lu(BI+m (0)) /7 < (1 — S)wn)' V7 i
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for i+ € N. By A.8 one could construct (as the limit of a subsequence of p;) a
stationary, rectifiable n varifold p in B} (0) with

0"(p,x) > 1 whenever x € spty, 0€spty, p(ByT(0) < (1—08)wn,

see [Sim83, Corollary 17.8, Theorem 42.7]. But the monotonicity formula for u
would imply, see [Sim83, (17.5)],

p(B1(0))

Wn

1< 0™, 0) <

S]-_(S»

a contradiction. O

A.11 Remark. A.9 and A.10 imply the following proposition.
Ifm, n, p, U, p and ¢ are as in A.1, p =n, then

0% (u,a) > 1 whenever a € spt u and ¢({a}) = 0.

Clearly, the condition 1 ({a}) = 0 is redundant in case ||du| is absolutely
continuous with respect to p (i.e. du has no singular part with respect to ).

A.12 Theorem. Suppose m, n, p, U, p, and ¢ are as in A.1, p<n, 0<s<
00,0 <e< (2'yn)*p/(”*p), 4y,n < T < oo,

A= {x eU: 0" P(y,x) < (€/F)n7p/wn*p}’

denote by B; for i € N the set of all x € U such that either Bl/i(m) ¢ U or

Y(B,(z)) > E"_pu(Bg(x))l_p/" for some 0 < p < 1/1,
and denote by X; fori € N the set of all a € U such hat

~ B sn/(n—p) _
lrlﬁ)l,u(BlﬂBr(a))/r P)=0.

Then the following five conclusions hold:

(1) The sets X; are Borel sets and
H (A ~ UieNXi) =0.
(2) For H® almost all a € AN(;cyDBi

liﬂ)l M(Br(a))/rsn/("*p) = 0.

(8) If a € (sptp) ~ By, then Bl/i(a) cU and
(2nyn) "™ < w(B,y(a))  for 0 < o< 1/i.

(4) If ||6p] is absolutely continuous with respect to u, then

HP(U ~ A) = 0.
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(5) If p=1, then

H' Y (X ~A) < (D))" wpy |6ul (X ~A)  for X C U.

Proof. Clearly, B;11 C B;, X; C X;41 for i € N. (1) implies (2) because the
sets {x € B;: Bl/i(x) C U} are open (cp. [Fed69, 2.9.14]). (3) is a consequence
of A8, A.9. (4) and (5) follow from [Fed69, 2.10.6, 2.10.19 (3)]. Therefore only
(1) remains to be proved.

X; are Borel sets.
Define for i € N the set A; of all z € U such that B, ,(z) C U and

Y(B,(x)) < (¢/T)" Po" P whenever 0 < o < 1/i.

The sets A; are closed (cp. [Fed69, 2.9.14]) and satisfy A C |J;cnyAi. Let C
denote the set of all x € spt i such that
U(B,())

limsup —=—————
olo W(By(x))t=r/m

and note u(U~C) = 0 by [Fed69, 2.9.5]. By [Fed69, 2.10.6, 2.10.19 (4)] it is
enough to prove a € Xy; for a point a € A; with 6°(¢ LU ~ A;,a) = 0.

For this purpose the following assertion will be proved. For each x € Ba; N
Bl/(%)(a) N C there exists 0 < p < oo with

<egh™?

B,(x) C Bypy_o(@)~ Aiy  p(B,(2)) < e (B, ()" 7).

2|z—al

Choose y € A; with |y—z| = dist(z, A;) and let J be the set of all 0 < o < 1/(21)
with

u(By(x)) < e p(By(x))™/ "),

Then J # 0, because © € Bay;, Bl (%)(a:) C Bl/i(a) C U, and, since z € C,
inf J > 0. Therefore ¢ := inf J satisties

0<t<1/(2i), pB,(z))<e ™p(B,(x))"/ P
1(B,(x)) = e "p(B, ()" P for0< o<t

Noting

ly — x| = dist(z, 4;) < |z —a| <1/(20), t+]y—2z| <1/,

B,(z) C Bt+\yfx|(y) - Bl/i(y) cvu,

one estimates

(B, ()M (7)< ¢(Bt+|y7m‘ (y))™/ (n=P)
< (e/T)"(t+ y — al)" < 27" (1 + |y — @l /t)"(2nya) 4"

and, using the inequalities derived from the definition of ¢ and A.8, A.9,

u(By(x)) < e ™p(By(2))"/ P <27 (1 |y — 2l /)" (B, (@),
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hence
A+ly—=/t)" >2", |y—z[>t

and the assertion follows by taking ¢ € J slightly larger than ¢.

Let 0 < r < 1/(2¢). Then the preceding assertion in conjunction with Besi-
covitch’s covering theorem implies the existence of countable, pairwise disjoint
collections of closed balls Fi, ..., F(nqm) satisfying

Bai N B,(a) N C U™ Usep, S € By,a) ~ As,
u(S) < 5‘”1&(5’)”/(” P) for S € U n+m)F

recall that N(n 4+ m) denotes the best constant in Besicovitch’s covering theo-
rem in R"™ see [Sim83, Lemma 4.6]. Hence

#(B2i N B,(a)) = pu(B2; N B,(a) N C)
< TS e i(8) < eI g w(S) ()
<N (Sger, $(8)" T < e TN (4 m)(By,(a) ~ A P
and (1) follows by taking the limit = | 0. O

A.13 Remark. It can happen that H™ (AN (spt ) N(),enBi) > 0. An example

is given in C.2. In fact taking g R"*! ~T one sees from (3) and C.2 (4) that

T C NienBi-

A.14 Remark. A.12 implies in particular that H™ almost all x € U satisfy
either 07 (u,z) > (2nvy,) " /w, or 0”2/(”*”)(;1@) =0

and, in case ||dp|| is absolutely continuous with respect to p, that H™ P almost
all x € U satisfy

either 67 (u,x) > (2nvy,) " /w, or 0"(u,z) =0.

Moreover, the exponent n?/(n — p) cannot be replaced by any larger number as
may be seen by taking uLR"*! ~ T with p as in C.2. Hence, the same holds
for the exponent sn/(n —p) in (2) if s = n.

A.15 Corollary. Suppose m, n, p, U, and u are as in A.1, p < n, € > 0,
0 < A < oo, and for a € U let B, denote the set of all x € U such that
By ,_q(x) CU and

[0pll(B,(z)) > s,u(Bg(x))l*l/" for some 0 < p < Mz — al.
Then H™ almost all a € U satisfy
iy B 1 3,017/ =

Proof. Take s =n in A.12 (1) and note A.12(5) as well as the fact that for each
i€Nanda€c A

B, N B,.(a) C B; for small r
if ¢ in the definition of the sets B; is replaced by min{e, (2v,)~'}*/(*=»). O

A.16 Remark. n*/(n — p) cannot be replaced by any larger number because
otherwise the proposition derived in 1.11 would hold for that number.
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B A differentiation theorem

Here, a theorem concerning the differentiation of functions or measures with
respect to rectifiable varifolds satisfying a lower density bound and curvature
conditions is proved. It is for use in 3.2 but might be of independent interest.

B.1 Theorem. Suppose m, n, p, U, and p are as in A.1, v measures U with
v(U~sptu) =0, A is p measurable with v(A) =0, and 1 < ¢ < co. In case
p < n additionally suppose for some 1 < r < oo and some nonnegative function
ferLy (u) that

loc

v=fu and q§1+(1—1/r)np .
-p

Then for H™ almost all a € A
limsupv(B,(a))/s"™  equals either 0 or co.
s|0
Proof. For i € N let B; denote the set of all x € U such that either Bl/i(x) U
or
161l1(By(2)) > (27a) " u(By(@)) /" for some 0 < o < 1/i.

First, the case A C {z € U:0*"(u,x) > 0} will be treated. In this case A
is measurable and o finite with respect to H™ by [Fed69, 2.10.19 (1) (3)]. Hence
one may assume A to be compact. Define

A;={a€ A:v(B(a))/ <is™ for 0 < s < 1/i}

whenever i € N, 1/i < dist(A, R ~U). The sets A; are compact (cp. [Fed69,
2.9.14]) and their union equals

{a € A:limsupv(B,(a))/s"? < co}.
s|0

It therefore suffices to show for each i € N with 1/ < dist(A4, R"*™ ~ U)

lifg v(B,(a))/s" =0 for H" almost all a € A;.

In fact, this equality will be proved for all a € A; satisfying
Héu”({a}) =0, an(/“—UNAiaa) =0, en(fr,ufva) =0 ifr<oo,
lim sup p(B; N Bs(a))/snz/("_p) =0 forsomejeN,j>2iifp<n
sl0

as ‘H™ almost all a € A; do according to [Fed69, 2.10.19 (3) (4)] and A.12.
In case p = n one chooses j € N, j > 2, using A.9 such that

BjN B, ,(a) =0.
Let 0 < s < 1/j. For z € B,(a) N (spt u) ~(B; U A;) there exists y € A; with
|z — y| = dist(x, A;), hence
bim o -yl < o —al <5< 1/f < 1/(2),
B\x—y|/2(x) - B3|x—y\/2(y) N By, (a) ~ Ay,

V(Bt/Q(x)) < V(B3t/2(y)) <a3™(t/2)" < CM(Bt/z(x))q
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where ¢ = §3™7(2vy,n)"?. Therefore one infers from Besicovitch’s covering theo-
rem the existence of countable, pairwise disjoint collections F1, ..., Fx(y4m) of
closed balls such that

B,(a) N (spt 1) ~(B; UA) € Up ™™ Uger, S C Bala) ~ A,
v(S) <cu(S)? whenever S € ng(;H'm)Fk,

=
crml
S
2
s
I
=
e

o(a) N (spt 1) ~(B;j U A;)) < eN(n+m) u(Byg (a) ~ Ai),
lsifgl v(B,(a) ~Bj)/s" = 0.

To conclude the proof of the first case, one observes

v(B; N By(a)) =0 ifp=n,
V(Bj N Be(a)) < H“(B] N Bs(a))lil/’r”f”L’"(uLBs(a)) lfp <n

implying

lsiﬁ)l v(B; N By(a))/s" =0
because (1 —1/r) 2> +1/r > g in case p <n.
It remains to treat the case A C {& € U:0™(u,2z) = 0}. Using A.9 and A.14
one obtains

ANsptpu is countable if p =mn,
gn*/(n=p) (t,a) =0 for H" almost alla € A ifp<n

and the claim follows by using Hélder’s inequality as in the preceding paragraph
noting by [Fed69, 2.10.19 (4)]

0" (f"p,a) =0 for H" almost alla € A if r < c0. O

B.2 Remark. This theorem generalises [Fed69, 2.9.17] and [CZ61, Theorem
10 (ii)]. The case treated by Federer roughly corresponds to the case p = n,
q = 1 with p satisfying a doubling condition. The case treated by Calderén and
Zygmund corresponds to p = n, m = 0, u = L*7™ and v absolutely continuous
with respect to p. The method of proof is based on Federer’s proof and A.12 is
used because of the absence of a doubling condition.

One can easily deduce from B.1 a Rademacher type theorem for first order
differentiability of functions in L7 spaces with respect to p similar to [Zie89,
Theorem 3.8.1] (see also [CZ61, Theorem 5]). In the present case such a theorem
would involve bounds on the exponent of the L7 spaces as may be seen from
C.2(5).

B.3 Remark. If ¢ = 1, the condition v(U ~spt ) = 0 cannot be omitted as may
be seen from [Fed69, 2.9.18 (2)].

B.4 Remark. If p < n the condition ¢ < 14 (1—1/r)p/(n—p) cannot be omitted
as can be shown using C.2. In fact given p and T as in C.2 a counterexample
is provided by v := pLR"" 1 ~ T in case r = oo and if 1 < r < oo applying
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C.2(5) with s = ng and a1¢1 = aaqs slightly larger than n"—p yields a function

f such that v := fu does not satisfy the conclusion of B.1. Flnally, if r =1 the
condition is also violated for a slightly larger r, hence reducing this case to the
previous one.

B.5 Remark. Note that the preceding two remarks remain valid if H" is replaced
by p in the conclusion of B.1.

C An example concerning tilt and height decays
of integral varifolds

This appendix provides the example which was used throughout the text to
demonstrate the sharpness of various results obtained.

C.1 Definition. Suppose z € R"™™ and 0 < ¢ < oo.
Then Q,(z) := {y € R"":|y; — x| <pgfori=1,...,n+m}. To avoid
ambiguity, @3+ (0) will be written instead of @,(0).

C.2 Example. Supposen e N, 1 <p<n,0<a; <1,1<¢ < oo forie{l,2},
such that

1 o 1 1
wp <o, - > 1+ ooy )
p 141 Q22

In case a1q1 = azqo the last condition reads anqe > == p

Then there exists a rectifiable n varifold p in R"* T € G(n + 1,n) and
0 < T < oo with the following properties:

(1) T C sptp and (spt u) ~T is an n dimensional manifold of class C*°.
(2) 0" (p,x) =1forx € sptpand Tpp =T for z € T.

(3) For some H,, € L? (1, R™1) there holds (6u)(n) = — [ H,, ® du when-
ever n € CH(R"F1, R+,

(4) Whenever z € T and 0 < p <1

F—lgarn < Q_nﬂ({£ c BQ(;U) :dist(f — £C7T) > Q/F})v
o (B, ()~ T) < Tges%,

—1— . 1
4 1-n/e (fBQ(T) dlSt(§ -, T$M>(12 dM(f)) e ~ 9042,
—n 1 o
0 /o (f;;g(m)‘Tﬁﬂ — Tpp|™ d#(f)) o ~ 0™,

here a =~ b means that a < I'!b and b < I'ya for some positive, finite
number I'; depending only on n, and «;, ¢; for i € {1,2}.

(5) Whenever 1 < r < oo, n+ (1 —1/r)azgs < s < 0o there exists a nonneg-
ative function f € Lloc( ) such that f(z) =0 for x € T, and

o~ [5 (x)fdu whenever x € T', 0 < o < 1,

here a ~ b means a < I';b and b < I'ya for some positive, finite number
I'y depending only on n and s.

44



Construction of example. Let a := asga/n+ 1, b := (a1q1 — @2qa)/a+1 > 1.
Define for 7 € Ny

Wi = {Qqy-i—2(2): 2"z € Z"}.
Clearly, UQeW,:@ = R" and W; is pairwise disjoint. Let
F={1277 27 [xW:W e W;} forieNy, F:=UenF
Clearly, g S =]0,1] x R™ and F is pairwise disjoint. Let 7" := {0} x R™.

Next, it will be indicated how to construct for every 0 < ¢ < 9o < o0 a
compact n dimensional submanifold M of R™*! of class C* such that

M C Qu(0), (To) o™ <H"(M) <Too", [Huy|<Too ™,
H*({z € M:|T,M —T| >1}) > (I'y) too" !,
H"({z € M:Hy(x) #0 or T,M # T}) < Tooo"
where I'y is a positive, finite number depending only on n. To construct M,

one may assume ¢ = 1. Choose a concave function f : [-1/2,1/2] — [0, 1] and
0 < I'{ < oo such that

f(=1/2) = 0/4 = f(1/2),
f(s) =0/2 whenever s € [-1/2+0/4,1/2 — /4]

and such that
Ni={(s,1) € [-1/2,1/2] x R:|t| = f(s)} U ({-1/2,1/2} x [-0/4,0/4])
is a 1 dimensional submanifold of class C* with |fIN\ <Ty0~!. Noting
M (graph f[[~1/2, ~1/2 + 0/4] N [1/2 — 0/4,1/2) < o,
one can take
M :={(y,2) € RxR":(|z,y) € N}.

For each 7 € Ny and @) € F; choose a n dimensional submanifold Mg of the
type just constructed corresponding to p; := 27172, g; := 2722 contained in
Q@ and let M be the union those submanifolds. Take p := H" (T U M). (1) is
now evident.

To prove the estimates, fix x € T and define for i, j € Ny

bij =#{QEF;:QNQyi(x) #0}, c¢ij=#{Q € F;:Q C Qyi(x)}.
Clearly, b; ; = ¢;; = 0if j <. If j > 4, one estimates

biy < (2724 1)" < (52770, gy > (2T > (32070
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One calculates
1(Qyi(x) ~T) <Y " b; ;Toe)™ < (5/4)"Tp(27")*(1 — 2"0=) =1,
§=0
n—ba(l —p)+ (1 —-n)a= —a1q1 +plorqs — a2q2 + a2q2/n + 1) <0,
fQZ_i(I)NT‘ﬁMP dp < Zbi,j(FO)erl(Uj)lip(gj)nil

=0
< 5n(FO)n+1(Q—i)ba(l—p)—i-n—l(l _ 2n—ba(1—p)+(1—n)a)—1 < 00

S, o dist(€ = . T du(€) < 27 (Qy-+ () ~ 1),

fQTi(wﬂT&N = T[*™du(§) < (2n)" Zbi,jroaj(gj)n_l
=0

9

2—1

< (2H)QI (5/4)"F0(27i)ba+a(”*1)(1 _ 2nfbafa(n71))f1
2(i+1)q2fQ @) dist(€ — z, )% dpu(€)
> u({€ € Qyi(z):dist(€ — z,T) > 27""1}) > (Tg) (o))" = (4"T) 127",
Jo, o Ter =TI () = (Do)~ or(00)" " = (4"T) (27041,

)

Therefore (3) and (4) are proved and the first estimate of (4) implies (2).
To prove (5), define f by f(y) := 2re==)i if y € User, S for some i € Ny
and f(y) = 0 else. Then for i € Ny

S, o1 < 3 bi 29T g5)" < (5/4)"To(27)° (1 — 27~) 7",
j=0

fQQ_i(z)|f|r dp <) b ;200 ()"

j=0
< (5/4)nro(2—i>(s—na)r+na(1 _ 2n+(na—s)r—na)—1 < 00

because
n+ (na — $)r —an = asqz(r —1) +r(n —s) < 0.
The estimate from below is similar to the one from above. O

C.3 Remark. The integral n varifold p constructed depends only on n and the
products «;q; for i € {1,2}. Moreover, the assumption «; < 1 for ¢ € {1,2}
could be replaced by «; < oo for i € {1,2}.

C.4 Remark. Taking p =1, ay = ag, and ¢ = g2 = 2 in the last two estimates
of (4) shows that for every n € N, n > 1, 1/2 + (2(n — 1))~} < a < 1, there
exists an integral n varifold p of R™*! of locally bounded first variation such
that for some A with u(A) >0

lim o~ heightex , (z, 0, Ty pt) = 0o, lim o> tiltex,, (z, 0, Ty pt) = 00
0l0 " 0l0

for x € A. In [Bra78, 5.7] Brakke showed in arbitrary codimension that the
above limits equal 0 almost everywhere with respect to p if & = 1/2.
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C.5 Remark. Similarly to the preceding remark, takinga; = as =1,¢1 = g2 = ¢
and noting (1), one obtains for every p* = % < ¢ < oo an integral n varifold

w satisfying (H,) which is countably rectifiable of class C? such that for some
A with u(A) >0

lim o>~/ dist(€ — 2, Top)? dpu(©)) V" = oo,
0 3

: —1—n 1/‘1
1;{89 /q(fBQ(x)lTﬁﬂ_Txqu/‘(g)) =

for x € A. In particular, if p < nz—fz then countable rectifiability of class C? does
not imply quadratic decay of neither tiltex,, nor heightex,. If p = 2, countable
rectifiability of class C? is equivalent to quadratic decay of both quantities, see
[Sch04b, Theorem 3.1].

D Elementary properties of () valued functions

The purpose of this appendix is to collect for the convenience of the reader
Almgren’s definitions and results concerning @ valued functions (cf. [Alm00])
needed to prove the Poincaré inequality for integral varifolds. There is also
included an elementary but useful decomposition of a Lipschitzian @ valued
function into a countable collection of ordinary Lipschitzian functions. This
decomposition directly entails the rectifiability of the @) valued graph which had
been proved by Almgren using the compactness theorem for integral currents
and also a simple proof of the Rademacher theorem for ) valued functions.
Another proof of the Rademacher theorem avoiding Almgren’s bi Lipschitzian
embedding of Qg (R™"™) into a Euclidean space based on continuous selection
results can be found in [Gob06].

D.1 (cf. [AlmO00, 1.1(1)]). Suppose @ € N and V is a finite dimensional Eu-
clidean vector space.
Qo (V) is defined to be the set of all 0 dimensional integral currents R such

that R = 2?21 [x;] for some z1,...,2q € V. A metric G on Qg(V) is defined
such that

G(L2 ol S [l) = min { (S, Jos = ye2) 17 € SQ)}

whenever z1,...,2Q,y1,...,yg € V where S(Q) denotes the set of permutations

of {1,...,Q}. The function mapping (z,T) € V x Qo(V') to 8°(||T||, x) is upper

semicontinuous. Note that in case T = Z?Zl [x;] for some z1,...,2g €V
T, x) = #{i:x; =x} whenever z € V.

Whenever f: X — Qqg(V) the Q valued image of f and Q valued graph of
f are defined by

img f ={v e V:vespt f(x) for some z € X},
graphg, f = {(z,v) € X x V:v € spt f(z)}.

In case X is a topological space and f is continuous, the function mapping
(x,v) € X x V to 6°(|| f(z)]|,v) is upper semicontinuous. In particular,

graphg f = {(z,v) € X x V:0°(|f(2)[l,v) > 1}
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is closed in X x V.

D.2 (cf. [Alm00, 1.1(9)—(11)]). Suppose m,n,Q € N.
A function f: R™ — Qg(R™) is called affine if and only if there exist affine
functions f; : R" — R™, ¢ =1,...,Q such that

f(z) = Z?Zl [fi(x)] whenever x € R™.
fi,-.., fo are uniquely determined up to order. One defines semi norms such

that

1/2

f1= (LD fi@)?) 77, 11l = lim sup G(f(2), f(a))/|z — al

whenever a € R™. Among their basic properties are the following inequalities:

max{||Dfi(a)]:i =1,...,Q} < [If|l < Q*max{|Dfi(a)]:i =1,...,Q},
[FI<m'2QYA|IfIl, Lip f = |If]l < I£]-
Let a€e ACR", f: A— Qg(R™). fis called affinely approzimable at a if

and only if A contains a neighbourhood of a and there exists an affine function
g :R" — Qo(R™) such that

lim G(f(x),9(x))/|z —a| = 0.

r—a

f is called approximately affinely approrimable at a if and only if there exists
an affine function g : R” — Q¢ (R™) such that (see [Fed69, 2.9.12, 3.1.2])

ap im G(f(z), g(x))/|x —af = 0.

r—a

The function g is unique in both cases and denoted by Af(a) and ap Af(a)
respectively. f is called strongly affinely approzimable at a if and only if Af(a)
has the following property: If Af(a)(z) = Z?Zl [g:(z)] whenever z € R™ for
some affine functions g; : R” — R™ and g;(a) = g;(a) for some ¢ and j, then
Dg;(a) = Dgj(a). Similarly, one defines approzimately strongly affinely approx-
imable at a.

If f is affinely approximable [approximately affinely approximable] at a, then

[Af(a) <Lip f [llap Af(a)|| < Lip f].

D.3. Recall from [Fed69, 3.3.1] that for m,n,Q € N, a € R*™™ (0 < r < oo,
VeGn+m,m),0<s<1,m:R"™™ — R" an orthogonal projection

X(a,r,V,s) :={x € R"": s  dist(x — a,V) < |z —a| <7},
X(a,rkerp,s) = {x e R s p(x —a)| < |z —a| <7}

where ker p denotes the kernel of p.

D.4 Definition (cf. [Alm00, T.1(23)]). Whenever f: X - Y, g: X — Z the
join f x g: X —Y x Z is defined by

(f x g)(x) = (f(z),g(x)) whenever z € X.
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D.5 Theorem. Suppose m,n,Q € N, B is a Borel subset of R", and f: B —
Qq(R™) is a Lipschitzian function.

Then graphy, f is a Borel set and there exists a sequence f1, f2, f3,. .. of Borel
subsets of graphg f such that each f; is a Borel function with Lip f; < Lip f
and

#{i:(x,y) € fi} = 0°(|f(x)|l,y) whenever (z,y) € B x R™.

In particular, graphg f and imq f are countably n rectifiable (in the sense of
[Fed69, 3.2.14 (2)]).

Proof. Assume Lip f > 0 and let E = graph,, f, s = (1 + (Lip f)?)~%/2, and
p:R*" X R™ — R"™ ¢q:R"” x R™ — R™ the projections.
If a € E, 0 < 2r <dist(q(a), (spt f(p(a))) ~{q(a)}), z € EN B,(a), then

q(a) € spt f(p(a)), q(2) € spt f(p(2)),
la(2) —ala)] < [z —al <7, la(2) = g(a)] = dist(q(2),spt f(p(a))),
q(2) — q(a)| < G(f(p(2)), f(p(a))) < (Lip f)|p(2) — p(a)l,
|z —al < s 'p(z) —pla)], =z¢ X(a,r kerp,s).

Therefore E is the union of
E;,:={a€ E:EnNX(a,1/i,kerp,s) =0}

corresponding to ¢ € N.

It is now elementary to verify (cp. [Fed69, 3.3.5]) that each subset of E;
with diameter less that 1/i is a Lipschitzian function with Lipschitz constant
at most (s™2 — 1)%/2 = Lip f. Noting the fact that if g = graphg C R" x R™
is a Lipschitzian function so is g = graphg and Lipg = Lip g, one uses D.1 to
construct fi, fa, f3, ... with the required properties. Since f; C im(Lgmn f; ¥ fi)
for each i and img f = q(graphy, f), the postscript follows. O

D.6 Remark. Concerning the assertion of the theorem, recall the following re-
lation between Borel functions and functions which are Borel sets from [Fed69,
2.2.10, 2.2.14].

Suppose A is a Borel subset of R, p : R® x R™ — R" is the projection and
f C R™ x R™ with p(f) = A. Then f is a Borel function if and only if f is a
Borel set and p|f is univalent. Moreover, if B is a Borel subset of R x R*+™
with p|B univalent, then p(B) is a Borel set. Hence the assumption on A is not
needed in the second part of the equivalence.

D.7 Remark. If the last condition on the sequence f; is dropped, one can require
the f; to form a Borel partition of graphg, f.

D.8 Remark. Almgren proved in [Alm00, 1.5(8)] that graphg, f is countably
(H",n) rectifiable in the sense of [Fed69, 3.2.14 (3)] using the compactness the-
orem for integral currents [Fed69, 4.2.17 (2)].

D.9 Remark. In [Gob06, Section 5] an example with n = 2, m = 2 and B the
unit sphere is given such that no continuous function g : B — R™ satisfies
g(z) € spt f(x) whenever z € B. Hence, in general the domain of the functions
fi will not equal B.
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D.10 Theorem. Suppose m,n,QQ € N, A C B C R"™, B is open, Q € N,
f:B— Qq(R™), and

limsup G(f(x), f(a))/|x —a| < 0o  whenever a € A.

r—a
Then f is strongly affinely approzimable at L™ almost all points of A.

Proof. As in [Fed69, 3.1.5, 3.1.9] one proves that A C C, where C is the union
of a countable family of closed sets such that f restricted to each member is
Lipschitzian and that it is enough to show that f is approximately strongly
affinely approximable at £™ almost all points of C.

Using D.5, one now constructs a countable Borel covering fi, fo, f3,... of
graphy, f|C' consisting of Lipschitzian Borel functions such that

#{i:(z,y) € fi} = 0°(| f(2)],y) whenever (z,y) € C x R™.
Define I(x) = {i € N:z € dmn f;} for z € C and note #I(z) = Q and

fly) = Z [fi(y)] whenever y € ﬂ dmn f;.

i€l(x) i€l(x)
According to [Fed69, 2.9.11, 3.1.2, 3.1.7] L™ almost all 2 € C satisfy:
i€ I(x) implies f; is approximately differentiable at x,
i,j € I(z), fi(x) = fj(z) implies apDf;(x) =apDf;(z).

At such a point z there holds 0" (L" LR ~(;cy(,y dmn f;,x) = 0, and f is
therefore approximately strongly affinely approximable with

ap Af(z)(v) = D [fi(@) + (v,ap Dfy(x))] for v e R™ m

i€l(x)

D.11 Remark. Similarly, one proves the following proposition:

If A is L™ measurable, f : A — Qg(R™) is Lipschitzian, I is countable, and
to each i € I there corresponds a function f; C graphg f with L™ measurable
domain and Lip f; < Lip f such that

#{i:(z,y) € fi} =0°(|f(x)|l,y) whenever (x,y) € A x R™,
then f is approximately strongly affinely approximable with
ap Af(@)(0) = Yer(oLfi(@) + (v,ap Dfi(e)) ] whenever v € R

at L™ almost all a € A where I(a) ={i € I:a € dmn f;}.
The existence of such functions f; is a consequence of D.5 applied to graph f
replacing f.

D.12. f0<d<oo,meN, S,T € Qg(R™), and for each subset X of spt.S

Y oex (IS 2) + 3,y 0°(IT ], y) < Q
where Y = (spt S) ~ |, x By(z), then

G(8,7) < Q"%d;
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in fact if S = 2?:1 [x:], T = 2162:1 ly:] for some z1,...,2q,y1, ...,y € R™ one
may verify the existence of a permutation o of {1,...,Q} such that |z; —y,;)| <
d for i € {1,...,Q} by Hall’s theorem on perfect matches (cf. [LP86, Theorem
1.1.3)).

D.13 Definition. Suppose m,n,Q € N, S € Qg(R™), 1 < ¢ < o0, A is L
measurable, and f: A — Qg(R™) is an L™ L A measurable function.

Then the g height of f with respect to S is defined to be the L1(L™ L A) (semi)
norm of the function mapping = € A to G(f(x), S), denoted by hy(f,S), and, if
f is additionally Lipschitzian, then the ¢ tilt of f is defined to be the LI(L™ L A)
(semi) norm of the function mapping = € A to |ap Af(z)|, denoted by ¢,(f).
Moreover, the ¢ height of f is defined to be the infimum of the numbers hy(f, S)
corresponding to all § € Qo(R™) and denoted by hy(f).

D.14 Theorem. Suppose m,n,Q € N, f: B}(0) — Qqo(R™), and Lip f < occ.
Then the following two statements hold:

(1) If1 <g<n,q = nq—fq, then there exists a positive, finite number I ()
depending only on m, n, Q, and q such that

hg«(f) < Ty tq(f).

2) If ¢ < n < oo, then there exists a positive, finite number I 5y depending
(2)
only on m, n, Q, and q such that

hoo (f) < T2y tg(f)-

Proof. Using Almgren’s functions & and p [Alm00, 1.2 (3), 1.3 (1), 1.4(3) (5)],
the assertion is readily deduced from classical embedding results. O

D.15 Theorem ([Alm00, 1.3 (2)]). Suppose m,n,Q € N, ACR", and f : A —
Qo(R™).
Then there exists g : R™ — Qq(R™) such that
glA=f, Lipg<T Lipf

where I' is a positive, finite number depending only on m and Q.

51



References

[All72]

[AlmO0]

[AS94]

[Bra78]

[CZ61]

[Fed69)]

[Gob06]

[LPS6]

[Sch01]

[Sch04a]

[Sch04b)

[Sim83]

[SteT0]

(Zie89)]

William K. Allard. On the first variation of a varifold. Ann. of Math.
(2), 95:417-491, 1972.

Frederick J. Almgren, Jr. Almgren’s big reqularity paper, volume 1
of World Scientific Monograph Series in Mathematics. World Scien-
tific Publishing Co. Inc., River Edge, NJ, 2000. @-valued functions
minimizing Dirichlet’s integral and the regularity of area-minimizing
rectifiable currents up to codimension 2, With a preface by Jean E.
Taylor and Vladimir Scheffer.

Gabriele Anzellotti and Raul Serapioni. CF-rectifiable sets. J. Reine
Angew. Math., 453:1-20, 1994.

Kenneth A. Brakke. The motion of a surface by its mean curvature,
volume 20 of Mathematical Notes. Princeton University Press, Prince-
ton, N.J., 1978.

A.-P. Calderén and A. Zygmund. Local properties of solutions of el-
liptic partial differential equations. Studia Math., 20:171-225, 1961.

Herbert Federer. Geometric measure theory. Die Grundlehren der ma-
thematischen Wissenschaften, Band 153. Springer-Verlag New York
Inc., New York, 1969.

Jordan Goblet. A selection theory for multiple-valued functions in the
sense of Almgren. Ann. Acad. Sci. Fenn. Math., 31(2):297-314, 2006.

L. Lovész and M. D. Plummer. Matching theory, volume 121 of North-
Holland Mathematics Studies. North-Holland Publishing Co., Amster-
dam, 1986. Annals of Discrete Mathematics, 29.

Reiner Schitzle. Hypersurfaces with mean curvature given by an am-
bient Sobolev function. J. Differential Geom., 58(3):371-420, 2001.

Reiner Schitzle. Quadratic tilt-excess decay and strong maximum
principle for varifolds. Ann. Sc. Norm. Super. Pisa Cl. Sci. (5),
3(1):171-231, 2004.

Reiner Schétzle. Lower Semicontinuity of the Willmore Functional for
Currents. Preprint No. 167, Sonderforschungsbereich 611, Bonn, 2004.

Leon Simon. Lectures on geometric measure theory, volume 3 of Pro-
ceedings of the Centre for Mathematical Analysis, Australian National
University. Australian National University Centre for Mathematical
Analysis, Canberra, 1983.

Elias M. Stein. Singular integrals and differentiability properties of
functions. Princeton Mathematical Series, No. 30. Princeton Univer-
sity Press, Princeton, N.J., 1970.

William P. Ziemer. Weakly differentiable functions, volume 120 of
Graduate Texts in Mathematics. Springer-Verlag, New York, 1989.
Sobolev spaces and functions of bounded variation.

52



