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PRELUDE

One of the central themes of geometric analysis and general relativity is the study of
hypersurfaces which optimise natural geometric functionals and the way their geome-
try is related to the ambient space they reside in. Such hypersurfaces occur in many
different guises: for example, as spacelike time slices in Lorentzian spacetimes, as con-
stant curvature submanifolds in Riemannian geometry, or as evolving objects in geometric
flows. This thesis examines three types of geometric problems: maximal hypersurfaces
in the Schwarzschild spacetime, black hole and photon surface uniqueness, and rota-
tional symmetry of ancient solutions to fully nonlinear curvature flows. All these results
share the common thread of analysing curvature-driven equations and rigidity phenom-
ena derived from the interplay of curvature, asymptotic behaviours and other geometric
properties. Furthermore, they reveal deep interactions between analysis, geometry and
physics. This reflects the broader truth that general relativity strictly relies on Rieman-
nian and Lorentzian geometry, combined with the analysis of partial differential equations
of different natures. In particular, in modern physics, cosmological models and other as-
trophysical phenomena such as black holes or star systems are modelled by Lorentzian

manifolds solving the Finstein field equations

trg

o Ag— T
Ric g=% 5

g, 00T =0. (1.0.1)

These coupled, nonlinear, second-order equations encode gravity in the intrinsic curva-
ture of the Lorentzian manifold, prescribing the Ricci tensor fRic in terms of a suitable
matter field ©. We then claim that the techniques developed in this thesis —such as
the construction of barriers to control solutions to nonlinear partial differential equations
and monotonic quantities— could find application in more general geometric and physical

contexts.

Boosted maximal hypersurfaces in Schwarzschild. In the initial value formulation
of (1.0.1)), the equations drastically simplify under the condition that the spacetime is foli-
ated by spacelike Riemannian hypersurfaces with vanishing mean curvature H = 0. Such
hypersurfaces, called mazimal have thereby played a key role in the dynamic aspects

—Hamiltonian approach— of general relativity and in numerical computation of asymp-
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totically flat spacetimes. For simplicity, we describe the variational problem and the
partial differential equation in the case of Minkowski R™! = R" x R, with flat met-
ric n = —dt* + da?. The graph of a function u : @ C R" — R is weakly spacelike if
|[Du| < 1. If ¢ : 9Q — R is a bounded function, then graphwu is said to be an area
mazimizing surface if it maximizes the area functional among the admissible functions
F(Q,p) = {v e C% Q) : Dv| < 1,v|sq = ¢}. The corresponding Euler-Lagrange

equation is the following quasi-linear partial differential equation

0=H(u) = a¥(Du) D, a¥(Du) = ——- <5fﬂ‘ + M) (1.02)
' /1 — |Duf? 1 — [Duf?

reading as the vanishing of the mean curvature H(u) of the graph of u. It can be shown
that equation is elliptic, provided that w is strictly spacelike, namely |Du| < 1 holds
uniformly. Classical solutions to ((1.0.2) are called mazimal. The existence of solutions
to the variational problem and to on bounded domains in Minkowski was proven
by Bartnik—Simon in [BS82|. Right before these results, in analogy with minimal graphs
in the Euclidean space, Calabi and Chen—Yau [Cal70; (CY76| proved a Calabi-Bernstein
theorem: every entire spacelike maximal surface, namely any spacelike graph of a smooth
function u : R" — R solving the quasilinear elliptic equation is an affine plane.
On the other hand, in the recent work |[HY21], Hong—Yuan considered solutions over
exterior domains in Minkowski approaching affine planes — boosts— at infinity; moreover,
they provided an asymptotic analysis of exterior maximal surfaces, showing that they
always approach boosts, again resembling a Bernstein-type result at infinity. Some of the
notions above can be suitably extended to other spacetimes, with a much more involved
analysis due to the presence of ambient singularities and the absence of a standard choice
of coordinates. In [Bar84|, Bartnik showed the existence of maximal hypersurfaces in
asymptotically flat spacetimes. In that regard, he proved that under the Bartnik’s time-
dependent conditions on tensorial quantities depending on the choice of time function, an
a priori height estimate gives an a priori gradient estimate. This reduces the problem to
finding barriers and computing integral estimates. In turn, once the existence of barriers is
shown, an a priori height estimate relies again on the Bartnik’s time-dependent conditions

and on the so-called Bartnik’s uniform interior conditions.

We highlight that the aforementioned Bernstein problem mirrors the observation that
entire solutions to elliptic equations tend to exhibit rigidity properties. With the long-
term goal of establishing such a theorem in curved Loretzian manifolds, we first address
the problem in the mazimally extended Schwarzschild spacetime, which is an explicit non-
trivial solution to ([1.0.1)) in vacuum (T = 0). We prove the existence of entire maximal
hypersurfaces in this spacetime with prescribed asymptotics corresponding to boosts in
the asymptotically flat ends. While in Minkowski spacetime the problem reduces to
the trivial observation that affine planes are maximal hypersurfaces, the situation in the

Schwarzschild spacetime is profoundly challenging. In fact, we first have to find suitable




coordinate-dependent boosted hypersurfaces admitting barriers at the asymptotically flat
ends. This is a non-trivial task, as the natural candidates —hypersurfaces that resemble
affine planes in Minkowski— are inadequate for constructing barriers due to their mean
curvature not decaying fast enough. Complicating matters further, the Kruskal-Szekeres
time coordinate fails to meet Bartnik’s time-dependent conditions, obstructing a direct
application of existing results by |[Bar84]. To circumvent this, we introduce a new time
function in the maximally extended Schwarzschild spacetime. Notably, this function is a
Cauchy time function, and its properties are of independent interest. Finally, we also show
that a relaxed version of the Bartnik’s uniform interior conditions is satisfied with our
choice of time function. This verification requires a delicate analysis involving both the
use of the crushing nature of the Schwarzschild singularity and a proof of monotonicity for
the relevant geometric quantities involved. As a consequence of the above construction, we
can generate a foliation of maximal hypersurfaces in exterior Schwarzschild, corresponding
to a geometric choice of time function associated to any boost of parameter b € [0,1).
Moreover, we remark that the tools developed to tackle this problem can also be employed
to show the existence of exterior solutions in exterior Schwarzschild for a natural class of

interior boundaries, extending some of the results in [HY21].

The analysis of this problem covers the whole Chapter [2} the structure thereof is
described in Section [2.1.2] Here, we recall where to find the most important results. In
the main Theorem we establish the existence of an entire maximal hypersurface in
the maximally extended Schwarzschild. The construction of barriers in the asymptotically
flat end is the content of Section [2.6)and, in particular, of Proposition [2.6.1} The new time
function is defined and characterized in Proposition 2.5.2] and, more generally, discussed

in Section [2.5| Finally, the Bartnik’s uniform interior condition for the new time function

is addressed in Section 2.5.1]

Black hole and equipotential photon surface uniqueness. The aforementioned
mazximally extended Schwarzschild spacetime was constructed by Kruskal-Szekeres [Kru60;
Sze60] as an extension of the first known explicit non-trivial solution to in vacuum,
which we will call (ezterior) Schwarzschild solution. This was introduced by Schwarzschild
[Sch16|, imposing rotational symmetry. It consists of a family, parametrized by m > 0,

of static spacetimes (£, g), namely of the form
C=RxM, g=-N%dt’®+g (1.0.3)

being (M, g) a 3-dimensional Riemannian manifold and N > 0 a smooth function on M.
They present a coordinate singularity at the so-called Schwarzschild radius {r = 2m}.
By employing different coordinates on the Riemannian time slices to smoothly extend
the metric, it is easy to see that the hypersurface {r = 2m} N M is minimal in M,

namely has vanishing mean curvature Hy({r = 2m}) = 0 and physically corresponds to
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the notion of static black hole. The renowned Black Hole Uniqueness theorem first proven
by Israel [Isr67] states that the exterior Schwarzschild is the only asymptotically flat
static spacetime in vacuum containing a black hole as a boundary. This statement has
been generalised to other boundary conditions related to equipotential photon surfaces
since the work of Cederbaum [Ced15|. Both boundary conditions represent not only
extremely relevant physical objects, but also mathematically allow to show the above

rigidity statements, employing, among others, their constant mean curvature.

In the last decades, these theorems have also been proven in different matter models
(e.g. in electro-vacuum) using various techniques with the scope of removing restrictive
assumptions. We tackled the above problem in vacuum via diverse methods in [CCF24]
(based, among others, on the master thesis of the author [Cog20|) and in the paper Unique-
ness of static vacuum asymptotically flat black holes and equipotential photon surfaces in
n+1 dimensions a la Robinson |Ced-+|, included in this dissertation. In particular, in the
latter we adapted to higher dimensions the divergence technique by Robinson [Rob77],
employing tensors inspired by the analysis of Ricei solitons, see [Caol3|. Moreover, we
found an explicit relation between this method and the functionals of Agostiniani—-Mazzieri
[AM17], employed in the other works |[CCF24| and [BCC24]. On the other hand, in the
joint work Black Hole and Equipotential Photon Surface Uniqueness in 4-dimensional
Asymptotically Flat Electrostatic Electro-Vacuum Spacetimes |[BCC24|, also included in
this dissertation, we address the same problem in the more general electro-vacuum set-
ting. To give an idea of the equations involved, we will briefly outline the mathematical

formulation in this latter case.

A family of exact rotationally symmetric solutions to the Finstein-Maxwell field
equations (|1.0.1])) with matter model T associated to an electric potential U is given by the
Reissner—Nordstrom solutions for fixed parameters m, q € R. If ¢ = 0, they correspond to
the family of exterior Schwarzschild solutions (with positive and negative mass m). These
solutions are of the form and satisfy the system

2 DU |2 DW|? DN (dVU
NRic:D?N——d\1ﬂ+u AN:L, A@:#

which translates into equations involving only tensors and functions on the Riem-
manian manifold (M, g). In vacuum, the same equations hold with ¥ = 0. Another
feature of the Reissner—Nordstrom solution is the asymptotic flatness, namely as r — o0,
the Riemannian part of the metric approaches the Euclidean metric and N — 1. Finally,

we notice that for m?

< ¢* the maximal interval of definition for N to be well-defined
is 7 > rp, = 0, while for m? > ¢? N vanishes on {r = m + \/m? — ¢> =: rp .},
which is a static black hole in the sense of having vanishing mean curvature. Also, all
Reissner—Nordstrom spacetimes have spherically symmetric totally umbilic timelike hy-
persurfaces going through {r = r;}, for each radius ry > r,,,. These are equipotential

photon surfaces and on these hypersurfaces N is constant, see |[CJV23|. We show that




Reissner—Nordstrom spacetimes are the unique solutions of with suitable asymp-
totic conditions and boundary being a black hole (N = 0 on dM) or an equipotential
photon surface (N = Ny > 0 constant on OM ), recovering the aforementioned uniqueness
theorems in electro-vacuum, without assuming that N regularly foliates M and under
weaker asymptotic assumptions. Weakening these decay conditions corresponds to phys-
ically realistic conditions, but on the other hand, it makes the analysis complicated. In
particular, we provide, up to restricting the range of their radii, the uniqueness result for
connected photon surfaces in the super-extremal case (m? < ¢*), not yet treated in the
literature. Our proof is based on a cylindrical ansatz inspired by the work by Agostini-
ani-Mazzieri [AM17]: the rigidity statements are attained by studying suitable monotone
quantities along the level sets of N, relying on the Bochner formula and the divergence
theorem, so that the problem can be transferred to the asymptotics and to the boundary

conditions.

This is the content of the first and second co-authored papers presented in Chapter 3]

Uniqueness of ancient solutions to fully nonlinear flows. With opposite signs
(depending on the setting being Lorentzian or Riemannian), the right-hand side of
is the local expression of the mean curvature of a hypersurface in R**!, computed with
respect to the normal v (e.g. outward pointing). The motion of a family of hypersurfaces
with speed —Hwv, is the canonical example of an extrinsic curvature flow, the mean
curvature flow (MCF). Geometrically, the mean curvature is the sum of the principal
curvatures H = Ay + -+ + \,. Other scalar geometric quantities can be obtained via
symmetric convex or concave functions v of the principal curvatures, increasing in its
arguments, and give rise to parabolic flows for a family of embeddings F'(t,-) = z in the
form 9

EF: -G, G(z) =v(M(x),..., \(2)). (1.0.5)

An example of these was introduced in [BH17| for deep classification results of Riemannian
1

manifolds and has speed y(A1,...,\,) = (ZK]. ﬁ)i . While, as observed for (|1.0.2)),
T A
the mean curvature H reads locally as a quasi-linear elliptic second-order operator, the

corresponding partial differential equations for all the other speeds are fully nonlinear.

Ancient solutions to parabolic equations —existing on (—oo,T]- are analogues of
entire solutions to elliptic partial differential equations and tend to exhibit rigidity prop-
erties as well. Moreover, ancient solutions to geometric flows arise as dilations —blow-up
limits— of singularities. Therefore, their classification results can be essential for studying
singularities, which in turn are crucial to exploiting the flows for results in geometry and
topology. In the joint work Rotational symmetry of ancient solutions to fully nonlinear
curvature flows |CLM23|, included in this dissertation, we address the classification of
ancient solutions to such nonlinear flows, under natural conditions on the speed (includ-

ing, in particular, the aforementioned speed). We show that every convex, non-collapsing,
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uniformly 2-convex ancient, noncompact solution is either a self-similar shrinking cylin-
der or a rotationally symmetric translating soliton. The analogous result was obtained
for MCF by Brendle-Choi |[BC19|, [BC21]. In the fully nonlinear case, overcoming the
non-variational origin of the flows and the consequent absence of Huisken’s monotonicity
formula is particularly technical. In particular, to replace the role of the monotonicity for-
mula for sharp asymptotic estimates, we have to construct a family of barriers as convex,
rotationally symmetric shrinking solutions, satisfying for each a > 0 the corresponding

fully nonlinear ODE

1 1
V(Iip;w%v“’%):§+2_a2(ﬂ¢p—w>> YO =0, y(0) =0
P

and carefully analyse their asymptotic behaviour.

This is the content of the third co-authored paper presented in Chapter [3]

1.1 Overview and declarations

This thesis consists of three chapters.

The single author’s work is presented in Chapter[2] The specific question as addressed
in the work, all the analysis and all the writing have been done independently by the
author. I am indebted to Prof. Gerhard Huisken for proposing the study of this problem
and for helpful discussions. I am grateful to Prof. Piotr Chrusciel for interesting remarks
on the problem. Finally, I am thankful to the thesis examiners for reviewing the work

and in particular, to Prof. Carla Cederbaum for suggesting some implementations.

Chapter [3| comprises three articles co-authored with collaborators, reproduced in
their original form as published papers or preprints on ArXiv. As is usual in mathematics,
the authors of the manuscripts are listed alphabetically. The papers are, in order of

appearance:

1. Stefano Borghini, Carla Cederbaum and Albachiara Cogo, Black Hole and Equipo-
tential Photon Surface Uniqueness in 4-dimensional Asymptotically Flat FElectro-

static Electro-Vacuum Spacetimes, published in: Annales Henri Poincaré (December
2024).

2. Carla Cederbaum, Albachiara Cogo, Benedito Leandro and Joao Paulo dos Santos,
Uniqueness of static vacuum asymptotically flat black holes and equipotential photon
surfaces in (n+1) dimensions a la Robinson, arXiv:math/2403.14422, 2024, under

revision after submission to a journal.

3. Albachiara Cogo, Stephen Lynch and Olivia Vi¢anek Martinez, Rotational symme-
try of ancient solutions to fully nonlinear curvature flows, arXiv:math/2310.08301,

2023, under revision after submission to a journal.



https://link.springer.com/article/10.1007/s00023-024-01514-2
https://arxiv.org/abs/2403.14422
https://arxiv.org/abs/2310.08301

ENTIRE BOOSTED MAXIMAL HYPERSURFACES
IN THE SCHWARZSCHILD SPACETIME

2.1 Introduction

Before setting the problem of constructing complete, non-compact boosted maximal hy-
persurfaces in the maximally extended Schwarzschild spacetime, we will give a brief his-
torical overview of the main objects and results that motivate this work in Section [2.1.1]
An outline of the main results and the structure of this work is then displayed in Sec-
tion [2.1.2] The mathematically rigorous formulation of the problem and the strategy of
the proof can be instead found in Section [2.4, making use of the notations, definitions
and basic results provided in Section [2.2]

2.1.1 Historical synopsis and motivation

Here we mostly aim to highlight, in perspective of the formulation of our problem, the
interplay between the mathematical analytical and geometric tools such as quasi-linear
elliptic partial differential equations arising from geometric objects and the theories of

Special and General Relativity with their striking impact in physics.

Special Relativity and the Bernstein problem

The theory of special relativity introduced by Einstein |[Ein05a; [Ein05b| in 1905 and
modelled by the Minkowski spacetime [Min08|

R'"™:=RxR",  n=—d’+) da}, (2.1.1)
i=1

allowed to solve the pre-relativistic problem of combining the principle of relativity, uni-
versally accepted since the works of [Gal53] and Newton [New53| in the 170 -18™ centuries
and stating that laws of nature have the same form in every inertial frame, with the elec-
tromagnetism as described by the Maxwell equations [Max73|, introduced in 1861. The
solution was based on rejecting the idea of absolute time and on the postulate that the

speed of light is equal to the same universal constant in every inertial frame. In the follow-

7
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ing, we will refer to an inertial frame as a choice of coordinates in which Newton’s law of
dynamics holds. The transformations between inertial frames, which respect the postulate
of absolute speed of light, are given by the isometries of and boosts are the ones
involving both space and time —for a more extensive discussion see Section [2.2.2] Fixing
an inertial frame (t,21,...,2,) and considering another (¢,1,...,,) via the aforemen-
tioned transformation, we obtain that the time slices {t = t,} for fixed constants t, € R
are affine planes and in particular entire (linear) graphs with respect to the original fixed
frame. Since affine planes are totally geodesic, they have vanishing extrinsic curvature or

mean curvature, namely they are maximal hypersurfaces.

In analogy with minimal graphs in the Euclidean space, first Calabi [Cal70| in 1968
for the dimension n + 1 = 3 and then Cheng—Yau |CY76] in 1976 for any dimension
n + 1 > 3 proved a Calabi—Bernstein theorem: every entire spacelike maximal surface,
namely any spacelike graph of a smooth function u : R" — R solving the quasilinear

elliptic equation

Du 1 D?u (Du Du))
0 = divgn = Au+ —————= |, Du| <1
. <\/1 - |Du|2) /1 — |Duf? ( 1— [Duf? Dl
(2.1.2)

is an affine plane. The Bernstein problem mirrors the observation that entire solutions

to elliptic equations tend to exhibit rigidity properties. In fact, entire bounded solutions
to the Laplace equation Au = 0, the easiest elliptic second-order equation, are constant
by the Liouville theorem. Following the observation that the Laplace equation is the lin-
earized version for small Du of (and of the minimal surface equation, corresponding
to with opposite signs), in 1915 Bernstein [Ber15| showed that entire solutions to
the minimal surface equation are affine planes for n = 2; we highlight that the nonlin-
earity of the equation somehow enforces the rigidity, as the boundedness assumption is
not required —see, as a counterexample, the harmonic function e*siny. The conjecture
extending this to higher dimensions, was proven true in dimension 3 < n < 7 by the com-
bination of the work of Fleming [Fle62|, De Giorgi |[De 65|, Almgren [Alm66| and Simons
[Sim68| and false in dimension n > 8 due to the Simons cone, which serves as a coun-
terexample, as shown by Bombieri-De Giorgi-Giusti [BDG69|. While the case n = 2, the
so-called Calabi correspondence |Cal70| allows to transfer the results for minimal graphs
in R? to maximal graphs in R and vice-versa, in higher dimensions these objects behave
differently; in fact, there is no limitation of dimension in the Cheng—Yau proof |[CY76|.
Their result follows from proving that the induced Lorentz metric on a spacelike maximal
surface is a complete Riemannian metric and that the norm of the second fundamental

form is bounded by a multiple of its trace.

We remark that while any rigidity statement on entire solutions to elliptic partial
differential equations is of striking mathematical interest, the Bernstein theorem for the

maximal surface equation has also a deep physical impact as it established a one-to-




one correspondence in Minkowski spacetime between entire mazimal hypersurfaces, affine

planes, boosts as isometries and inertial frames.

General Relativity and the Cauchy problem

In parallel to the works on the Bernstein problem, starting from the ’50s, much progress
was made in the context of general relativity introduced by Einstein |Einlba; Einlbb| in
1915. Since the formulation of this theory and in modern physics, cosmological models
and other astrophysical phenomena are modelled by spacetimes (£"1 g) — (smooth)
manifolds endowed with a Lorentzian metric (semi-Riemannian of index 1) solving the

Finstein field equations reading:

trg T

A= T
Ric g=% 5

g, 0T =0. (2.1.3)

These equations encode gravity in the intrinsic curvature of the Lorentzian manifold, pre-
scribing the Ricci tensor PRic in terms of a suitable matter field ¥. In particular, while
locally, physics is sufficiently well approximated by special relativity (the existence of
normal coordinates gives a locally inertial system, where, up to second order, physics is
Minkowskian), effects due to gravitation are codified in the curvature of space-time. Due
to the complicated and non-linear nature of the Einstein field equations (EE), explicit
solutions could be analytically found (starting with the Schwarzschild solution [Schl16]
in 1916), but only appealing to idealised highly symmetrical hypotheses. Thus, different
perspectives were developed to study generic and global properties of spacetimes as solu-
tions to the EE, their stability against perturbations and, jointly, to generate systematic
methods of producing more general solutions. On the one hand, approaches based on
physical arguments and Loretzian geometry shed light on the causal structures of space-
times, starting with the pioneering works on singularity theorems by Hawking and Penrose
|[Pen65; Haw67; HP70]. On the other hand, the mathematical community shifted their
focus to an Cauchy Problem reformulation of the equations, with initial data given by
a Riemannian manifold (M, g) and a symmetric (0, 2)-tensor K. Roughly speaking, the
initial position and velocity of the gravitational field given by g and K are evolved in
time into a Lorentzian manifold which contains (M, g) as a hypersurface with extrinsic
curvature (second fundamental form) K. In particular, the resulting Lorentzian manifold
1s 1sometric to

Rx M, — —N2z,-)dt*+g(,-), (2.1.4)

where the time function ¢ is the natural projection into the first factor, N is a smooth
function and g restricts to a Riemannian metric on the time-slices {£o} x M. This is not
restrictive as well-behaved Lorenztian manifolds in terms of causality are of this form —see
[BSO5a]— and is the reason why this Initial Value formulation is also called 3+ 1 Splitting.
This Cauchy Problem formulation was built on ideas by Lichnerowicz |[Lic39; Lic44| and

the proof of well-posedness and existence of local solutions by Choquet-Bruhat [Fou52| in
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1952 (and by Geroch and Choquet-Bruhat |[CG69) for a global version), which exploits the
harmonic gauge introduced by |Lan22| in 1922 and the recent developments in hyperbolic
partial differential equations. The idea of evolving the so-called Initial Data Sets into a
solution of the EE fits perfectly with the physical paradigm of predicting the future devel-
opment of a system. In fact, it served as a foundation of the Hamiltonian formulations of
general relativity by Dirac [Dirb8|, and Arnowitt—Deser—Misner [ADMO0S8|. Moreover, the
3 + 1 Splitting provided the basic tools to the noteworthy branch of numerical relativity
starting from the '70s and relying on the formalizations by Wheeler [Whe64| and York
[Yor73; [Yor79.

Solutions to the EE provided the modern framework for cosmology, as well as models
for astrophysical phenomena such as gravitational lensing, gravitational waves detection
and the description of Black Holes, stellar systems and other compact objects. Regarding
the latter, since distances between astrophysical bodies tend to be much larger than the
diameter of each of them, typically any exterior influence can be neglected; this is why the
exterior gravitational fields of isolated systems or isolated massive objects are modeled
by the so-called asymptotically flat spacetimes, which outside a compact spacial region
approach the Minkowski metric. The understanding of isolated system and hence the
study of the maximal globally hyperbolic evolution of asymptotically flat initial data
ensured by [CG69|, is the core of the so-called Boost problem in general relativity. Due
to the development of the theory of Weighted Sobolev Spaces especially by Choquet-
Bruhat and Christodoulou |[CC81], in 1981 Christodoulou—O’Murchadha [CO81] showed
that given an initial data in suitable Weighted Sobolev spaces, its development region
contains asymptotically boosted slices relative to it and the evolution equations preserved

the asymptotic decay.

Maximal surfaces role in the Initial Value formulation. In most of the mathe-
matical and physical challenges related to the Initial Value Formulation of the Einstein
Equations and in their applications to numerical problems, both maximal surfaces and
the so-called Boost problem in general relativity often play a crucial role; we will survey

here some of them. A more complete review specifically on maximal surfaces will instead
be presented in Section 2.2.1]

— Solving the Constraint Equations. Due to the Gauss-Codazzi equations, (M, g)

and K have to satisfy the so-called Einstein constraint equations

Ry —| K2+ (trg K)* =2 (u + A) (2.1.5)
div, K —d(tr, K) = J (2.1.6)

where p, J are given data and respectively correspond to the energy density p = %(v,v)
and the momentum density J(-) = —%(v,-), being v the future-directed unit normal to
(M, g,K) inside a spacetime solving (2.1.3). Since the constraint equations, combined
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with the so-called Finstein evolution equations produce solutions to , they not only
describe the admissible initial data, but they also effectively determine the space of max-
imally globally hyperbolic solutions of the theory. To solve —, which is a
highly underdetermined elliptic system, the most effective technique is the so-called con-
formal method. This consists in decomposing g and K into prescribed data (a conformal
class for g, a prescribed trace for K and a transverse-traceless tensor contributing to the
traceless part for K) and unknowns (a conformal factor for g and the traceless part for
K) so that f turn into a determined elliptic system. The original conformal
method was initiated by Lichnerowicz [Lic44] and later extended by O’Murchadha—York
[Yor73; OY73|, constituting a still active research field —see e.g. [HMM22| for relatively
recent results. In the vacuum case p = 0,J = 0, on a mazimal initial submanifold,
namely under the prescription tr, K = 0, the constraints can be split into a decoupled
system consisting in the linear prescription of divergence freeness for the traceless part of
K and a non-linear equation for the conformal factor, the so-called Lichnerowicz equation.
This had extensive applications in numerical integration schemes for Einstein equations,
see e.g. the work of Estabrook—Wahlquist—Christensen-DeWitt-Smarr-Tsiang [Est+73].
For completeness, we remark that since D. Maxwell [Max14]| proved that the so-called
conformal thin sandwich approach coincides with the conformal method, other ways to
tackle the constraint equations —see |[AP14), Chapter 16|, [BI21|, [Max21] and references
therein for more information— at the moment involve only four additional approaches
which enable to enrich the picture by admitting different scenarios. The first, proposed
by Baierlein—Sharp—Wheeler and studied mostly in the 60, is the thin sandwich construc-
tion. The second consists in solving the prescribed scalar curvature equation employ-
ing a semi-linear parabolic problem, initiated by the works of Bartnik [Bar93|, Shi-Tam
[ST02] and Smith-Weinstein [SW00]|. The third consists of perturbation techniques —see
[Hual0]. The latter is the gluing procedure, which produces new solutions to (2.1.5)-
by combining existing ones. The connected sum gluing, pioneered by Isenberg,
Mazzeo and Pollack [IMP02| and then by Chrusciel-Delay |[CDO03|, is extremely valuable
for applications such as modelling the physics of a system consisting of N astrophysi-
cal bodies interacting gravitationally, adding a Black Hole or a Warmhole to spacetimes
and removing topological obstructions from Initial Data Sets. On the other hand, the
asymptotic exterior gluing, first developed by Corvino—Schoen |Cor00; (CS06], is effective
for constructing spacetimes with regular asymptotic structure. In a recent joint work
with Chrusciel and Niitzi [CCN24|, the author constructed a solution operator for the
linearized constant scalar curvature equation at hyperbolic space, extending the recently
introduced Mao-Oh-Tao [MOT23| technique to the hyperbolic setting and providing a

new method to perform the Corvino-Schoen hyperbolic gluing.

—Positive Mass Conjgecture. The existence of maximal submanifolds was also
assumed in the first proofs of the Positive Mass Conjecture for asymptotically flat space-

times, which states that for a nontrivial isolated physical system satisfying the so-called
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Dominant Energy Condition, the total (ADM) mass —defined in the aforementioned work
[ADMOS|- is positive. The role of maximal surfaces was crucial foremost in the works
of Brill-Deser [BD6§| in 1968, Choquet-Bruhat and Marsden |[CM76| in 1976, both con-
sidering data close enough to the flat ones in the n = 3 case, and then in the most
general groundbreaking results by Schoen—Yau [SY79b; SY79a| in 1979, up to dimension
3 < n < 8. The maximality condition try, K = 0 could then be removed, but initially
only in terms of reduction of the proof to this case. In particular, in [BD68; (CM76| the
reduction to try K = 0 could be performed by asserting the existence of a maximal surface
in asymptotically flat spacetimes, only proven much later in 1984 by Bartnik [Bar84]; on
the other hand, the reduction to the maximal case in dimension n = 3 was approached
by Schoen—Yau in |SY81] by establishing and employing the technical proof of the ex-
istence of a solution to the quasilinear Jang’s equation, first introduced in [Jan78|. We
must mention that solving the Jang’s equation actually allows one to reduce the prob-
lem to the so-called Time-symmetric or Riemannian case, namely with K = 0, even in
higher dimensions dimension 3 < n < 8, as shown by Eichmair |Eic13|. We also re-
call that a self-contained proof, avoiding the reduction to the time-symmetric case, is
provided by Eichmair-Huang—TLee—Schoen |Eic+16]. More specifically, they showed the
positivity of the (ADM) energy E and then recovered the positivity of the (ADM) mass
m = \/m, where P is the (ADM) momentum, by using results related to the
aforementioned Boost problem in General Relativity [COS81|: spacetime developments of
the asymptotically flat end of Initial Data Sets contain boosted slices with computable
energy related to E and P and the boosting factor. To conclude, we highlight that the
assumption of Dominant Energy Condition for the positive mass conjecture, expressed in
terms of pu and J —see ,f as p > |J|, is strongly physically motivated, as it
corresponds to the fact that the local energy density measured by any observer is always
non-negative and never propagates faster than light —see |HE73, Chapter 4.3]-. Now,
getting back to the maximality condition assumed in the first approaches to the Positive
Mass Conjecture, we remark that for zero cosmological constant A = 0, the equation
translates the Dominant Energy Condition on an Initial Data with tr, K = 0 into
the intrinsic geometric condition R, > 0, which is essential to conclude the proofs via

analytical and geometrical arguments.

—Stability of the Minkowski Space. Finally, the role of maximal surfaces was
crucial in the renowned work on The Global Nonlinear Stability of the Minkowsk: Space
by Christodoulou-Klainerman |[CK93|, which established a constructive proof of global,
smooth, nontrivial, solutions to the EE in vacuum starting with generic Initial Data, suf-
ficiently close to the flat ones. This groundbreaking result fits in the study of the maximal
globally hyperbolic evolution of asymptotically flat initial data ensured by |[CG69| and
finds its foundations in the boost problem |[CO81| and in the consequent boosted energy es-
timates |Kla85|. The proof relies on an involved comparison argument with the Minkowski

spacetime at the level of the geometric structures given by the canonical space-like foli-
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ation of Minkowski, its null structure and its conformal group structure. In particular,
the first feature is mirrored in the generic solution by prescribing a maximal space-like
foliation. This is translated analytically into an elliptic equation for the scalar quantity

called lapse, which ensures that the condition tr, K = 0 is preserved under evolution.
Boosted maximal surfaces in Schwarzschild: motivation

The notion of free-falling observer in Special and General Relativity. In this
paragraph, we will mostly refer to [PW14] Chapter 5] and |Chol5|, Chapter III].

The root of Einstein’s revolutionary formulation of General relativity formalized in
the EE lies in the identification of gravitation with inertia. More precisely, besides
appealing to certain conservation postulates, the theory is based on the so-called equiva-
lence principles. The weak equivalence principle relies on the equivalence of gravitational
and inertial mass, physically tested since the times of Galileo: test particles (massive
pointlike objects not modifying the gravitational field) move with the same acceleration
in a gravitational field, irrespective of their mass or internal composition. The strong
version of Einstein requires the weak principle to hold everywhere and that in sufficiently
small neighbourhoods of spacetime points, the effects of gravitation are cancelled out by
moving to a locally inertial coordinate system, where the laws of nature are described by
those of special relativity. In particular, the locally inertial coordinate system is given
in a neighbourhood of a point of the spacetime by normal coordinates —in which at the
point the metric is {n;;};; and its derivatives vanish—. In such a neighbourhood, up to
second order, physics looks Minkowskian. On the other hand, we also keep in mind that
the Minkowski spacetime is a trivial (because flat) solution to the EE in vacuum
T = 0 with A = 0 and in that sense, special relativity is also a special case of general

relativity.

A timelike curve in spacetime gives a suitable definition of observer. In Minkowski,
an observer is matched to a cartesian coordinate system and can observe events in the
whole spacetime, in mathematical and physical terms. This is a consequence of the
mathematical fact that the tangent space at each point of Minkowski is isomorphic to the
spacetime itself. In any other curved spacetime, an observer carries only local coordinates
with itself and can not globally describe the spacetime nor the motion of other observers

with respect to its own.

A special case of observer is a free-falling particle —which we will interchangeably call
free-falling observer—. As a consequence of the equivalence principles, it is mathematically
described by a timelike geodesic in the spacetime (£""1, g); this is a parametrised curve
with timelike tangent vector with vanishing acceleration, namely solving the geodesic
equation

vy I CR— £ g(3,4) <0, AP+ =0, (2.1.7)
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where fl:)\ are the Christoffel symbols of g, which expressly encode gravitation and inertia.
In fact, normal coordinates follow exactly timelike geodesics in the timelike direction at
the point where they are centred. Now, if we consider Minkowski spacetime as a solution
to EE , a free-falling observer is a straight line in timelike direction and it uniquely
(up to rotations) corresponds to a (global) orthonormal frame, which is in particular
an inertial frame. As described in Section [2.1.1] the free-falling observer then gives a
foliation of time-slices, normal to its direction of motion, which are affine planes and

hence a foliation by mazximal surfaces.

The notion of a foliation by maximal surfaces in any Lorentzian manifold is indepen-
dent of the choice of coordinates, as the vanishing of the mean curvature is a geometric
condition. Moreover, given the problems outlined in Section [2.1.1} it seems to be a very
natural choice in the study of spacetime. Finally, as we will discuss later in Section [2.2.]]
and as abstracted in [BI21|, the approach of specifying the mean extrinsic curvature is ge-
ometrically natural, since it leads to a quasilinear elliptic equation with strictly spacelike
and smooth solutions, at least to the extent permitted by the regularity of the ambient
spacetime and boundary conditions; although there are examples of spacetimes not ad-
mitting maximal hypersurfaces, such non-existence behaviour is caused by very special
global topological obstructions.

It is clear, by its geometric nature, that a foliation by maximal surfaces corresponds
to a geometric and hence preferred choice of time function. Moreover, in view of the
above discussion on the properties of maximal surfaces —often reflecting features of the
spacetime they are embedded in— and in analogy with what happens in Minkowski, it
is legit to ask ourselves whether they capture fundamental physical information. For
example, as it is shown in |[ONe83|, Chapter 13, Lemma 9|, the observers moving in the
normal direction with respect to the (totally geodesic and hence maximal) time slices in
exterior Schwarzschild are at rest, but they do not corresponds to free-falling particles.
More precisely, their acceleration is non-vanishing —so they do not solve — and
equals to 73 in radial direction, being m the Schwarzschild mass and 7 the Schwarzschild
radius; this shows that the foliation by maximal surface given by the static time not only
explicitely encodes the mass of the object generating the gravitational field but also, for
large radii —where the metric approaches the Minkowski metric—, captures the Newtonian
gravity. Moreover, it corresponds to observers that have acceleration vanishing at infinity
and hence, in a way, get closer and closer to be free-falling. In particular, for our purposes,
one expects the foliation to approach, in a suitable sense, the foliation by affine planes of
Minkowski in regions of the spacetime where the metric is close to the Minkowski metric
—notice that this notion of closeness is given in terms of a choice of coordinates—. This

will be clarified in the next paragraph.

Asymptotic symmetries in asymptotically flat spacetimes. We already mentioned

that asymptotically flat spacetimes, which outside a compact spatial region approach the
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Minkowski metric, model the exterior gravitational fields of isolated systems or isolated
massive objects. Physically speaking, it is expected that an observer far from the sources
of the gravitational field should experience phenomena almost as in a flat spacetime and,
in particular, its symmetries, which are given by the Poincaré group being a semi-direct
product of the Lorentz group with translations —see Section for a more extensive
discussion. Nevertheless, in 1962 Bondi-Metzner—Sachs [BVM62; [Sac62| discovered that
general relativity actually does not reduce to special relativity in the limit of large dis-
tances from gravitational sources and that gravity leaves a footprint. Motivated by the
investigation of the flow of energy at null infinity due to propagating gravitational waves,
they employed the Penrose’s conformal compactification |Penll] of spacetimes which iden-
tifies the future null infinity —in literature denoted by £ and collecting the ends of the
future directed null geodesics (light rays)- with S" ' x R and investigated the asymp-
totic symmetries in terms of transformations keeping #* invariant. They showed that
the resulting asymptotic transformations form an infinite-dimensional group, the BMS
group, with a structure independent of the particular gravitational field and given by
the semi-direct product of the Lorentz group and an infinite-dimensional abelian group
—supertranslations— instead of the finite-dimensional group of translations. In particular,
as the translation form a normal subgroup of the Poincaré group, so the supertranslations
form a normal subgroup of the BMS group; the quotient group is the Lorentz group in
both cases. We refer to [Wan23| and references therein for more precise information and a

discussion on how this affects the charges (conserved quantities) in the ADM formalism.

Given the above discussion, we have an asymptotic notion of Lorentz transformation
(in equivalence classes of supertranslations), which can be reduced to boosts in rotationally
symmetric spacetimes. This justifies the idea at the end of the previous paragraph of
expecting a foliation by maximal surfaces, if admissible, to approach the foliation by

affine planes of Minkowski in a suitable sense.

Outline of the problem With the final goal of having a (unique) foliation of maximal
surfaces for any element of the asymptotic Lorentz group for asymptotically flat space-
times, one first has to show its existence. In the flat case of Minkowski, this simply
coincides with the trivial problem of identifying the affine planes as foliations of maximal
hypersurfaces. In curved asymptotically flat spacetimes, the problem consists of solv-
ing a complicated quasilinear elliptic equation and presents significant difficulties mainly
in terms of constructing suitable barriers at the asymptotically flat end and in control-
ling the interior of the spacetime. Relying on his work [Bar84] on maximal surfaces in
asymptotically flat spacetimes, Bartnik in collaboration with Chrusciel and O’Murchadha
addressed the above problem in [BCO90|, but imposed conditions for the interior of the
spacetime, not allowing to cover, for example, the case where the spacetime possesses
black and white holes delimited by a bifurcate Killing horizon including a bifurcation sur-

face. To shed some light on these questions, we address the problem on the Schwarzschild
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spacetime |Schl6), since it is the prototype of a nontrivial asymptotically flat solution
to the Einstein Equations and a model of spacetime with those features. Considering
the problem in Schwarzschild spacetime is a natural choice and, in fact, new insights on
spacelike constant (non-zero) mean curvature (CMC) have been provided by recent works
by Tam |Tam23| and Li-Shi-Tam [LST24] exactly on this spacetime.

In this work, we show the existence of an entire (complete, non-compact, without
boundary) smooth maximal hypersurface in the maximally extended Schwarzschild, ap-
proaching a suitable coordinate-dependent boosted hypersurface in the asymptotically
flat end; this corresponds to approaching an element of the Lorentz group identified by a
boost parameter b € [0,1) —see Section for boosts in Minkowski-.

To tackle the problem, we need to find suitable coordinate-dependent boosted hyper-
surfaces admitting barriers at spatial infinity. Moreover, we introduce a new time function
in the maximally extended Schwarzschild spacetime, which allows us to employ the main

results by |[Bar84]; this is also interesting on its own as it is a Cauchy time function.

As future directions, we plan to continue investigating this problem by addressing
the uniqueness of the maximal hypersurface constructed, after showing that it can be
written as a graph and hence regarded as entire. This is a Bernstein-type problem and
would complete the analogy with the Minkowski spacetime presented in Section [2.1.1],
answering some of the open problems highlighted by Bartnik himself [Bar21|. We believe
that we will need first to show that maximal hypersurfaces do not go null towards the
asymptotically flat end, using similar ideas to [HY21], but also [Sim87] and [CLO3| on
exterior solutions to the minimal surface and the Monge-Ampere equations, respectively.
Afterwards, it will probably be useful the use of calibrations and of a careful blow-down
analysis, which then allows to employ the classification of the variational solutions in
Minkowski provided by [Eck86| and [Hon20b|. Other results that can be employed are,
for example, the ones on the asymptotics of maximal foliations provided in [BCO90| and
the convergence of surfaces moving along mean curvature flow towards maximal ones in

asymptotically flat spacetimes [Eck93, Theorem 3.1].

2.1.2 Outline of the results and structure of the work

In this Section, we will provide an idea of the main results and outline the structure of
this work. The mathematically rigorous formulation of the problem and the strategy of
the proof can be found instead in Section [2.4] making use of the notations, definitions
and basic results provided in Section [2.2]

In the whole chapter, the results of the author are carried in dimension n = 3,

although they should be easily extendible to any dimension.

Main results. Consider the maximally extended Schwarzschild spacetime (£5, gX) with

the Kruskal-Szekeres coordinates T,X,0; and let {X = T = 0} the so-called bifurcation




17

sphere —see Section for details—. Let Hyx (M) indicate the mean curvature of a hy-
persurface M. We denote by %), the class of a suitable notion of coordinate boosts of
parameter b € [0,1) in the asymptotically flat ends of exterior Schwarzschild —see Defi-
nition [2.4.1] for a precise characterization—: these correspond to complete, non-compact,
smooth spacelike hypersurfaces &}, which, for large radii, can be written as the graph of
the form {t = bx; + O (log(|x|))}, being ¢ the static time and x = (x,z2,x3) the
spatial isotropic coordinates —see Section [2.3.1}-. The main result of this work asserts
the existence of an entire (complete, non-compact, without boundary) smooth, maximal
hypersurface M, in (2K , gﬁ), which is asymptotic in a suitable sense to a sensibly chosen

m

coordinate boost &, € By, for any boost parameter b € [0, 1).

Theorem. (Main Theorem, simplified version) For any boost parameter b € [0,1),
in the maximally extended Schwarzschild spacetime (ng, gfg) , there exists an entire smooth

mazimal hypersurface

M, = (&5 ak) Hyx (M) =0, X=T=0}C M,

m

which 1s asymptotic to a coordinate boost 8, € By, of parameter b.

As an immediate consequence, we can generate a foliation of maximal surfaces in
exterior Schwarzschild, corresponding to a geometric choice of time function associated

to any boost of parameter b € [0,1).

Corollary. For any b € [0,1), the exterior Schwarzchild spacetime ((£L,,)m, oL,
admits a foliation by (boosted) mazximal spacelike hypersurfaces asymptotic to hypersur-
faces in the class By,. The foliation is generated by an entire mazimal surface in the
maximally extended Schwarzschild (25,5,95,5) This provides a geometric choice of time

function associated to the asymptotic boost of parameter b € [0, 1).

The proof of Theorem is based on considering the boundaries {37}, X2 <
Sy, of an exhaustion of a properly chosen coordinate-dependent spacelike hypersurface
Sy € Py, and solving the (compact) Dirichlet problem associated to the maximal surface
equation with boundary data ¥%. We then aim to show that the sequence of such compact
hypersurfaces { M} }2, converges to the desired hypersurface My, which asymptotically

approaches the chosen coordinate boost &, € %Ay,.

The first problem that needs to be addressed consists in wisely choosing the spacelike
hypersurface &), € %, which is coordinate-dependent, so that upper and lower barriers

can be constructed. This is, in fact, necessary to ensure that M, is asymptotic to the
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chosen &}, € %), by showing that all the hypersurfaces My, lie between these barriers. The
natural candidate {t = fi,(x) = bx;} in isotropic coordinates, for example, does not allow
for the construction of such barriers by adapting barriers from the Minkowski spacetime.
We will thus provide the following result, relying on [Mey63| and [BCO90).

Proposition. For any b € [0,1), there exists a coordinate boost &, € By, and a
function f, € C°(R*\B,) satisfying

J
sup |b ’Z|8fb ’+|y|QZ’ !+!yl3 Z ’ kab z(Jfb

yGRS\El 10g(|y‘ i,j=1 i,5,k=1

Jor some constant 0 < C', < oo such that, in isotropic coordinales,
_ - [T
Son{lz|>Em}={t=w(x)}, wl@)=bz +mf (E)

for some constant K > 1 and such that it admits upper and lower barriers. More precisely,
for any 0 < & < 1, there ezists K, = Ky(b,e,Cf,) > K such that for any K > K, there

exist hypersurfaces %)iK . satisfying

ijfKﬁ ={t= wff’K,E(:v)} spacelike on {|x| > Km}

Hor (W) <0, 0 <wip, —u,=0(z|™), (wig, - \M oy = B 1—-b°

Hor (W i) >0, 0 <up —wy, . =O0(|2|77), (up — wy, . ‘{|m\ —Km)} > K*mV1-b*

with ( + )ik%a(l—a)me Cy(1+K2%)

Hyr (wp g . @ < oE— as || — o0, for Cy is independent of K.

Now, once this result provides the choice of &, and the existence of barriers, the
fact that all the solutions My lie between the barriers %D%Kﬁ for some large K can be
ensured by showing a uniform height estimate, presented in Theorem . As in |Bar84),
Theorem 5.3|, this can be proven in asymptotically flat spacetimes by combining the
so-called Bartnik’s uniform interior condition with the pointwise gradient estimate in
[Bar84, Theorem 3.1 (iv)]. The latter holds under the so-called time-dependent Bartnik’s
conditions, which have then to be guaranteed for a suitable choice of time function on
the whole spacetime (£X,gX). On the other hand, once a uniform height estimate is
established, [Bar84, Theorem 3.1 (iii)] allows to get directly a gradient estimate. Again,
the time-dependent Bartnik’s conditions have to hold and moreover, the boundary data
{32}, need to lie in a constant time slice. In particular, we require the zero time-
slice of the desired time function to coincide with the previously chosen &},. A uniform

gradient estimate is, in fact, necessary to ensure that the sequence M), sub-converges in a
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C?“ sense, after combining it with the De Giorgi-Nash theory and the interior Schauder

estimate.

In view of these observations, we will show how the time function T of Kruskal-
Szekeres coordinates does not satisfy the crucial time-dependent Bartnik’s conditions on

non-compact sets of £5. We will then introduce a new time function T.

Proposition. (Simplified version) The function

T = 4m artanh

T
—— ) €(—00,+

(\/ 1 +X2) ( )

1s a well-defined time function in the mazximally extended Schwarzschild (£K,gﬁ). In

m

particular, it is a Cauchy time function.

Moreover, the time-dependent Bartnik’s conditions hold in a region {r > kom} for

any ko > 0, where r denotes the Schwarzschildean radius.

The fact that the time-dependent Bartnik’s conditions can be guaranteed on the
region {r > kom} is not restrictive due to the crushing singularity nature of the spacetime
singularity of Schwarzschild, as discussed in Lemma [2.3.T}-Proposition 2.3.2] 'We highlight
that the function T is also interesting on its own as it is a Cauchy time function in
the maximally extended Schwarzschild spacetime. In addition, to complete the list of
conditions guaranteeing the validity of the uniform height estimate of Theorem [2.8.1], we
show in Proposition that a (weaker version) of Bartnik’s uniform interior condition
holds. This result makes use of the crushing singularity and of the fact that the quantity

involved obeys a monotonicity principle with respect to the new time function T.

Finally, to combine all the needs outlined above, the new time function T has to

be glued to a time function generated via staticity by the hypersurface &}, as in Theo-

rem 2.7.11

Structure of the work. In Section we introduce the basic notations, definitions
and preparatory results. In particular, in Section [2.2.1] and Section [2.2.2] we will combine
preliminary results with short surveys on maximal surfaces and boosts in Minkowsks,

respectively, since these are crucial objects of the work.

We dedicate the whole Section 2.3] to an extensive overview of the Schwarzschild
spacetime, recalling the Schwarzschildean and isotropic coordinates in Section and
the Kruskal-Szekeres coordinates in Section [2.3.2l We then rigorously show the existence
of barriers at the crushing singularities in Section [2.3.3] Finally, we present a blow-down

analysis for the exterior Schwarzschild spacetime in relation to the Minkowski spacetime

in Section 2.3.4]
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In Section [2.4] after introducing the important Definition of Schwarschild
coordinate-dependent boosts, we state the main Theorem [2.4.4] specifically in Section [2.4.1

and we outline the strategy of the proof in Section [2.4.2]

In Section [2.5] we first discuss the Bartnik’s time-dependent conditions for the three
coordinates in Schwarzschild introduced in Section[2.3] In these regards, Proposition [2.5.1]
is particularly relevant for later applications. The rest of the Section is dedicated to defin-
ing and proving properties of the new Cauchy time function on the maximally extended
Schwarzschild, specifically addressed in Proposition [2.5.2l The monotonic quantity re-
lated to the Bartnik’s uniform interior condition is then the content of Section [2.5.1 and,

more precisely, of Proposition [2.5.3]

In Section [2.6] we largely discuss how and under which conditions we are able to
construct barriers in the asymptotically flat end, given a wise choice of Schwarzschild
coordinate-dependent boost. We then show the existence of a suitable coordinate-dependent
boost admitting barriers in Proposition [2.6.1] proving the result in Section [2.6.1

In Section [2.7] the time functions provided by Proposition and Proposition [2.6.1
are glued.

In Section 2.§ we provide a uniform height estimate via Theorem [2.8.1]
Section [2.9] concludes the work by completing the proof of the main Theorem [2.4.4]

The Appendix [A.T]is dedicated to the long computations necessary for the proof of
Proposition in Section [2.5]

2.2 Preliminaries

When not differently indicated, we will use notations and basic definitions mostly consis-
tent with our main reference |[Bar84]. We will then introduce the main tools regarding

mazximal surfaces (Section [2.2.1) and boosts (Section [2.2.2)) in combination with short,

but exhaustive surveys.

In this work, a spacetime (£%,g) is a 4-dimensional smooth manifold endowed with a
smooth metric g of signature (—1,1,1,1). We denote its Levi Civita connection by V, the
Christoffel symbols by fzy,

metric pairing induced by g on tensor fields by (-,-). Given a (a,b)-tensor B € T'(T?£%),

where p, v, A are indexes with respect to a local frame and the

where T(T?£*) denotes the space of sections of the (a,b)-tensor bundle TP£*, we write
VkB for the k-th tensor covariant derivative. For simplicity, we denote T'€* := Ty £*
and T*£* := TP£*. The Lie derivative in direction X € T'(T'£*) will be denoted by Zx.

Analogous conventions will be used for any other (semi)-Riemannian manifold.
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At any point p € £%, a tangent vector X, € T,£* is said to be

spacelike if g, (X5, Xp

null / lightlike  if gy
timelike if gp(Xp, Xp
causal if gp(Xp, Xp

This definition of the causal character of vectors extends to curves v : I C R — £4 which
are said to be spacelike, null, timelike or causal if the tangent vector 4 at each point is
spacelike, null, timelike or causal, respectively. In particular, geodesics, namely curves

satisfying the geodesic equation
P+ T3 =0,

have an unique causal character. Given a hypersurface as an embedded smooth subman-

ifold, we highlight the following definition, which is essential for our analysis.

Definition 2.2.1. A codimension-one submanifold M C £* is said to be a spacelike

hypersurface if at each point p € M, the unit normal to M is a timelike vector.

The above definition is equivalent to the induced metric g on M being Riemannian, that

is, positive definite.

Throughout this work, we will use the Finstein summation convention with indexes.
The greek indexes will refer to spatial and time components ranging 1 < A\, u,v < 4, the
latin indexes will refer to spatial components ranging 1 < 4,5, k,a,b, ¢ < 3 (in particular,
we will use a, b, c for local frames on spacelike hypersurfaces and i, j, k specifically for
frames on time slices), while the capital indexes will range 1 < I, J, K, L < 2 and often

refer to components on submanifolds of a spatial slice.

Time function and time-dependent Riemannian norm. Since spacetimes are mo-
tivated as physical models, to encode the concepts of past and future, the following defi-

nitions are needed.

Definition 2.2.2. A smooth function ¢ : £* — R is called time function if dZ|, # 0 and

its gradient grad, Z|, is a timelike vector for any p € £4,
Its level sets Sy, = {Z = ¢,} are smooth hypersurfaces called time slices.

The function ¢ is called a Cauchy time function if all the time slices Sy, are Cauchy

surfaces, namely they are intersected exactly once by any inextendible timelike curve.
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Notice that the timelike condition on grad; Z coincides with the level sets &, being space-
like. A coordinate frame on a time slice §; will be often represented by {9;}3_, and the
induced metric by “¢ with components ?g¢;;. The Levi Civita connection is denoted by *D
and the Christoffel symbols by “T". Given a function f € C°°(£%), we write its gradient

with respect to ?¢g as
fo = grad{g f =1 ijf)jf 81 = {sz @Z (221)

and by ‘D'f = ?¢Y0; f its components. The Hessian will be denoted by *D?f, reading in

coordinates

‘D f ="D*f(0:,0;) = ("Do,('Df). ;) (2.2.2)
and its trace with respect to ?¢, namely the Laplace-Beltrami operator of &,, by A, f.

The vector field — grad; ¢ defines a time orientation on (£, g) in the sense that for
any point p € £, a causal vector X € T, £ is said to be future-pointing if (X, — grad, Z|p)
0 and past-pointing if g(X, — grad, Z|p,) > 0. A causal curve 7 is then said to be future-
directed or past-directed according to 7 being future-pointing or past-pointing along the
whole curve. It is then easy to see that the function ¢ is strictly increasing on any

future-directed causal curve.

Given a time function Z, the vector field — grad, Z is also a future-pointing (with respect
to the time orientation defined by itself) normal vector field to all the time slices §,. We

define the lapse of the time function ¢ to be
of = —(grad, ¢, grad ¢ )" (2.2.3)

and this implies that
T = —a, grad, ¢ (2.2.4)

is the future-pointing unit normal to the time slices §.

A time function also enables the definition of a time-dependent Riemannian norm
as follows. Considering a local orthonormal frame {E;}?_; on the time slices &, and the
future-pointing unit normal given by (2.2.4)), we get an adapted local orthonormal frame
{Eﬂ}ﬁz1 just by setting E4 := . Let us then denote by E the elements of the dual
frame. Given B € I'(T/"£*), we define

2
{HB“ ‘= sup Z ‘B|p (E)\N"‘7E/\1’E;1""’E;m)‘

4
pesL ALy, ALH e o

N
=k
IBlly=> IV BJ. (2.2.5)
k=0

This is a computationally convenient definition for our purposes. It is easy to see that
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this corresponds to the norm induced by the time-dependent Riemannian metric

‘gr =g+ 2a7 dz?.

Geometric quantities on spacelike hypersurfaces. Consider a spacelike hypersurface
M < (£%g) and the induced metric g with the associated Levi-Civita connection
V. Let {X,}3_, alocal frame on M and {e,}3_, a local ¥ g-orthonormal frame on M.
Consider a vector field Y € I'(T'€') and smooth function f € C*(M) and let

3
grady f =Yg X,(f) Xo =Y _ed(f) e,
a=1

the gradient of f with respect to g. We use the following convention for the opera-
tors divys, Ay of divergence and Laplacian on the hypersurface, which are provided in
a coordinate-free notation, followed by a coordinate-frame notation and an orthonormal-
frame notation:
3
divy Y = try(VY) =Yg (Vx,V, Xp) = Y (Ve, Y, e,),

a=1
3

Ay f = divy(grad,, f) = Mgab <vXa grad,, f, Xy) = Z e, (€u(f)) — (Ve,€d) ()

a=1

where tr); is the trace operator with respect to the metric Mg.

Consider now the future-pointing unit normal N to the hypersurface M — (£, g).
We define the second fundamental form —also called extrinsic curvature— at any point

p € M as the bilinear form

K, :T,M xT,M — R
<X7 Y) = KP(X7 Y) = <X,vy N>|P = _<vX Y, N>|P

and the mean curvature of M — (£%,g) as

Hy(M) =try K=divyy N (2.2.6)
3
=M™ (Vx, N, X;) = > Kle,, e4),
a=1
where this notation keeps the dependence on the ambient metric g explicit. In particular,
the above definitions apply to the time slices &,, which are spacelike hypersurfaces. Given

local coordinates (, %), where 7 is a time function, and the associated coordinate frame
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{0, 0;}3_, the metric reads
g=—(af — |B[2)d¢* + 23;,da’d? + * g;;da’da’ (2.2.7)

where ay is the lapse function defined in (2.2.3) and 8 = ¢ 3,0, is the so-called shift vector.
The shift vector indicates the deviation from 0, of the direction of the unit normal I
given in ([2.2.4)) to the time slices &;, as there holds 7 = a;, ' (9; — 3). We denote by div’

the divergence on the slices &, and by

-1

o ~ G «
Kij = (Vs 7,0;) = % (@({gij) - 36({9@‘)) (2.2.8)
-1
Ho = div’(7) = “g7K], = O% 1970, (’ gij) — a7 dive(B) (2.2.9)

their second fundamental form and mean curvature, respectively.

To analyze the mean curvature as a partial differential equation, it is essential to
introduce the height function u € C*°(M) as the restriction of the time function to the

spacelike surface, namely

u:M—TR (2.2.10)
p = ulp) =7|u(p)-

We then often use the notation Hy(u) = Hy(M). In particular, when the time slices &, ad-
mit a global coordinate chart {z*}?_; —as it holds in Minkowski or in exterior Schwarzschild

with standard coordinates— and the hypersurface M can be written as a graph

M={peg : ¢(p) = ula(p))}

of a smooth function u : &y — R over the zero-time slice &), the height function coincides
with w = @ o 2%. For simplicity, in the absence of ambiguity, in the case of a graph, we
will directly say that M = graphu and w is also the height function of M; accordingly,
Hy(u) = Hy(M) denotes the mean curvature of M.

A generalization of the concept of mean curvature for hypersurfaces can be defined
for (smooth) submanifolds 3 = %2 < (£, g) of codimension-2 and called spacetime mean
curvature vector as follows. Let us first consider the vector-valued second fundamental
form of X in (£%, g) defined as

K :T(TY) x D(TE) — [(T+%)
(X,Y) = H(X,Y) = (Vx V)",

where for a vector X € T,£* X' indicates the orthogonal projection onto TPLE. Then

the spacetime mean curvature vector of ¥ is given by the trace try, with respect to the
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induced metric on Y, namely

Hy(2) = try I, (2.2.11)
which is a section of the 2-dimensional normal bundle of 3 in (£%, g).
A geometric quantity that will play a crucial role is
vy (M) :=—(N, T), (2.2.12)

which at each point indicates the angle between the hypersurface M having unit normal
N and the time slice &, which the point belongs to. As for the mean curvature, if
M = graphu, we write ¢;(u) = v,(M). Once the time function is chosen, this quantity

identifies the gradient of the height function in the following sense

grad,, u = grad 7 + (grad, 7, N) N
=grad, Z — a; (7 ,N)N
=grad, 7 +a; ' v,(M)N (2.2.13)

where we used ([2.2.4)). It immediately follows that
| grady, ul? = o % (e (M) — 1) (2.2.14)

and thus, in particular, ¢, (M) > 1. Moreover, one can rewrite the mean curvature defined
in (2.2.6) as
Hy(M) v (M) = diva (o grady, u) +divy T, (2.2.15)

where one can compute
divy 7 = H° +(27(M) — 1) (| grad,, u| > K°(grad,, u, grad,, v) — a; ' (ay)) (2.2.16)

Finally, as a consequence of [Bar84, Proposition 2.1|, on a surface with Hy(M) = 0, there
holds

Ao = v (|K[Z + Rie(N,N)) +
1 — _ (2.2.17)
+ §(VN 399) (eaa ea) - (Vea ggg)(N, ea) - ggg(ea, eb) K(eaa eb) )

where {e,}3_, a local Mg-orthonormal frame on M and for simplicity we wrote = =
v,(M). As we will highlight, this is a crucial equation in the so-called a priori gradient

estimate.

Finally, it is useful to write the mean curvature Hy(M) of a hypersurface M in terms

of geometric quantities of the time slices. Let us still consider local coordinates (Z,z")
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and the form of the metric (2.2.7). Extending the height function u € C*(M) to £*
by 0;u = 0 so that M = {Z —u = 0} is a level set and its future-pointing unit normal
vector field is the normalization of the vector field —grad (Z —u) = a, 'T + gH0ud, =
a;'T +Du+ a; (*Du, 3)T . The unit normal is then given by

N = 0, (M) (U + ) here U= — 2P0 o= L oo
E—_— , where U = , U = -4
! 1+ (B,/Du)’ ' 1[0
and hence the mean curvature of M reads
3
Hy(M) = div° (¢ U) + ¢ H +¢(U, Vs T) + %97(|U\2) : (2.2.19)

where again for simplicity we wrote ¢ for ¢,(M). The extended computations for the
above formula can be found in |[Bar84, (2.17)].

Asymptotically flat spacetimes. Before providing the definition of asymptotically flat

(of order 1) spacetime, we declare our use of the big-O notation.

Writing f = Ox(]y|~*) for some k € N, a € R means that

Yoyl =01),  as |yl co.

0<|J|<k
In analogy, f = Ok (log(] y|) for some k € N means

/]

7] _
e T 2wl =00), eyl oo

1<|J|<k

The notation f = O (] y|™) means that f = Ox(| y|~“) for any & > 0. Since throughout
the work we will mostly encounter functions in such a class, we will usually omit the

subscript in O and simply write f = O(|y |~%).

Definition 2.2.3. A spacetime (£, g) is said to be asymptotically flat (of order a = 1)
if it admits a chart (y,7) with y = (y*,y*, y*) on an open set £g such that L5 = {p €
£ 1 |y(p)| > Ro} for a constant Ry > 1 and |y(p)| = />_iy ¥*(p) such that £ is a

time function on £g and
G — N = Ox(|y ™) (2.2.20)

with k > 2. Here g, are the components of the metric in the given chart (y,Z) and the

notation Oy, refers to derivatives with respect to all the coordinates of the chart (y,7).

We call £ the exterior asymptotically flat region(s) or asymptotically flat end(s),

while £; = £* \ £g the interior region.
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2.2.1 Maximal hypersurfaces

After defining maximal hypersurfaces, we will describe them analytically in the flat case of
Minkowski, trying to motivate some crucial concepts introduced as preliminaries. Finally,
while providing a short survey on related results —for results until the 80’s, we refer to
the survey in [Bar87|-, we will recall the main theorems of |Bar84|, which are going to be

essential for this work.

Definition 2.2.4. A hypersurface M — (£*,g) is said to be maximal if it is spacelike and
its mean curvature defined in (2.2.6) vanishes, providing the geometric identity Hy, = 0.

As for minimal surfaces, their name is motivated by a variational problem, which we
briefly illustrate in the flat case. We first notice that in Minkowski spacetime (R, 7)
defined in (2.1.1)), employing the notation of the previous section, the vector field defining
the time orientation — grad, t = 9, and the lapse is oy = 1, which thus gives as
future pointing normal to the time slices I = 0;. Consistently with , we denote
the gradient of a function in Minkowski by D, omitting the indication of the choice of

time, as it is the standard one.

Let us consider weakly spacelike hypersurfaces in Minkowski, namely Lipschitz hy-
persurfaces with causal normal vector when defined. It is easy to check that the weakly
spacelike condition combined with the inverse function theorem ensures that they can be
written as the graphs of Lipschitz functions v € C%! over the zero-time slice R?, with
gradient |Dv| < 1. Considering now a bounded domain © C R® and a bounded function
v : 02 — R, given the concave nature of the area functional of graphs of functions over
(), one can consider its maximization among the admissible candidates %, establishing

the problem of maximizing

o (u) = / VI—|Dul2  ueF(Q ) ={ve Q) : Dv| <1, v|pg = ¢}.
N (2.2.21)
A function attaining the maximum of this variational problem is called area mazximizing.
Computing the Euler-Lagrange equation of for sufficiently regular functions gives

rise to the following quasi-linear second order partial differential equation

0 = a”(Du) D% u, a’(Du) = ———— (5“ + —) 2.2.22
(DWDFu, a0 = e (89 4 2222

and the corresponding Dirichlet problem. It is easy to see that a tangent frame for the
spacelike hypersurface M = graphu is given by X; = 0; + 0;u J; and the induced metric
in this frame reads g;; = Mg(X;, X;) = 6;; — O;ud;u with inverse Mg = ¢ + 11317]?:'3.
Besides, the future-pointing unit normal to M and the corresponding quantity (|2.2.12])
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read
8t + Du 1

N= 27 7% — g (N,O) = .
W Ut(u) ,'7( t) m

Its mean curvature as defined in (2.2.6]), by direct computations via the above objects
and consistently with (2.2.19)) is given by

(2.2.23)

1

/1 — |Dul?
Du . DuDiu D?u

=divgn | —/———= | =Y + ) *J 2.2.24

: (\/1— |DU|2> ( 1—[Duf?) \/1 = Duf? ( )

where D?ju = 8i2ju is its Hessian. This shows that the equation ([2.2.22)) is actually

H,(u) = divyy N = divy (0r + Du)

a geometric partial differential equation, reading H,(u) = 0 and corresponding to the
vanishing of the mean curvature of the graph of u. Notably, it already exhibits the main
features that appear in the general non-flat case. In particular, the operator degenerates
at the points where |Du| = 1, namely where the hypersurface goes null, containing pieces
of light cones {t = *|x| + ¢} for some ¢ € R. That is why, to find solutions to (2.2.22))
one has to restrict to functions with |Du| < 1 or equivalently to spacelike hypersurfaces
as in Definition Now, if one can ensure a uniform bound on the gradient

|Du| < 1—6*, or equivalently z(u) < 6

for 6 € (0,1), the quasi-linear second order operator in (2.2.22)) is uniformly elliptic, as
there holds

. DuDlu G (i _
2<(5“+ ) L) < O3|C)? for an eR3.
o < (24 T ) i <01 ve

In analogy with minimal graphs in Euclidean space —see |MS73|-, to find solutions to
the Dirichlet problem associated with via a Leray—Shauder fixed point theorem,
relying on the linear elliptic Schauder theory, it is necessary to have an a priori CH®
estimate. The De Giorgi-Nash theorem allows us to reduce it to a C'-a priori estimate,
namely on an a priori height estimate and on an a priori bound for . More details on the
solvability of a large class of quasi-linear elliptic problems are provided in the dedicated

paragraph at the end of this Section.

Motivated by the physically and numerically relevant problems discussed in Sec-
tion [2.1.1], the study of the existence of mazimal hypersurfaces was pioneered by Choquet-
Bruhat |[Cho75|, Brill-Flaherty |[BF78|, Bancel [Ban7§|, Eardley-Smarr [ES79|, Marsden—
Tipler [MT80|, Eardley-Moncrief [ME81| and Isemberg-Moncrief [IM82]. These results
covered mainly the existence of maximal surfaces in specific spacetimes admitting compact

slices and of the solution to the Dirichlet problem under restrictive boundary data.
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Relying on the analogy with the thriving research on minimal surfaces, Bartnik—
Simon [BS82| in 1982 provided existence theorems and shed complete light on the analyt-
ical properties of maximal surfaces in Minkowski with prescribed boundary data,
finding the link with the solution to the variational problem already investigated
by |Ave63|. Other results in Minkowski on variational solutions with isolated singulari-
ties have been forged by Ecker [Eck86] and Hong—Yuan [HY21] and related implications
for maximal surfaces over exterior domains can be found in the recent work by Hong
[Hon20a).

Adapting the analysis by Bartnik—Simon to curved spacetimes, Gerhardt [Ger83|
studied the solvability of the Dirichlet problem in nonflat environment and the existence
of constant mean curvature (CMC) hypersurfaces in cosmological models. In parallel,
Bartnik [Bar84] developed more sophisticated techniques to tackle the Dirichlet problem
in curved spaces and, most importantly, to show the existence of maximal surfaces in
asymptotically flat spacetimes with control on the asymptotic, completing the prelimi-
nary and restrictive attempts by Cantor-Fisher—-Mardsen—O’Murchadha—York |Can-+76]
in vacuum. To highlight the difficulty of the problem and, at the same time, the persis-
tence of the main features underlined in the Minkowski case, we will present the expression
in (local) coordinates of the geometric equation Hy; g = 0, where the role of # in relation
to the elliptic nature of the equation becomes explicit —as in this is not directly
evident. Consider coordinates (Z,x") with associated local frame {9;,0;}2_,, giving a

metric of the form ([2.2.7)) with § = 0 —this is locally always possible. Then using (2.2.18)),
we get

1

vy (u) = :
() V1 — a7 |’Dul,

Since the tangent vectors to M are given by X; = 0; 4 0;u 0,;, we can compute the induced

N =, (W)(U+T)=0v,(u) (s ' Du+a;'0;) , (2.2.25)

metric on M as
Mgz‘j = g(Xu X]) = fgz‘j — Oég @u aju, Mgij == fgij + Qgﬁ?(u) fDiuiju
and consequently compute the mean curvature as

Hy(M) = divys (o4 (w)(U+ ) = =" ¢7v,(u) (as ‘Du+ a;'0,, Vx, X;)
= a" (u,"Du) Ou+F (u,”Du) (2.2.26)

where a¥ (u,’Du) = asvs(u) (P97 + aZv?(u) “D'u’Diu) and F a smooth function de-

pending on the geometry of the time slices; more precisely it holds

F (u,’Du) = v, (u) H +v4(u)(1 + ¢7(u))(’Du, ’Day) (2.2.27)
+ v}(u) (80" Dulry — oF K, 'D'u’D’u) . (2.2.28)
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For any ¢ € R®, we have a(;(; = asv.(u) (Kﬁg + 2o (u)(* g*mOpu Cm)Q) and hence,
just by the Cauchy—Schwarz inequality, we have

(7, < aG¢ < arvi(u)lCl, (2.2.29)

which shows that, up to ensuring a uniform bound on 0 < a; < oo, the quantity ¢, (M)
actually controls the ellipticity of the second-order quasi-linear operator. As in the
Minkowski case, a crucial step towards finding a hypersurface M solving Hg(M) = 0
consists of an a priori gradient estimate equivalent to controlling the quantity «,(M).
Bartnik was able to show that the gradient estimate directly follows from an a priori
height estimate, provided the existence of a time function Z with respect to which the
Bartnik’s spacetime conditions are satisfied: there exists a constant 0 < C, < oo such
that

e, “flogacls, NV T < Co (2.2.30)

where ?|| -] is the time-dependent Riemannian norm defined in ([2.2.5)) and fRic is the Ricci
tensor of (£, g). These conditions are essential to estimate the terms involving Ric and
the Lie derivatives on the right-hand side of , which is the main identity employed
for an a priori gradient estimate —see [Bar84, proof of Theorem 3.1]. It is easy to see
that in Minkowski they all vanish, but in non-flat spacetime, they becomes difficult to

control even if we can compute them explicitly, whence the necessity of introducing the
conditions (|2.2.30)). In particular, it holds

Theorem 2.2.5 (Gradient estimate |[Bar84, Theorem 3.1 (iii-iv)]). Let (£, g) be a space-
time and let Z be a time function which satisfy the conditions . Consider a compact
spacelike (as in Deﬁm'tion hypersurface M — (£, g) with vanishing mean curvature
Hy(M) = 0, height function u (as in ([2.2.10)) and with boundary OM # 0.

(i) Assume the spacetime mean curvature vector of OM (as in (2.2.11))) satisfies
N Zorsll < Co (2.2.31)

and that ulspps = ¢ for a constant ¢ € R. Then in M there holds

vy (M) < 2exp <C’ sup |u|) (2.2.32)
M
for a constant C' = C(C,).
(i) For p e M such that
u(p) —supu >¢e >0, (2.2.33)

oM
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the following pointwise estimate holds

vi«(M)‘p < 2C exp (supu - u(p)) (2.2.34)

M

for a constant C' = C(C,,e71).

It follows that if the conditions ([2.2.30]) are ensured, the main theorem |[Bar84, Theorem
5.4] on the existence of maximal surfaces in asymptotically flat spacetimes depends fully
on the uniform height estimate |Bar84, Theorem 5.3]. In turn, a uniform height estimate
can be recovered via integral estimates relying on the existence of suitable barriers in
the asymptotically flat end, on the pointwise estimate in Theorem M(m) and on the

Bartnik’s uniform interior condition reading

sup sup  Z(p)—4(q) <C;  ifZ(q) 20,
a€{lz|=Ro} peLi\I*(q) (2 2 35)
sup sup  Z£(q) —Z(p) <7 if Z(q) <0

a€{lz|=Ro} peLs\I~(q)

where £; is the interior region defined in Definition 2.2.3] Notice that the Bartnik’s uni-
form interior condition was imposed to avoid pathological cases, such as the construction
by Brill [BE76| of a spacetime not admitting maximal hypersurfaces. We signal other
analogous non-existence results for CMC surfaces in |[Bar88b|, |[CIP05|, [LO24].

In 1988, Bartnik |Bar88a] also defined and studied the corresponding variational
problem to (2.2.21]) in nonflat spaces and found the relations between the variational so-
lutions area mazimizing surfaces and the classical solutions to the Dirichlet problem, ex-
tending his previous results in Minkowski. As aforementioned, in 1990 Barnik—Chrusciel—
O’Murchadha [BCO90], motivated by the results on the boost problem in general relativity
|CO81|, studied maximal surfaces approaching boosted slices under the Bartnik’s interior
condition and proved the existence of maximal slices in strictly stationary, asymptotically
flat spacetimes. The assumption of strict stationarity was then relaxed by Chrusciel-Wald

[CW94|, who proved the analogous result for spacetimes admitting an asymptotic timelike
Killing Vector Field.

Other asymptotic were considered by |[Aku89|, who proved the existence of maximal
hypersurfaces in asymptotically anti-de Sitter spacetimes. In addition, a relevant amount
of research addressed the study of non-zero CMC surfaces, starting with [Stu81] and
[Tre82| and extended by |AI99| in asymptotic Schwarzschildean spacetimes; in view of
the discussion in Section [2.1.1] those hypersurfaces are particularly suitable for studying
the propagation of gravitational radiation, as they become asymptotically null and in fact
in some spacetimes they can be indexed by the BMS supertranslation subgroup. Non-
zero CMC surfaces remain an active subject of study due to their role in the spacetimes

singularity theorems and in the Bartnik’s splitting conjecture for cosmological spaces, see
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e.g. |Gall9; |GL18| for more information.

Finally, specifically regarding the Schwarzschild spacetime, we highlight the very
recent works by Tam [Tam23| and Li-Shi-Tam [LST24] on non-zero CMC surface ap-
proaching elements of the BMS supertranslation subgroup at null infinity #* and the
construction of rotationally symmetric CMC surfaces by Lee-Lee |Leel6; |LL16|, who
simplified and extended the foliation results by Beig—O’Murchadha [BO98|. We remark
that those hypersurfaces are essential to have a complete picture of maximal surfaces in
Schwarzschild and to identify the differences with Minkowski, as for example, they do not

have any singularity, while in the flat case they do.

Solving Quasilinear Elliptic Dirichlet problems The solvability of the mazimal sur-
face equation relies on the Leray-Shauder theory developed [LS34; Ler3§]|, see also |[CL72|.
The theory makes use of the so-called Leray-Schauder fized point theorem —see |GTO01,
Chapter 11]-, which allows to use the linear theory for second-order elliptic equations,
up to ensuring a suitable a priori C'Y® uniform estimate on the set of solutions. For our

specific purposes, we will refer to the version in |Bar84, Theorem 4.1].

We first recall one of the fundamental results from the linear theory, which can
provide a uniform C*® estimate on the solution by employing a uniformly elliptic partial

differential equation.

Theorem 2.2.6. (Schauder’s interior estimate, [GT01, Theorem 6.2]) Let u € C**(Q),

for Q open set in R", be a solution to the equation
Lu := a”(z)D};u(z) 4 b"(2)Dyu(z) + c(z)u(z) = f(z), inQ,

where a¥, f € C%*(Q), b* € C*(Q), ¢ € C?*%(Q) and L is uniformly elliptic, namely
there exists A\ > 0 such that

MCP < a(2)G¢ < ATC?, VC e R, Ya € Q. (2.2.36)
Then there ezists a constant C' = C(n, A\, «), such that on Q' CC Q

ullcze@y < C (lulleogy + || fllcoaw) -

The following is an essential tool that allows to get a C™* uniform estimate just by
ensuring a C'* estimate and is based on the celebrated De Giorgi — Nash Theorem |GTO01,
Theorem 8.22].

Theorem 2.2.7. (|GT01, Theorem 13.1]) Let Q@ C R"™ be open and bounded and let
u € H} (Q) be a weak solution of div(A(x)Du) = 0. Assume that the coefficients of the

loc
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matriz A(x) = (a¥(z)) satisfy the uniform ellipticity condition (2.2.36) and are bounded

measurable functions. Then wu is locally Hélder continuous in 2.

2.2.2 Boosts in Minkowski spacetime

In the following, we will quickly recall well-known notions of Special Relativity, mostly
referring to [Cholb, Chapter II]; other extensive discussions can be found e.g. in [Mgl52,
Chapter 2] or in |[Nabl12|. We will, in particular, highlight the role of boosts by outlining

the change of paradigm from Galilean-Newtonian physics to Einstein’s theory.

In both Galilean—Newtonian and Einstein theories, the notion of Inertial Frame is
strictly related to the Principle of Relativity, which asserts that physics laws are inde-
pendent of the inertial observers (or frames) and hence defines those as the frames in
which the physics laws hold true. In the Galilean—Newtonian regime, the physic laws that
define the inertial frame consist basically in the fundamental law of Newtonian dynamics
F = ma, stating that the applied force F' to a particle of mass m is proportional to its
acceleration a. In addition to this law of mechanics, Einstein’s relativity principle aims
to include other physical laws and in particular electromagnetism. This was possible by
a deep conceptual jump involving the notions of time and of light as an electromagnetic
phenomenon: while for Galileo and Newton time was absolute and the simultaneity of
two events did not depend on the inertial observer, Einstein discarded this idea and sub-
stituted it with the postulate that the speed of light in vacuum was absolute, namely
independent of the inertial observer. This postulate, already implicit in Maxwell’s equa-
tions, was actually also experimentally confirmed by Michelson and Morley in 1887. The
difference between the two theories is reflected in the mathematical model employed and

in the transformations which keep the above postulates holding.

The Galilean group. The Galileo-Newton spacetime can be conceived as the direct
product of (R, d#?) and the Euclidean space (R?, dgs), where dgs = 37> dz?. The coor-
dinates transformations which keep Newton’s law invariant and time absolute are given
by the so-called Galilean group transforming (¢, ) with @ = (1,29, x3) into (¢, %) with
T = (T1,T2,T3) via
t=to+t, T =x9+Ax+vt

for fixed ty € R, g € R?, representing translations. The parameter v € R? is the constant
speed of motion with respect to the original frame of coordinates and A € SO(3) is a
space-rotation. We remark that transformations of the form & = xy+A x constitute a
subgroup of the so-called Fuclidean group, which are isometries of the Euclidean space
preserving the orientation. On the other hand, we notice that the Galilean group does

not provide the isometries of the direct product (R x R?, dt? + dgs3), unless v = 0.

The Poincaré group. The revolutionary intuition of Einstein in his special relativity

theory |Ein0ba] was mathematically translated into substituting the above spacetime with




34 ENTIRE BOOSTED MAXIMAL HYPERSURFACES IN SCHWARZSCHILD

the Minkowski spacetime , introduced first just as a technical tool by Poincaré
[Poi05] in 1905 and then formalized by Minkowski [Min08| in 1908. Since the Maxwell
equations were not invariant under the Galilean group, starting from 1887 many physicists,
including Hendrik Lorentz, investigated the transformations which kept them in the same
form. Then Poincaré recognized that the transformations found by Lorentz and others
formed a group, the so-called Poincaré group and constituted isometries of the Minkowski
space. Normalizing the universal constant ¢ of speed of light to ¢ = 1, they transform (¢, x)
with & = (21, &2, x3) into (£, Z) with & = (&, To, T3) via the combinations of translations
t > tg+t, & — xo+x for fixed ty € R, &y € R?, space-rotations & — A x given an
element of the special orthogonal group A € SO(3) and the so-called boosts, given by

~ t—bel ~ IL‘l—bt ~

t= ﬁ s T = ﬁ 5 T; = T for i = 2, 3 (2237)

for a fixed b € R, |b] < 1 standing for the constant relative speed of motion. Due to
the rotational symmetry, we will always consider b € [0, 1), without loss of generality.

Clearly, this transformation gives an isometry, as

3 3
- 1 1
—di? + ; A7F = — 5 (A + bPdat) + ; dof + ;5 (dof + bPdf?)
3
=—dt* + > da?.
i=1

We remark that the transformations of the Poincaré group not involving translations,
namely the compositions of boosts and spatial rotations, give the so-called Lorentz group.

As aforementioned, we notice that the time slices of ¢ are given for fixed ¢, € R by
{t=1t,} = {t =1 - b2t +bx1}
namely by affine planes given, up to a constant, by the graph of a linear function
u, 7, R® = R, u, 7 () = V1 —Db2t, + b, (2.2.38)

of slope b with b € [0,1). Moreover, it is clear that since duy; = bdy and 9w,z =0

for i,7 =1,2,3, we have

Du,, 7 Oy 7 Ojuy 7 D2y =
H(Ub,go) - leRfi Bito - ( %] Dito d b’;()) J_brto - O
1 — [Duy, 7 |2 1 — |Duyg,| /1~ [Duy,z |2

directly by the computation ([2.2.24)).
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2.3 The Schwarzschild spacetime

The Schwarzschild spacetimes are a 1-parameter family of first exact non-trivial (non-
flat) solution to the Einstein Equations in vacuum ¥ = 0 with zero cosmological
constant A = 0, reading

Ric=0. (2.3.1)

They were found in 1916 by Karl Schwarzschild [Sch16| right after the introduction of the
field equations by Einstein, by imposing rotational symmetry and hence reducing ([2.3.1)

to an ordinary differential equation.

The Schwarzschild solution depicts a valid approximation of the geometry of the
spacetime of our solar system. In addition, the features of the Schwarzschild spacetime
have been crucial to feeding the research in general relativity in many directions. In
particular, the first coordinates employed showed an inextendibility of the metric com-
ponents across the so-called Schwarzschild radius. Starting with the work of Finkelstein
[Fin58|, this phenomenon motivated the study of black holes, first from a mathematical
and theoretical point of view and then as physical and observable objects —in 2019, the

Event Horizon Telescope (EHT) provided the first image of a black hole.

In this work, we will consider three different coordinates describing the (positive
mass) Schwarzschild spacetime. We will employ their diverse features according to our
needs: the first two are asymptotically flat, while the third cover the maximally extended

spacetime.

2.3.1 Schwarzschildean and Isotropic coordinates

Schwarzschildean coordinates. The exterior Schwarzschild solution, as found by

Schwarzschild himself, is given in the so-called Schwarzschildean coordinates as the Lorentzian

manifold
(L5.)m =R x (2m,00) x §* > (t,r,9),
1 om (2.3.2)
g;i = —hm(r)dt2 + hm(r)dr2 + T29S2 , hp(r)=1-— - >0

where m > 0 is the mass parameter and gg2 is the standard round sphere. Taking
m = 0 it simply reduces to the Minkowski space . This spacetime is rotationally
symmetric and (standard)-static, since it is a warped product with a time-independent
warped function. In particular, the lapse function as defined in is given by tay, =
/B (r). Notice that ((£2,,)m, g5,) is asymptotically flat in the sense of Definition m,
as a consequence of

B () =14 Og(r™h) as r — +00.
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Now, when considering

(e

int

Jm = R x (0,2m) x S (2.3.3)

still endowed with the metric g° in (2.3.2)), we find a smooth Lorentzian manifold. Nev-
ertheless, since h,, < 0, the causal nature of 0; and 0, is swapped and the spacetime is no

longer rotationally symmetric nor static. We will call (£3,),,, g2) interior Schwarzschild

int

solution of mass m > 0 in Schwarzschildean coordinates.

For the sake of computations, we recall some of the Christoffel symbols in these

coordinates, for I = 1,2

S\t (oS ! -
ﬁzwﬁa%W=;;=%Q—¥§ | (2.3.4)
o (9%)” 3(985;)11 _ %, (2.3.5)
I T =T, 0 (2.3.6)
o _(g%)” 3(95;)1J = h(ge) 1y (2.3.7)

As aforementioned, it is easy to see that in both cases, some metric coefficients
degenerate at the Schwarzschild radius {r = 2m} since (g°)y = —hmn(r) — 07 and
(05 )rr = hp(r)™t — Fo00 as r — 2m*. It will be clear —see Section that this
singularity is related to the choice of coordinates, in the sense that both the spacetimes
((£5,)m,05,) and ((£5,)m. 05) can be isometrically embedded in a larger spacetime,
containing the so-called (event) horizon {r = 2m}. On the other hand, in (£7,),,, the
metric also degenerates when approaching r — 07. This singularity is instead coordinate
independent and the spacetime can not be extended beyond it; in particular, one can find
incomplete geodesics defined on R not extending as » — 01 and, concurrently, geometric
quantities such as the Kretschman scalar blowing up when approaching this spacetime

singularity.

Isotropic coordinates. Starting from the exterior Schwarzschild in Schwarzschildian

coordinates, we consider the change of coordinates
m O\ 2
_ 1 o 2.3.9
r=lal (145 239)

where |2 | = 1/327_, (7)? is the new radial coordinate. Noticing that there are two roots
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of (2.3.9), we consider |2 | > &. We obtain the static spacetime

(Ceze)lm = RX(R*\Bg) 3 (t,2)
I _ 2 142 4 -
g, = —Np(|z|)*dt —l—ng(ICBD Ogs , (2.3.10)
Nallel) = 221 gl =14
1—1-% 2|z |

where every spatial slice is conformal to the Euclidean metric dgs. As in Schwarzschildean
coordinates, we consider the mass parameters m > 0; taking m = 0 reduces it to the
Minkowski space . In these coordinates, the Schwarzschild spacetime is asymptot-
ically flat as well, since

Na(lz]) =1+ 027", ¢n(lz]) =1+0(z[")  as|x|— +oo.

The horizon now corresponds to {r = 2m} = {|z|=%}. Since Ny,(Jz|) — 0 as
|z | — %, the metric degenerates and ceases to be Lorentzian across it. Nevertheless,
observing that ¢, (| [)* — 2% as |@| — %, the metric of each time slice can be smoothly
extended to R*\{0} with the same metric. Moreover, after this extension, each of such
time slice consists of two isometric copies {0 < || < 2} and {|x|> 2} of the corre-
)m» 85,) glued at {|x|=%2}. The

isometry is given by the map |x| — 4|m—:| and shows that the region {0 < |z |< 2} is

sponding time slice in the exterior Schwarzschild ((£fxt

also asymptotically flat.

Spacelike hypersurfaces and their mean curvature on exterior Schwarzschild.
In the following, we work in Schwarzschildean coordinates, in particular exploiting its

staticity, but analogous results hold for the exterior Schwarzschild in isotropic coordinates
((ngt)ma gfn) .
Consider a smooth spacelike hypersurface M — ((25

ot)m) 951) given as a graph of a
smooth function u : Q@ € R*\By,, — R

M ={t=u(rb6)}.

The spacelike condition on {r > 2m} then reads

11

(0u)? + Tfjl (Oru)? <

o (2.3.11)
To compute its mean curvature by using (2.2.19)), we first observe that the metric (2.3.2)
has vanishing shift § = 0. Moreover, by staticity, it is easy to see that every time slice
has vanishing second fundamental form and hence H° = 0 and that the coefficients of

the metric do not depend on ¢, so in particular 7 (JU|) = 0. Hence, recalling that the
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. . . . o 1 — 1
unit normal to the time slices is I = T O, we compute v (u) —\/W and the

mean curvature

t
H,s (u) = div® Vi Du

"Du, Vy, 0
o I — Iy Duf? \/_< %)

?|
&

/o 1D
— div® I <tDu, tD\/hm> (2.3.12)
1 — hp|*Dulz,

= V() (' + by (0) "D D) D3
Fog(w)(1 + 02 (u <Du ‘DR > (2.3.13)

3
S

where we used that Vj, 0, = f;&. = (9%)" 8(%—%)“ 0, = hTmh;n(r) O, = /h,, ‘DR, and we
expanded the divergence as follows

div? (\/ mte (U 1tDu) V bt (u A;u + v (u <tDu, tD\/hm>
+ ‘”t J(tDu, D (| Dul2,))
=/ hmv(u A{u + v (u) (1 + v?(u)hm|tDu|?g) <tDu, tD\/hm>
+ hmvt( ) “D*u(’Du, “Du)
= Vhpmo(w) (Asu+ hyed(u) “D*u(’Du, “Du))

+ 23 (u) <tDu, tD\/ﬂ> .

There we used #7(u)h,,|'Duf?, = v7(u) — 1 and that

‘D*u(“Du,“Du) = (’Drp,’Du, “Du) = £(‘D|’Du?,, “Du) .

As aforementioned, the computations above actually hold on any static spacetime.
In particular, in isotropic coordinates, the spacelike condition on a graph of a smooth
function u : Q C R? \E% — R reads

i (Ol < £nllZD (2.3.14)

i=1
and the mean curvature is given by
Hy = Npv(u )<t 94 N2 o2 (u) tDiutDju> D ju+ vo(u)(1+ ¢f(u)) ('Du, ‘DN,,)

9m
(2.3.15)

. = an%@-

_ 1 t
where v, (u) = oo and 'g =
g
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2.3.2 Kruskal-Szekeres coordinates

In 1960 Kruskal and Szekeres [Kru60; Sze60] showed that ((£5,,)m, g5,) and ((£5,)m, 95,
can be isometrically embedded in the maximally extended Schwarzschild spacetime, also

called Kruskal extension and described by the Kruskal-Szekeres coordinates.

As described in [Wal84), Section 6.4], the main idea employed to construct the ex-
tension subsists on considering radial null geodesics in ((£2,,)m, g5,) and ((£5,)m. 05,),
which satisfy ¢t = + (r + 2mlog ‘ﬁ — 1|) and parameterizing the two spacetimes by those
geodesics, defining the so-called null coordinates and then the actual Kruskal-Szekeres
coordinates, which then extend across {r = 2m}. Instead of showing the steps of the
construction, we rather consider the resulting spacetime and describe how some open sets

are (isometrically) related to the spacetimes above.

The mazimally extended Schwarzschild spacetime is the Loretzian manifold

eh={(TX)eR : T°-X*<1} x§°

m

gk = ¢&n(r) (—dT2 + dX2) 4+ 1?gs2 Em(r) = ;n e 2m >0
where the coordinate r € (0, +00) is implicitly given by
X2 —T? = p(r) = (# — 1) ezm € (—1,+00). (2.3.17)

Notice that it is well defined as p,,(r) is a strictly increasing function in r and hence it

admits an inverse 7(T, X) with values in (0,400). Let us define the following open sets

region 1 {(T,X) e &F . T> <X* X >0},
black hole region / region 11 {(T,X) cel TP XxX: T> 0},
region 1’ {(T,X) e &5 : T> < X*, X <0},
white hole region / region 1T {(T,X) € eE TP X T < 0}.

It is easy to see that the region I is isometric to the region I’ and the region II is isometric
to the region II' via the map (T,X) — (=T,—X). Now, let us consider the additional
change of coordinates on £5\ {T? = X2} given by

X+T 4martanh ¥+ in regions I,T
t = 2mlog L‘ — X g (2.3.18)

X=T

4m artanhé in regions 11, 1T’

One can check that region I and region I’ are both isometric to the exterior Schwarzschild

spacetime ((25 Jms g;gn), while region II and region II' are both isometric to the inte-

ext

rior Schwarzschild spacetime ((£5,,)m, g5,), for r and ¢ being the radial Schwarzschildean

int

coordinate and the static time, respectively. In particular, the spacetime singularity cor-
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responds to the disjoint union of the hyperboloids
fr=0={r-x=1={T=vitx} u{T=-vi+x} (2.3.19)

in the regions IT and II'. On the other hand, the points at the Schwarzschildean radius
correspond to
{r=2m}={T*=X},

which is called bifurcate horizon, as it is given by the union of the null hypersurfaces
{T =X # 0} and {T = —X # 0} and the so-called bifurcation sphere {T =X = 0}. We
notice that, due to (2.3.17)), the hypersurfaces given by constant radii in ((ﬂfxt)m,gﬁl)
and ((£5

int

Y gi) correspond to the hyperbolas
{r=ro} ={X* =T =py:=pn(ro)} (2.3.20)

for p,, as in (2.3.17). On the other hand, the hypersurfaces given by constant time in
((£5,)m, 05,) and ((£5,,)m,g5,) correspond to the half-lines

{T = tanh (t—o) X} in regions 1,1,

4m
0

{X = tanh (i—m) T} in regions I1,11".

(2.3.21)

Despite providing a description of the maximal extension of ((Sfxt

Jm, 85 ), the Kruskal
coordinates do not capture its asymptotically flat nature. In fact, for any fixed time
T = Ty, the identity can provide a reparametrized radial coordinate X with the
property X? — 400 if and only if » — 4+00. Now, considering the metric coefficients in
(2.3.16|), we have

Em(r) =0, asr— +oo

and hence, in these coordinates, the Schwarzschild spacetime does not manifest the prop-
erty of being asymptotically flat. Consequently, throughout the work, we will use both the
Kruskal and the Schwarzschildean (or the isotropic) coordinates, according to the portion

of spacetime and the properties we need to exploit.

For the sake of the computations, we recall the inverse transformations, given ([2.3.17])
and (12.3.18)), between the Kruskal coordinates and the Schwarzschildean coordinates:

T T t T r t

T=4/-——1e%m sinh | — X=y/z——1leim h{-— i jon 1
om e4m S1n <4m> N om e4m COS <4m> m region
T T t r r t

T=y/-——Tlewn cosh-—), X=,/-——1ein sinh|-— in region 11
om e4m COS <4m> N om e4m SIn <4m> m region

and the usual map (T, X) — (=T, —X) provides the change of coordinates in the regions
I' and II'. Moreover, using the identity (2.3.17) we can express the differential of the

Schwarzschildean radial function in terms of the Kruskal coordinates, computing TdT —

(2.3.22)
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XdX = — L5 ezm dr, which gives

8m?

8m2 r fm

dr = ==e73 (XdX = TdT) = 27 (XdX — TdT). (2.3.23)
Now, we compute
dén Em 2m
@m _ _Sm [y 2m 2.3.24
dr 2m ( + r ) ( )
and comparing ([2.3.23) with dr = g—;dT + g—;dX, we find
or 8Sm? . Em or 8m? _ . Em
= T T=-2T — = ——c m X=X, 2.3.2
oT r dm oX r o 4m (2.3.25)

Using the above, we can compute the Christoffel symbols of the Kruskal metric (2.3.16)
as follows

b == hoc =295, 57 = Tom2

X T glocor T (1+2m)

=X =T =x &1oEor X 2m

[Tr=Tw=I'ww=22—=———[14+— | &
T Lk XX 2 Or oX 16m?2 + r &

=T =X =T =X

FTI = FTI = Fx1 = F><I =0

—=I —I —I
Iyx =T =Txy =0

T —%127« g_;(ggn Dy = _4T 211617 (2.3.26)
F)I(J = 515127“2—;(%" )1y —4; G1701;

FiT = 5}’8T—n32e25n T = _5}74T§WT

Fix :5}]8_7226;)(:5}]427”)(

We conclude by underlining that the vector field — gradgx T = & 10t gives the lapse
ar =& (2.3.27)
as defined in (2.2.3)). Consequently, the vector field

TE = en2or (2.3.28)

m

is the future-pointing unit normal to the time slices as in definition . Observe that,
in view of the change of coordinates and of the positivity of &, > 0, the vector
field 7K points in the direction of 9, in the region I, but in the direction of —; in the
region I'. Similarly, it points in the direction of —0, in the region II and in the direction

of 0, in the region II'.
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To conclude, we highlight that the maximally extended Schwarzschild spacetime is
globally hyperbolic, with the hypersurface {T = 0} serving as a Cauchy surface.

2.3.3 Barriers at the crushing singularities

The definition of crushing singularity was first given by Eardley—Smarr [ES79] as a singu-
larity admitting a neighbourhood foliated by hypersurfaces whose mean curvature tends
to infinity as the singularity itself is approached. They had been specifically inspired by
the known behaviour of the spacelike hypersurfaces in the black and white holes
regions of Schwarzschild.

For completeness, we explicitly carry out the computations in Schwarzschildean co-

ordinates ([2.3.3) with metric defined in (2.3.2)).

Lemma 2.3.1. In the maximally extended Schwarzschild (£5,gX), the mean curvature

of the spacelike hypersurfaces B,, .= {r =rq}, 0 < 1o < 2m is constant, given by

—2rodm in region II

Hys (B,,) = { Vo@m—ro) 2.3.29
o5, (Bry) = ore 3 _ ‘ ) (2.3.29)
10T in region II

rg(2m—ro)
In region II for any 0 < ro < %m, their mean curvature is Hys (B,,) < 0 and they provide
a crushing singularity as Hys (Br,) \ —00 as 19 \, 0%, namely as they approach the future
spacetime singularity {T =1+ X2}.

In region II' for any 0 < ry < %m, their mean curvature is Hys (By,) > 0 and they
provide also a crushing singularity as Hgs (By,) / +00 as 1o \, 07, namely as they
approach the past spacetime singularity {T =—v1+ X2}.

Proof. The future-pointing unit normal to the hypersurfaces B,, := {r = ro} with 0 <

ro < 2m is given by

—+v/—h,, O, in region 11
N,, = g (2.3.30)

vV —"hm O in region II",

where we are using that h,, < 0. In both cases, tangent vectors are given by 0, Ogr with
I = 1,2 and in particular, the induced metric is diagonal with coefficients (g° );; and

72(gs2)rr- We then just need to compute the mean curvature of B,, in region II and the

result in region 11" will differ just by a sign, obtaining (2.3.29)). According to (2.2.6]), we
compute

dive,, (V=R 0,) = = (V=hon (5" (Y3, 00, 00) = /o (850" (Vo0 00 00)) |,
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VT (T4 TL) | = v ) (el 2

2r9 — 3m

Y

r3(2m — 1)
where we used ([2.3.4)) and ([2.3.5)). O

We will label the hypersurfaces in region II by B , as they are upper barriers and in

region II' by B,,, as they are lower barriers.

Proposition 2.3.2. In the maximally extended Schwarzschild (2%, gﬁ), the hypersur-
+ . . _ . / . .

faces {Bf 0<T0<%m in region II and {Bro}o<m<%m region II' are a foliation of upper

barriers and lower barriers, respectively. This means that if a compact mazimal hypersur-

face M has boundary OM C {r > ro} for some 0 <1y < 2m, then M C {r > ro}.

Proof. The proof relies on a standard maximum principle argument. Assuming by con-
tradiction that M N {r < ro} # 0, then there exist 0 < 7y < ry and a point ¢ € M such
that r(q) = 7o = miny,ep r(p). In a neighborhood %, of ¢, the hypersurface M N %,,

the coordinate r is a time function as it fulfills Definition [2.2.2] with lapse function

a} = —h,'(r) = z=— and shift vector 5 = 0. Since the future-pointing unit normal
to &, as in ([2.3.30]) points in the direction of increasing r in region II', we will assume ¢

lies in this region. The same argument, with opposite signs, applies to region II.

Considering the height function v on MN%,, since ¢ is a minimum, we have "Du|, = 0
(and consequently #|, = 1) and "g”d7ul, > 0, where "¢ is the metric induced on the
time slices &,. Using the maximality of M, the identity (2.2.19)) at the point ¢ reads

270 —3m

0=a,(q) "g"0%ul, +H|, > — >0
(@) "l KLy > ——

where we used that the time slices &, = B coincide with the foliation of constant positive

mean curvature of Lemma This is absurd and concludes the proof. O

2.3.4 Blow-down analysis

Since the goal of this work is to construct a geometric notion of boost in Schwarzschild, mo-
tivated by its asymptotic flatness, it is interesting to explore the relation between exterior
Schwarzschild and Minkowski in terms of a blow-down analysis. We will work in isotropic
coordinates , but the same results hold in Schwarzschildian coordinates .
Consider ((£] Jm = R x(R*\B,,2) and

L )m,ah,) and for simplicity let us call £, = (&7
I

ext
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Definition 2.3.3. Given a sequence of increasing numbers {k;}ien, with k; — +o00 as

i — +o00, we define a blow-down sequence of the exterior Schwarzschild spacetimes by

ghi= L(f, 2) e Rx(R*\{0}) : (ki ki) € L.} =Rx(R*\B,,/2x,)
ahi(t, @) = k2 g (kit, ki) .

Considering a spacelike hypersurface M — (£,,,9m) that is the graph of a function u :

R? \Em/g — R, in consistency of the above, we define its blow-down sequence as

M, = {(f, x) € 2]73;' s kit = U(’%‘ﬂ}

7

and accordingly, we get a blow-down sequence of functions

U, : Rg \Em/Qk:i — R ukl(:i') =

Given a sequence {k;};, we call (g,4) a blow-down limit of {g~ uy}; if § is a smooth
Lorentzian metric on R x(R*\{0}) and @ : R*\{0} = R is a (continuous) function such
that gki — g in C2(R*\{0}) and uy, = @ uniformly on compact sets in R*\{0} as
k; — —o00.

Using the definition (2.3.10)), we can immediately compute

gni(f, @) = =N, (k|2 ])AP? + oy, (ki| @) 0z
= _an/ki(‘iDd? + ¢4m/ki(

jl)(ng = Om/k; (fv j)

and this shows that Definition [2.3.3]is a sequence of isometries in case m = 0, namely in
Minkowski. On the other hand, as the following convergences hold in C72(R"\{0})

N2 o 1— 2k; || 1 9 50— 1 m 1 .
2kl|@| 1

for any sequence {k;};, then any blow-down limit of g,, is the Minkowski metric (2.1.1]).

2.4 Statement of the main Theorem and strategy

Before stating the main theorem, we provide a definition of coordinate-dependent boost in
Schwarzschild, suited to our purposes. Due to the rotational symmetry of Schwarzschild,
without loss of generality, we will consider the boost parameter b € [0,1) instead of
b € (—1,1), as outlined in Section for the Minkowski spacetime.




45

Definition 2.4.1. An (isotropic) coordinate boost of parameter b € [0,1) in the mazi-
mally extended Schwarzschild (2.3.16)) is a complete, non-compact, smooth spacelike hy-
persurface &, — (QK , gfg) such that, outside a spatial compact set, it is fully contained

m

in region I and region I'. Moreover, in region 1, in isotropic coordinates it reads
Syn{|z|>EKEm}={(t,z) € (£l ) : t = wp(x)}
for some K > % and a smooth function uy : R? \Bz,, = R satisfying
up(x) = bz + O (log(|x|)) - (2.4.1)

The same property has to hold for the portion of &, contained in region I, after the
isometry (X, T) +— (=X, —=T) has been applied.

We denote the class of (isotropic) coordinate boosts of parameter b € [0,1) by %B,,.

As always, the subscript in O, will be omitted.

Moreover, we highlight that throughout the work we will often deal with coordinate
boosts just considering their representation as graphs in the asymptotically flat end of
region 1. In fact, once we have the graph of a function of the form (2.4.1)) on large radii
of region I, we can construct a complete, non-compact hypersurface &, € %), via the
isometry (X, T) +— (=X, —T), which produces a symmetric portion of hypersurface in

region I' and by gluing them in the same way as described in Section

Remark 2.4.2. Notice that, up to rotations of R® (producing isometries in Schwarzschild),
the function formally corresponds to a coordinate boost in Minkowski (2.2.38]) with
a freedom of the order O (log(|x|)). The necessity of allowing for additional terms be-
comes evident already if, for example, we consider in Schwarzschildean coordinates (2.3.2)
the spacelike hypersurface

{(t,r, 0r) € (€5 ))m : t = fo(r,0;) = brcos@l} )

ext

One legitimately expects that, written in isotropic coordinates, it fits the Definition[2.4.1.
After applying the change of coordinates (2.3.9) and using that cos 6, = %, the function
fol(r(x),0r)) reads

T bm? x;

fb(r(a:),ﬁl):bx1+bm|w|+ 4 |w|2

which belongs to the class of functions of the form (2.4.1)), defining then a hypersurface
in By. On the other hand, the choice of the order O (log(| x |)) is particularly suitable for

our purposes, as it will be clarified later.
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A precise examination of this issue and its relation to ADM-charges [ADMOS] lies
beyond the scope of this work. Nonetheless, we wish to emphasize that, in light of the
discussion in Section this pertains to the fact that a boost in asymptotically flat
spacetimes should be regarded as an equivalence class up to supertranslations (which are
related to the infinite choices of asymptotically flat coordinates). In conclusion, in Defini-
tion |2.4.1, we defined a notion of boost in isotropic coordinates, allowing freedom within
an equivalence class of supertranslations. According to ongoing work by Cederbaum, the

ADM energy remains invariant across all elements of such a class.

Remark 2.4.3. It is easy to see that, in terms of Definition |2.5.5, any spacelike hyper-
surface given as a graph of a function of the type bxy + Og(log|x|) admits as unique
blow-down limit the boosted (mazimal) hypersurface {t = bz} in Minkowski spacetime,
as in ([2.2.37) with to = 0. In fact, given any sequence {k;}:, there exists an uniform
constant C > 0 such that |u;(x) —bx| < Ck; ! log(ki|x|) — 0 as k; — +oo uniformly

on compact sets.

2.4.1 The main Theorem

Given the definition of the class &), and the above observations, we can finally state the

main result of this work.

Theorem 2.4.4 (Main Theorem). In the maximally extended Schwarzschild spacetime
(2.3.16)), for any b € [0,1), there exists an entire smooth maximal hypersurface

My, = (£, g5) . Hyx (M) =0, {X=T=0} C M,

and a coordinate boost &, € By, of parameter b as in Definition [2.4.1], invariant under
the isometry (X, T) — (=X, =T), such that My, is asymptotic to Sy, in both region I and
region I'. More precisely, given &, = {t = un(x)}, in isotropic coordinates in
region I, for any fired 0 < € < 1, there holds

‘thb —ub‘ =0(|z|™) as | x| — +oo (2.4.2)

where t|pg, the restriction of the static time t to M.

In particular, My is entirely contained in the union of the bifurcation sphere {X =
T =0} with the regions I and I'.

Any blow-down limit of M, corresponds to the boosted (mazximal) linear hypersurface

of slope b passing through the origin in Minkowsk: spacetime, as in (2.2.37)).
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Remark 2.4.5. By entire hypersurface we mean that it is complete, non-compact and

without boundary. In particular, by construction, it will be a smooth entire graph over
{T=0}=RxS$%

We emphasise that, in the above theorem, we do not claim uniqueness of the solu-
tion; this question will be addressed in future work. Due to the absence of a uniqueness
statement in Lemma even the function uy defining the coordinate boost &, cannot
be asserted to be unique, as will become evident in Proposition [2.6.1. In particular, by
the characterisation of the class BBy, in Definition aligned with the construction in
Proposition[2.6.1], such different coordinate boosts &y, can differ by a function proportional
(up to) log(|x|). On the other hand, we remark that, as a consequence of this observation,
the mazimal hypersurface My, of Theorem[2.4.4 is not asymptotic to any coordinate boost
Sy for a boost parameter b’ € [0,1) with b’ # b.

Last but not least, we underline that in Theorem|[2.4.4] we construct a mazimal hyper-
surface My, which, for large radii, is given by a function of the form bz + Og(log(| x |).
By employing the mazimal surface equation and scaling arguments as in [Bar84, Theorem
5.4/, one should be able to control all higher-order derivatives, showing that M, indeed
takes the form described m, namely M, € By,. This will be addressed in future
work and would imply that the considerations on the ADM energy in Remark [2.4.Zapply,

wm particular, to My,

Before outlining the strategy of the proof of the main Theorem, which will be pre-

sented in detail in Section [2.9] we establish a consequence of it.

Corollary 2.4.6. For any b € [0,1), the exterior Schwarzchild spacetime ((£L,,)m,al,)
admits a foliation by (boosted) mazimal spacelike hypersurfaces asymptotic to hypersur-
faces in the class 9By, generated by an entire maximal surface in the maximally extended
Schwarzschild (Sg,gﬁ) This provides a geometric choice of time function associated to

the asymptotic boost of parameter b € [0,1).

Proof. Given the existence of the hypersurface M, in Theorem [2.4.4] we can consider its
intersection to region I, corresponding to the exterior Schwarzschild endowed with the

static time ¢t. We have that the spacelike hypersurfaces
M¢ = {(z,t+c) € (&L )m : (x,t) € Mp}

provide a foliation by (boosted) maximal hypersurfaces of the whole region 1. In fact, it
is easy to see that Hy (M) = 0 since the foliation flows in the direction of the Killing
vector field 0; or one can explicitly check it by using the formula . The function
determined by the parameter ¢ € R is then a time function, since all the hypersurfaces
M are spacelike. It can be conceived as a geometric choice of time function associated

to the asymptotic boost of parameter b as all its level sets are maximal. O
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2.4.2 Strategy of the proof

We outline the strategy of the proof of Theorem [2.4.4] presented in detail in Section 2.9

As in |Bar84, proof of Theorem 5.4], we approach the problem by considering the
boundaries {¥7}32,, X7 < &, of an exhaustion of a complete, non-compact spacelike
hypersurface &), € %), —properly chosen, see discussion below— and solving the (compact)
Dirichlet problem associated to the maximal surface equation with boundary data 3.
The existence of these solutions is ensured by the presence of the barriers at the crushing
singularity as in Lemma [2.3.1}-Proposition and by [Bar84, Theorem 4.3]. We point
out that, alternatively, one can argue directly by using the same a priori height estimate
and the consequent a priori gradient estimate given by Theorem M(z) that need to be
established for the next steps.

Given the above sequence of maximal hypersurfaces { M.}, with M, = X7 and
Hgx (My) = 0, we need to show how to construct the desired hypersurface M,,, asymptot-
ically approaching the chosen coordinate boost &, € %y, as a (sub)-limit of {M;}72,. To
this end, we aim to show a height estimate uniform in k£ with respect to a wisely chosen
time function, which satisfies the hypotheses of Theorem [2.2.5] This then provides a uni-
form gradient estimate and control on the ellipticity of the maximal surface equation. In
turn, a uniform C%° estimate on compact sets follows from the De Giorgi-Nash theory
and the interior Schauder estimate, see Theorem [2.2.7Theorem [2.2.6, By the compact-
ness of C%# in % for any 0 < 8 < a < 1 and by a standard diagonal argument, we can
finally construct as a sub-limit of {M;}72,, a complete, non-compact, smooth maximal
hypersurface M, < (£5 g&).

m

In this regard, we now highlight the main issues that need to be addressed.

e Barriers in the asymptotically flat end: to ensure that M, is suitably asymp-
totic to an element of the class %), as in Definition 2.4.1] we first need to choose
S8, € By, as spacelike hypersurface where to consider the aforementioned sequence
of boundary data {3%}2°,. It is then necessary to show that we can construct upper
and lower barriers —by adapting barriers in the Minkowski spacetime— suitably con-
verging to &, as | ¢ | — 400 and demonstrating that all the solutions M}, lie between
them. It will be clear by the discussion in Section that not every hypersurface
S8, € 9By, allows for the construction of such barriers, as the mean curvature of the
chosen &)}, has to decay fast enough. The natural candidate {t = f,() = bz} in
isotropic coordinates, for example, does not satisfy the required decay condition. It
is thereby necessary to choose the coordinate-dependent boost &), wisely, recalling
that Definition allows to move in a range of the order O(log(| «|)). Due to a
result in [Mey63|, it will be possible to perturb the function f;, by adding a solution
to a Laplace equation and obtain a hypersurface with the desired properties. This

construction of coordinate-dependent boost &}, and of the corresponding barriers
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will be the content of Section 2.6l

Height estimate, gradient estimate and the choice of time function: en-
suring an a priori height estimate on solutions with boundaries on the chosen &}, is
essential not only to construct My, as a limiting hypersurface, as discussed above, but
also to ensure that all the solutions {M}7°, and consequently M, lie between the
barriers mentioned in the previous point. We also highlight that the height estimate
can be established with respect to a chosen time function. As in [Bar84, Theorem
5.3], an a priori height estimate can be obtained in asymptotically flat spacetimes by
combining the Bartnik’s uniform interior condition —this is addressed in the
next point— with the pointwise gradient estimate of Theorem [2.2.5}(ii). The latter
holds under the time-dependent Bartnik’s conditions , which have then to

be ensured for a suitable choice of time function on the whole spacetime (£, gX).

m

On the other hand, once a uniform height estimate is established, Theorem [2.2.5
(1) allows to get directly a gradient estimate, under the time-dependent hypotheses
therein: again, we have to ensure the time-dependent Bartnik’s conditions ;
moreover, the boundary data {37}?°, need to lie in a constant time slice and have
a uniform bound on the time-dependent Riemannian norm of their spacetime mean
curvature . In particular, we require the zero time-slice of the desired time
function in the asymptotically flat ends to coincide with &}, as constructed in the

previous point.

In view of the above, in Section [2.5] we will briefly discuss how the time function T

of Kruskal-Szekeres coordinates ([2.3.16)) does not satisfy (2.2.30) on non-compact

sets of ££. We will then introduce a new time function T and prove that it serves

K

to satisfy the time-dependent Bartnik’s conditions on {r > ro} C £ which is

sufficient for our purposes due to the presence of barriers at the crushing singularity
as in Lemma Proposition The function T is also interesting on its own as
it is a Cauchy time function in the maximally extended Schwarzschild spacetime. A
comprehensive discussion on this new time function is addressed in Section 2.5 while
the tedious computations on the time-dependent Bartnik’s conditions are performed
in Appendix [AT]

Finally, to combine all the above needs, in the exterior regions I and I’, we glue the
new time function T with a time function generated via staticity by the hypersur-

face &), admitting upper and lower barriers. The gluing procedure is examined in
Section

Bartnik’s interior condition in presence of a crushing singularity: as intro-
duced in Section [2.2.1 and in the previous point, a uniform height a priori estimate
relies, among others, on the Bartnik’s uniform interior condition (2.2.35). The
spacetime singularity , which corresponds to the timelike incompleteness of
the spacetime, is a clear obstruction. Nevertheless, since it is a crushing singularity
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—see Section [2.3.3], the existence of the barriers of Lemma [2.3.1}-Proposition [2.6.1
can help recover those conditions given a suitable choice of time function. It is non-
trivial but possible to show that are satisfied with respect to the new time
function T —introduced in the previous point— by verifying that the quantity involved

obeys a monotonicity principle. The computations are handled in Section [2.5.1]

After all the previous problems have been addressed, a uniform height estimate is provided
in Section [2.8 and the final proof of the main Theorem in Section [2.9]

2.5 A Cauchy time function and the time-dependent

Bartnik’s conditions

As aforementioned, the need to introduce a new time function in the maximally extended
Schwarzschild spacetime is rooted in the necessity of satisfying the time-dependent con-
ditions . We will briefly discuss under which requirements these are attained by
the other classical coordinates, and then define the new time function with its properties.
Beyond the purposes of this work, we remark that this time function is interesting on its
own as it is a Cauchy time function, while the Kruskal time T is clearly not — since this
observation is not essential for the main goals of this work, we simply refer to [BS05b| for

definitions and properties of Cauchy time functions.

We notice that, in general, since the Schwarzschild spacetime solves the Vacuum
Einstein Equation ([2.3.1f), we have fRic = 0 and the conditions (2.2.35]) reduce to estimate
*og ally and |V 1.

Bartnik’s time-dependent conditions on static time in exterior Schwarzschild.
Regarding the static time ¢, as outlined in Section [2.3] it is not defined on the hori-
zon —reading {r = 2m} = {|x| =2} in Schwarzschildean (2.3.2) and isotropic
coordinates, respectively— and many geometric quantities degenerate as approaching it,

starting from the lapse function. Nevertheless, it is easy to see that when strictly far from
the horizon, all the conditions (2.2.30)) are satisfied.

In the following proposition, we present the time-dependent Bartnik’s conditions
for time functions defined by suitable spacelike hypersurfaces on exterior Schwarzschild,
which in particular includes the case of the static slices. We present this more general
version as it is going to be useful later and by setting the function f of the Proposition
f =0, we recover the desired bounds for the static time. The result is stated in terms of

isotropic coordinates, but clearly holds also in the Schwarzschildean ones.

Proposition 2.5.1. Consider a spacelike hypersurface § = {t = f(x)} in the region I of
exterior Schwarzschild, strictly far from the horizon {| x| > km > 2} C (Lew)l,. Assume
that f € C%(R?\Bg,,) and that there exists an uniform constant C; > 0 bounding v4(f)
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and its higher derivatives

3
sup w(f) + Y 105 f1m + Z 051 m? < C. (2.5.1)
{l=[>Rrm} i,j=1 1,5,k=1
Then the function
T=t— f(x)

is a time function on {| x| > Em} satisfying the conditions (2.2.30)), namely there exists
a constant C, = C,(Cy, k) such that

"[[og || + T [dlog ar|[m + 7|V Ty |lm + 7|V Tyllm? < C,(Cy, )

on {|x| > Fm}, where o is the lapse function of T as defined in (2.2.3)) and T} is the

future-pointing unit normal to the time slices of T.

Proof. We first recall that v(f)* = — 213 o0 and hence the bound in the hypotheses
I==7 2 i1 (0
Pm

ensures, in particular, that
2 3
—4m D @if) <1- —2.
Pm i=1

The lapse for the time function 7 reads

N2
a2 = —g(dr,dr)™" = m = N2 ou(f)?
1— 2570 (0if)?

and thus we can estimate

1-L
log <1+—21“) <loga, <logCy. (2.5.2)

2K

To estimate the other quantities in terms of the norm ([2.2.5)), we have to find an adapted

orthonormal frame. We consider
{T5, V1, Vo, Vs},

where J7 is the unit normal to the time slices and {V4, V5, V3} are tangent to the hyper-
surface § = {t = f(x)}. We can compute

—a,;dr = =N, (f) (dt —0;f dxi)

and consequently

%:vat(f)< 28, 4 oo Z@f@xz>_a7.< 20, 4 o Z@f@mz). (2.5.3)

NS
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On the other hand, the tangential frame can be obtained by applying the Gram—Schmidt

process to the frame

Vi = 0, + 0,f 0y (2.5.4)
In particular, we can set
1 ~
Vi = \% 2.5.5
L Ve - N@g? 259
and compute
—N2 0 8 ~ —N2 0 8

A tangent vector field to & = {t = f(x)} that is orthogonal to V; is then given by
Vo — gl (‘72, Vl) V1. Its normalisation gives

_ N2(01)) .
e \/ Pl - N2 (@ + @] 250
. N2(0u1)(0:f) o
Vo lon - MA@ + @D 2 Na @)

Finally, we compute

e L= N2 Lo s
O (VE’“VQ):J a6 %)

(1f)(8 ) I (15 17
VR 17+ @ —zo7 (0 7)
_ Nri(azf)(a?)f) (o — N (01f)? + N2 (01£)%)
2o = N2 (@ T @) ok~ M2 o)
22 N2 (0,1)(0

)(05f)
VIek = N2 ((01f)% + (020)2)] [k, — N2,(011)?]

and we consider the tangent vector field to & = {t = f(«)} that is orthogonal to V; and
V4, given by ‘73 — gfn (‘7}), Vg) Vo — g{n (‘73, V1> V1. Its normalisation gives

V= \/sof‘n OS2+ ) g
e [oh — N2 X1 (0:f)7]

N3, (92£)(05f) 7 -
\/9% (o, = N2, 520 (0i)2] [k, — N2 ((011)2 + (021)2)] (2.5.7)
N2 (00f)(05f) 7

wm (ot — N2 S5 (0)2] [ph, — N2 (01f)2 + (92)2)]
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The frame defined by (2.5.3)), (2.5.5)), (2.5.6) and (2.5.7)) is orthonormal. Since Vi, Vs, V3
are linear combinations of ‘71, ‘72, ‘72;, as defined in ([2.5.4]), with coefficients bounded by
the hypothesis (2.5.1)), it will be sufficient to verify the desired conditions for the latter.

Observe now that 2a~'da = a2da?, so we compute

_ 2 a2 (2N, Y22 (9if)? ANZ S (9if)? 2NZ :
aTQdazszNm+N%< Z«pfﬁj( /) dN,, — Zg;gj( /) dpm + o aifafjfdmj>
where

(3Nm . L . ¢ i 4
dN,, = idxzz$—N;n(|a:|)de: ’ 5 da’ = i m 5 da’
Oz E2 |$||w|2<1+%) [z[ 2]z | +m)
and
m = ~dz" = m r=————
o T Jal” EIPER
and we need to estimate the following
2 7 4m
I (,,—273 2 —4
9m (O dOéT,—OéTdT - va f Prm alf NG +
L (NSO A ANAYL @0 2 m
N, P |z | 2|z |+m)* P || 2|z |?
2N2
+—"0f 8i2jf)
Pm
1 8 C3(2r+1)* 20, 2C%
<Cpy 1= =+ A S 2, f) (2.5.8)
Cr\(4rR2=1)m (2r—1P*m  R*m m
and similarly, we compute
- 2 i 4 2 (ON,, 32 (8,f)? & 4
’O{;zdai(%N S = x m 5 +Oé_72. 214:1( f) xr m .
Nplx|(2lz|+m)* Ny, Pm |z | (2|x |+ m)
AN2 S (O )2 28 m 2N2
m i= ? ma] 62
T Teier e I
8 4C% 20y 207
< 2.5.9
SR —Om  R—DRR+Um  @m | m (2:5.9)

Combining (2.5.2)), (2.5.8)), (2.5.9) and the bounds on the coefficients of the tangential
frame V7, V5, V3 with respect to ‘71, ‘72, ‘73 we obtain

"|[log oz [l + [ dlog a-|[m < Co(Cy, R) -
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For the sake of the next computations, we first observe that

50(Cf7 R)

m

00| = [da, (0i)] = |04T||047_1d047(‘~/i)| <

We then compute

— _ _ 20; Ny, 40 O; o%Lf
Vaﬂ. 9} = 0;a, (Nm2 O + Q0m48jf axj) + o ( - N3 Oy — 25 jfaxj + jaﬂ

m

N2 (Tado + T30 ) + 0,1 (Thj00 + T, >

20; N,y
NG,

- (aiaTNﬁ —a, + Ny 2Ty + a0, f f’;.) Oy

w5, ek

+ (&-mw;ﬁakf —ar 0 NPT, + a0, f fky) O

and similarly

Vo, 5 = an (N;Q (Fftaxk + F,ftat> + oo f (Ffjaxk + F§j8t> )
= ar (N2 + @, 0,0T0 ) 0t ar (NL2T + 0,0, T ) O

Since it is now easy to see that all the objects appearing in the coefficients are bounded,

as well as their derivatives, we conclude that

IV Tl m 4TV T m? < Co(Cy ).

Bartnik’s time-dependent conditions on the Kruskal-Szekeres time. Consider
now the time function T of Kruskal-Szekeres coordinates and the associated time-
dependent Riemannian norm as defined in . A local orthonormal frame to compute
the norm, given the future-pointing unit normal to the time slices, is given by

_1 1
[T =eior, &tox, r\Joltor}, 1=12.
The lapse function (2.3.27)) is given by

o1 = Ve = (2m)? f’”

and it is possible to bound it uniformly 0 < a1 < oo provided that we restrict to {r >

rkom} for some ko > 0. This is not a restrictive condition, as we can employ the barriers
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at the crushing singularity Lemma for a lower bound on the radius. On the other
hand, the norm "||log at||; does not have an uniform bound in the region {r > kgm}. In

fact, computing
or or

3
" 2
dlogat = Olea(;% <(9_TdT + a—XdX) = 8é:m2 <1 + Tm) (TdT — XdX)

where we used ([2.3.24) and (2.3.25)). Thus, we obtain

T Vlogar|? = sup [[dlogar(§n’or)|* + |dlog at(én® o)1)

{r>kom}

sup En() <1 + 2—m>2 (T? +X?)

{r>rom} 16m4 T

which fails to be bounded, unless computed on a compact region of {r > kym}, namely
imposing bounds |X| < Xy and |T| < T.

The new time function. As discussed in Section 2.3 while the Kruskal-Szekeres coor-
dinates are necessary to cover the maximally extended Schwarzschild spacetime,
they do not capture the asymptotic flatness of the spacetime, which is instead evident in
Schwarzschildean and isotropic coordinates. Motivated by this observa-
tion, we consider a foliation of the Kruskal extension (£, gX) by the family of (spacelike)

hypersurfaces

{T —aV/1+ X2, |a| < 1} . (2.5.10)

. . \/ 2 . 2 .
Since limy_, 1 o, & 1X+X =g and limy_,_, & 1X+X = —a, they are asymptotic to the surfaces

{T=aX, |a| <1} = {t =4m artanha, |a|] <1} ,ifX>0
{T=—aX, |a| <1} = {t =4m artanh(—a), |a| <1} ,ifX <0

representing time slices of the static time. The time function having (2.5.10)) as time slices
turns out to be a Cauchy function and to satisfy the conditions ([2.2.35) on {r > r¢}.

Proposition 2.5.2. The function

~ T
T =4martanh | —— | € (—o0, 400 2.5.11

() < ) (25.11)
1s a well-defined time function in the mazximally extended Schwarzschild (25,9%) In

particular, it is a Cauchy time function.

Moreover, the spacetime conditions (2.2.30) are satisfied by the time-dependent Rie-

mannian norm (2.2.5)) defined with respect to T in a region {r > kom} for any ko > 0,




56 ENTIRE BOOSTED MAXIMAL HYPERSURFACES IN SCHWARZSCHILD

with a constant C, = C,(ko), that is,
Tlog || + Tlldlog agllm + TI|V  m + ||V T m? < Cy(ro) (25.12)

where az is the lapse function of'T' as defined in (2.2.3) and T is the future-pointing unit

normal to the T-time slices.

Proof. By definition, T is a smooth function of the previous coordinates (T, X) and is well
defined in the whole maximally extended Schwarzschild spacetime ([2.3.16]), as T? < 14+ X2

and the function artanh is defined on (—1,1). It is a time function, as its differential reads

~ 4m 1 XT
T = . dT — S dX
1—#\/1+X2< 1+ X2 )

and consequently

~ o~ 1+X2 X2T2
E(AT,dT) = 16m2 ¢t 1+ ——
Om < ’ ) 6m & A3 — Ty ( * (1+x2)2)

X2T2 _ (1 + X2)2
(1+X2-=T2)2(1+ X?)

= 16m*¢,}

16m2 &t T?
= Sm 2.5.13
1+x2—T2( +(1+X2—T2)(1+X2)><0 ( )
where we used that
(14+X2=TH(1+X?) = (1+X?)? = X*T? - T? (2.5.14)

and the fact that &, > 0 and 1+ X2 -T2 > 0.

The time function T is Cauchy since each time slice 85 is a Cauchy surface: every
inextendible timelike curve in (£5, gX) intersects &3 exactly once. It is well-known that
{T = 0} is Cauchy. Now, for each timelike (future-directed) inextendible curve s
v(s) € £ passing through {T = 0} at p, = v N {T = 0}, we know that ~ is contained
in the regions between the null hypersurfaces {T = X — X(p,)} and {T = —(X = X(p,))}
which both intersect each of the time slices. Hence « intersects §3 and only once, since

as a general result for time functions, T is strictly increasing along it:

d = ~
(Toy(s)) = (grady T.5) > 0,

where the last inequality follows from the fact that ~ is future directed with respect to the

orientation provided by gradgx T so, in particular, <gradg§ T,"y> > 0, the fact that the
gradients of T and T are mutually future directed <— gradg -T', — gradyx T> < 0 and that

¥ and gradgx T are timelike, so they can be projected into I and an adapted orthonormal

frame on the time slices of T.




57

Finally, let us compute the lapse az, the future-pointing unit normal J and the
associated orthonormal frame. From the computation (2.5.13)), we directly obtain

~  ~\ —1 g (T‘) 1 + X2 _ T2
2 _ 4K deT) =2 2.5.1
“ 9m< ! 16m2 1+ fX, 1)’ (25.15)
T2
X T):= > 0. 2.5.1
fXT) (1+X2—T2)(1+X2)—0 (25.16)
Now, we can compute
Am V1 X2 XT
CardT = —as VR (g7 ax
T14x2—T12 1+ X2
VG VIEXE -T2 dm V14 X2 4T — XT X
 dm JI4[f  1HX2-T2 1+ X2
Em 1 ( XT )
=— VI+X2dAT — ———dX
L+ f /14X -T2 V14 X2
and this provides the unitary future-directed normal to the time slices
G-t ! (\/1 i N ax) (2.5.17)
Vén(L+ f) VI+X2— V14 X2 ’

for f defined in (2.5.16)). To find the other elements of the adapted frame, we consider
a time slice {T = av1+ X?, |a| < 1} and its tangent vectors given by Ox + %):x? Or
Ox + %(%, 0r. Computing their norm

T2x2 1 X2 2_T2x2
o 0+ B 0+ ) =6 (5 1) =6
(1+X2-T2)(1+X?)+ T2
(1+X2)2
¢ 14 X2 —T? <1+ T2 )
o1+ X2 (1+X2-T2)(1+ X?)

14 X2 -T2
_ng(l+f)7

=&mn

we obtain that an adapted frame is given by {7, Vx, V;}, with I = 1,2, 7 as in (2.5.17)

and the remaining vector fields given by

~ 1 1 _I_ i
Ve Vit T (\/1+X28T+max> ) (2.5.18)

11
~ gS2
Vi=+—29 (2.5.19)

= 7.
r

Now, given any ko > 0, there exists a constant C, = C,(kg) such that (2.5.12)) are satisfied.
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This is shown in the estimate (A.1.4]), (A.1.10]), (A.1.22]) and (A.1.46), following from the
long computations displayed in the Appendix [A.T] O

2.5.1 Bartnik’s uniform interior condition via monotonicity

The region {kgm < r < Kgm} C £E of the maximally extended Schwarzschild spacetime
is non-compact and, a priori, both T and the time function T defined in Proposition m
are unbounded. Hence, the following proposition, relying on a monotonicity argument,
is necessary to ensure a relaxed version of Bartnik’s uniform interior condition .
Our weaker condition replaces the set of points {kgm < r < Kym} \ I*(p) with {kom <

r < Kogm}\ I3 for I given in (2.5.21)). It will be clear in the proof of Theorem that
this is the right condition to ensure the a priori height estimate.

Proposition 2.5.3. For any radius kgm < 2m and any radius Kom > 2m, there ezists
a constant Cy 1y = Chy i, (Ko, Ko) such that for any p € {r = Koym} C £5 the following

holds in the region {r > kom} C £X of the mazimally extended Schwarzschild spacetime:

sup . T(q) = T(p) < Crpxym if T(p) >0,

qe{rom<r<Kom}\Ig N B . (2520)
sup T(p) — T(a) < Cxpxom if T(p) <0.

pe{rom<r<Kom}\I,

where T is the time function defined in Proposition and where we denoted

If = U I(p), I, = U I~ (p). (2.5.21)

pe{r=Kom}n{T=T(p)} pe{r=Kom}n{T=T(p)}

Proof. For simplicity, we will work in region I as the computations are symmetric for
region I'. Let us consider p € {r = Kym} N {X > 0} and the function p,, defined in
(2.3.17). We will denote the constants

K, Kom
pr, = (52 —1) e = (Bom 1) e2m = p(Kom) >0, Pro = Pm(Kkom) € (—1,0)
for 0 < ko < 2. Let T, := T(p), then (2.3.17) yields

Xp = X(p) = /T2 + px, - (2.5.22)

As a consequence, we get

- - T
T, = T(p) = 4m artanh ( L ) :

1+T%+p[(0
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Consider then the hypersurface {T = (T(p) + X(p)) — X} representing the (inwards with
respect to {r = Ko}) null hypersurface arising from {r = Kym} N {T = 'T'p}. It is easy to
see that the supremum of (2.5.20)) is attained at the points in the intersection

{T=(T() +X(p) =X} N{T? = X* — py, }

for 0 < kg < 3. We recall that {X* = T? + p,,,} = {r = kgm} = By is a barrier as in
Lemma [2.3.1] Let g € {T? =X? — p,} N{T = (T, + X,) — X}, then it follows

_ T, +X, Pro

+ _HtX
2 2(Ty +Xp)

2 2(Ty +X,)

X(a)

T(ﬁ) = (Tp + Xp) - X((_l)

and consequently, by the definition of T (2.5.11)) and by using (|2.5.22)), we get

-~ T(G Ty + X, — 7258
Tq = T(q) = 4martanh <1¢X)()2> = 4dm artanh z_ P Tt -
T X(a
q \/4+(Tp+xp+%>

2 _ Prg
DV T S

2
2 Prg
\/4+(Tp+ Tp+pK0+Tp+m>

Thus, the quantity we want to estimate reads

= 4m artanh

2 _ Prg
~ o~ Tp +/To + Pr Toty/T3 4o,

Tqg — T, = 4martanh
2
\/4+(Tp+ Tf)—kao—i—Terp— ,%F—qu))

T
— 4m artanh g ,
\/ 1+ Tp + Pk,

which depends only on T, for fixed kg, Ky, corresponding to fixed constants p,, and pg,.

Let us consider the function

Prg
a+/T2 P,

%*@*x“W“HZ%K
0

T+ /22 + pry —

o, iy () == artanh

x
—artanh | ———o-~—
)2 («/1+$2+pK0>

and let us show that it is monotonically decreasing. Recalling that % artanh(z) = ——,
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we compute

d

%hno,f(o (I) =

1+ e

14+ —
( V22 pK, ) (:v—h /x2+pK0)

2
2
T+ $2+pKOPHO> Pr
v Sy A4 2+ /22 + pry + ——
1 o) Y
44+ 24+ /22+ +p¢
( vV PKq ot /—Z2+PK0

(2.5.23)
2 Pz P
T+ 1-2 + . "k0 1] — —fF0
B (( pKo) (er /—x2+/’K0)2) ( (er /—$2+PK0)2>
5 3
2 Prg
1 1 x?
2 /1 2 N 3
T2+ prc I Ky <\/1 + 22 +pKo>
T+ ——2— )4 (1 +pu) |1+ —2—
( + TWO) (1+ pry) ( + (x+\/m>2>
- 2
2 Prg
_ <1+‘r2+pKo)_I2
(1+pKo>\/ 1+$2+PK0
() ()
e+ T 2
_ P (2++/22+px, ) B 1 <0 (2.5.24)

. , 2 /1+22+pk, ’
K0
t (:U—i— SRR I+\/x2+PK0)

where we have used the following computations

2 2
4+ |z + 22 + pk, + Py — v+ V22 + pr, — P =
z+ /2% + pK, z+ /2% + pK,

2
:4+ x+ I2+pK0_ pHO +2 pKZO
r+ 22+ pr, T+ /2% + pK,

2
. x_’_ .1'2 +pKO o plio
T+ /2% + pK,
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2
g 4p;,
:4+<x+ 1%+ pry — p; >+ Pro 5
NGETT I A==y
4I€ Ki
N at T Py
T+ /2% + pK, T4\ T+ Pr
2
/-y yp— = 4(1+ pay)
T+ /22 + pi,
and
2
(o) v )
<m+ $2+pK0> T+ /22 + pr,
Pro 3 2 Pio
- N | e vETae - :
<x+ :E2+pKO> (:B+ 332+pK0>
2Pk, 2/)%0

2
= 2<x+ m2+pz<0) +

2
(er x2+p;<0> <x+ x2+pKo>

Pro
2
(:v + /2?2 + pK0>

+ 20k | 1+

Pro

= 4pg, | 1+ 2
(:E-l— {EQ—FPKO>

The quantity (2.5.23]) is non-positive, since using

X K
VAT PK, <x + /2?2 + ,0K0>

1 5 Pro
= ——— | v+ V2 +pr, + : :
VIt PK, T+ /T + pk,

one can check that the last inequality in (2.5.23)) is equivalent to

2

4+ (“ f2+f’f<o+x+—f§z°m>
0

2
(“ ﬂf”f’KﬁH—ﬁfﬁ%)

1+ 2% + pr, < (2% + pr,)
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4(x? +
:$2+pK0+ ( pKo) -
x + x2+pK0+x+px+O+pK>
V )
9 4
=2 + pr, +

.

1 Prg
(1+§ﬁﬁzz(x+zxﬁﬂiz))
Finally, we see that

4 ) 4

2 Tr—r00 2
N S __ Pro 1 ___ Pro
(1 + /$2+PK_0 <l‘ + z+ /xz_,’_pKO )) (1 + /Z‘Q"‘pKO_ (x + o+ /x2+pK0 ))

. . . 1 Pk : _ 3
in turn, given by the fact that the function v <:c + ﬁ \/m) is non-negative

and has derivative

d T Pro
R _|_ =
dx (\/xz“r‘PKo $2+PK0+:E\/$2+pKO>
22 + /72 + prey + ———
,OKO plﬁto pKO x2+pK0

_ _ >0

<\/m>3 22+ Py + 222+ Pry

since pr, > 0, py, < 0.
Now, the monotonicity of A, k, given by the computation ([2.5.23) yields

:Ilq—Tp:

To+ T2+ oy — 28—
To+y/T2+pK, Tp
—4m artanh —_—
/ Pr ? \/ 1+ TE) + Pk,
4+ Tp+ T%+PKO+%

= 4m artanh

T2+pK,

/T2 _ Prg
< ler_r>10 4m | artanh oyt TtV Tty 5 | artanh \/%)
\/4+<Tp+,/Tg+pKo+mpT“§+%) » T PK,
peg \2
= 4m artanh ( PKo — Pro ) = 4m artanh P <1 - ﬁ) 2
\/4PK0 + (prco + o)’ 4+ px, (1 + ,572)

2
PrQ
PKo (1_ PEo )

2
dtpk, (1+%)

Now, defining C,, g, := 4 artanh , we conclude.




63

2.6 Barriers in the asymptotically flat end

As aforementioned, to produce a maximal surface in the class %), we first need choose an
hypersurface &, € 9B, and construct upper and lower barriers converging to it at infinity.
We will show that the freedom of the order O(log(| « |)) in Definition enables to fulfill
this objective, obtaining the following result, which is also consistent with the outcomes
of [BCO90, Lemma 2.3|.

Proposition 2.6.1. For any b € [0, 1), there exists a spacelike hypersurface &, € By, and
a function f, € C*(R*\B,) satisfying

sup_ (1{;’( !ZIafb !+!y\2§:! @) +y Z 102 oy )) -5,

y€R3 \Bl

2,7=1 i,7,k=1
(2.6.1)
Jor some constant 0 < Cj, < oo such that, in isotropic coordinates,
_ - /x
Sn{|z|>EKm)={t =u(x)}, wl@) =ba+mf (E) (2.6.2)

for some constant K > 1 and such that it admits upper and lower barriers. More precisely,
for any 0 < e < 1, there ezists K, = Ky(b,e,Cf,) > K such that for any K > Ky, there

exist hypersurfaces WbiKg satisfying

ijfKﬁ = {t = wf;K,g(a:)} spacelike on {|x| > Km}
(2.6.3)

Hor (W15) <0, 0 <wi . —un =0(2|™%), (wi, — ‘{Iw\ K }>K€m 1—b?

Hor (W i) >0, 0 <up —wy, oo =0(|2|77), (ub —wy, ) ‘{|a:\:Km} > K*my1-b?

Cp(14+K%)
— ‘:12 |3

+ K%¢(1—¢)m!te

with [Hyr (waE) @ as | x| — oo, for Cy is independent of K.

The proof will be presented in Section [2.6.1] as we first want to discuss the difficulties

arising.

We recall that in [Bar84, Section 5| barriers over a time slice in the asymptotically
flat end are constructed by considering rotationally symmetric hypersurfaces in Minkowski
with mean curvature decaying as O(r~3) and estimating their mean curvature when con-
sidered in the asymptotically flat end. The estimates are carried assuming H® = O(r=3),
which can and needs to be relaxed for our purposes. We will start with a discussion on
the Minkowskian rotationally symmetric surfaces and on the required decay of H? in order
for these surfaces to produce barriers in the asymptotically flat end, so that our choices

are heuristically justified.
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Rotationally symmetric hypersurfaces in Minkowski. Imposing rotational sym-

metry w = w(r), the mean curvature equation in Minkowski reads
r? 0w
H,(0) =r%0, | ———= 2.6.4
(@ ( — ) 264

and aiming to find a solution decaying as O(r~¢) for some 0 < & < 1, one can set
H,(w) = £} given some constant A > 0, while in [Bar84, Section 5] Bartnik sets it to

ﬂ:r%. It is easy to show that the family of solutions is given by

L+ As'—=

—+ _ > _ —€
wA,L,c,e(r) =c+ [ \/34 T (L T A31—5)2 ds = O(T )

with ¢, L being integration constants. To simplify the computations, we can consider

directly for A > 0 the positive function
wi(r) =Ar=,  Quwi(r)=—Aer 7%, Qlwi(r)=Al+eer?°  (26.5)

which is spacelike for sufficiently large radii depending on A and . By ([2.6.4) its mean

curvature is given by

1 O*wi 20wy
V1= @) 1= @0wf)?
= (140 (7)) (Aguwi +0 (7))
— A5R3le{ +0 (7’_3_25) <0

where we used that A; ; = 02 + %07«. The sign is negative for sufficiently big radii, since
it holds

Ae(1-¢)

r2+€

As wy = <0 (2.6.6)

The corresponding negative function with positive mean curvature is simply

wy(r) = —wi(r),  Hy(wy) = —Hywf) > 0. (2.6.7)

The mean curvature of a graph over an asymptotically flat time slice. Expanding
and modifying the estimates in |Bar84, Section 5|, we recover the mean curvature of the
graphs of w¥ as in (2.6.5)) and in an asymptotically flat spacetime (computed with
respect to the radial coordinates of the asymptotically flat chart). It will then be evident

which conditions we need to require for the mean curvature H? of the time slices.

Consider an asymptotically flat spacetime as in Definition [2.2.3| with time function
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¢ and with the metric g reading in local coordinates (Z,y") as (2.2.7), so that
ar=1+0(y[™"), B =0(yl"), ‘gz=0;+0(yl™"). (2.6.8)

Given the function (2.6.5) computed as w = wy(|y]|) and setting r = |y|, we can

estimate Hy(w) as given in (2.2.19)). First, let us recall the quantity ¢,(w) defined in

(2.2.12)), which reads

1 W — ay ‘Dw
JI- W 1+ (8,’Duw)

Using that 6% 9;w d;w = (9,w)? we estimate

v (w) =

1 1
) oty s i G (5 OTu )+ Olw )
ZVTgﬁﬁﬁ+oqm4». (2.6.9)

In addition, we have

‘ — (0ra — B*Opa
:<arw<1+0<|yr1>>|z o, 0= )(0{—6)+0(!y\‘2)>

a2

=0(ly| %), (2.6.10)

where we used that the derivative of ¢ and consequently the Christoffel symbols of the

metric g are O(|y |~2). Similarly, we can compute

T(IW[Z,) Zé (0, = B*0%) (67 + O(ly [7)) 0w Ojuw
— 0(|ly|™) (20w 32w+ O(y|™))
=O0(ly|™"). (2.6.11)

Finally, we estimate the following

ay "Dw

Loyl
1+ (3, Dwy \ /i@ Y
S @-(“m“”’”ajw( : w)2+o<|y|-1>>)>

div? (W o4 (w)) = div? (

Vdet?g 1+ By, g™ Ow 1— (0,

=(1+0x(ly|™)0; <(1 +O0(ly 7))
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ij -1 0 1 -1
(3 +0(ly[ )0, (Tj@5§+mwr»>>

390w y
=0 | —2 | + 0, (670,wO(y| ™)) +

0; (% Oly \1)> +0;(0(y ") o(yl™)

= H,(w) +O(ly|7* ) + O(ly| 7). (2.6.12)

Combining now the estimates (2.6.9)), (2.6.10), (2.6.11)) and (2.6.12)) in (2.2.19)) and plug-
ging in the identity found in ([2.6.6[), we obtain

HO

Hy(w) = Hy(w) + ——ess Tar O(ly|™)
- AL oqy ) rou ). o1y

From this computation, we immediately notice that in order graphw to be an upper
barrier at the spatial infinity, having strictly negative mean curvature, we need to ensure
that

H°=0O(|y| ) as |y | — oo. (2.6.14)

This decay condition on the mean curvature of the time slices will rule how to choose a

coordinate-dependent boosted slice &}, € %y,.

The mean curvature of {t = bx;} in isotropic coordinates. Let us consider the

spacelike hypersurface given by the graph of
fo(x) =bux, satisfying 0 fp(z) =bda, O} fo(x) =0 (2.6.15)

in isotropic coordinates (2.3.10)). First, recall that in these coordinates, on {|x| > m}
there holds

0<1—N, =1-1+ m < M

m \ " x|’
|a:|<1+2|m‘> k2

m
O<py, —1=——
4 2z

2m 3m m?2 m3 om
bgie — 0| < |t —1]= == (1 <
a0l = Ve == G (U a1 T ap) S el
o =1 _ 5m

on T |z

(2.6.16)

197 — 69| < |t = 1| =
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and
m 1 m \(__m
mx; T; me; 2[x |2 ( 2|cc|>< 2|m\2> m
aiNm aTNm_ - -
2|~ [T 2] = |T+ = LY P
T 2a]
_ m m m? (1+ m >< 5m?
wr () 1| 1w U ) S
T max
81 m : a’f’ m : b
T T T T o
(2.6.17)

and the Christoffel symbols of the metric g on the time slices read

—4
Ty = &5“ (0:(em60) + 05(r,0u) — Oi(mbis))
= 2<P71 5™ (Dspm 61 + 05pm Oit — Do 655)

-1
mo,, k k k
:_lm’3 (xzé +1’J(5 — X 52])

and hence can be estimated by

irk 0% oF —aFs;)| < 2.6.18
b Tp (B0 o =) S IR < o (2618)
Now we can estimate
1
©
t(fb) 1—b2 \/1 N2(|‘m||)b2 \/1—b2
oh(z])
_ Ni(=)D
_ 1 N PR i)
2 N2 (|x|) 1.2
v1i-=b 1= CEizn P
2 x
U g Nic) b &m
= 21— m(lm\ b2 = (1—Db%)s x|
where we used that
N2 2 2
em(lx]) |z lom(lz]) ~ [2[202,(|2])
e R
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Then we can estimate the different terms of the formula (2.3.15]) as follows

ool o) (14 SR ANn(DA) — s <1 Ll ) i

oo(fo) (14 02(fs)) 9t O Ny b — 2 <1 N ;> T

V1 — b2 1-b?) |z]3
2
m
< ChL— 2.6.19
<o 2619
y bm x
— ()N tgi T, f + T
‘ o N Lo 5 T
bm 54 T m?
< 0t + 26 —2'6;;) + —= |+ C
S VT [Top N ) | O
2
m
R 2.6.20
"o P (2620
_7}3(](' )N3tD1f tDjf trka f . bgm T
RN D D ko = (T T
b*m | 91675, T m?
< 26t + 2,80 — 216,) — L | 1 ¢
TR A R R P AP
2
m
=Ch——= 2.6.21
2] 2021

where C}, is a constant depending only on b. Combining (2.6.19)), (2.6.20]) and (2.6.21]) in
(2.3.15)), we obtain that the mean curvature of {t = f,(x)} can be estimated by

b(1+b*)m
(1-b?)

Hyr (fi) — (2.6.22)

which then reads Hy (f,) = O(|x|7®). Now, to be consistent with the discussion of
the previous paragraph, we introduce coordinates (£, ) so that {t = f,(x)} = {t = 0}
and we show that the metric is still asymptotically flat in the sense of Definition [2.2.3]

Considering the same change of coordinates that corresponds to isometries in Minkowski
(2.2.37]), the Schwarzschild metric reads

NZ —b* o 2b(=N3, + )
I m m 172 m m
ImlEz) = — 112 dt” +

1—b?

—b’ N2 + oy,

.y dzi.

dtdzy + ¢}, (d@3 + da3) +

Now we notice that since the coordinate transformation (2.2.37) are linear, it holds
Or(Jz|™) = Or(]Z|™"). These coordinates still capture the asymptotical flatness of

Schwarzschild with the same rate of decay, as it is clear from the following computations

NZ —b2ot 140(z|)—b*(1+0(=x|™")
1 —b? 1 —b?
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1D’ -1 ~ -1

=1z TOUz[T) =1+0(z|7)
2b 2 4 -1 -1 ~ -1
Tt em) = (CL O( 2 7)) + 14+ +0(j2 7)) = Oz )

om =1+ 0(Z| )

DNy +en DA+ 0(z ) +1+0(lz] )
1—b? 1—b?

—1+0(%|™).

On the other hand, by (2.6.22), we have that the mean curvature of the time slices &5 is
H® = Hy (f) = O(]&|?), which does not accomplish the condition (2.6.14) to construct

barriers in the aforementioned manner.

Analyzing closely computed in asymptotically flat coordinates for large radii,
we observe that for a sublinear function with decaying derivatives, the dominant term is
tg90,;(+) = (6% 4+ O(|x|71)9;;( - ), while for a purely linear function like f;,, the mean
curvature is dominated by the terms computed in (2.6.19)), (2.6.20) and (2.6.21)). In fact,
considering a solution to the (flat) Poisson equation with right-hand side — Hg: (f,) will
provide a correction to fi, so that the condition can be attained.

2.6.1 A hypersurface admitting barriers

The proof of Proposition [2.6.1| will rely on the following result.

Lemma 2.6.2 ([Mey63, Lemma 5|, [BCO90, Proposition 2.1]). Let ¢ € C**(R*\B;) for
some k>0, a € (0,1) be a function decaying as ¢ = O(|y|=2) for |y| — oo. Then there

exists a solution f € C*2(R*\B,) to the Poisson equation on the external domain
Ns,f=0¢ on R*\B,
such that f = Oy 2(log(|y|)) for |y| — oc.

Proof of Proposition[2.6.1. Consider a solution fi, € C®°(R*\B,,) to

b2 L\ . [ b(1 +b?)
(A5R3 + 1_—b2(9n> o <E> =~ o (2.6.23)

where the right-hand side is the dominant part of —~ L-b7 Hg: (fo). Such a solution exists

m

with f;, satisfying (2.6.1)) as it is sufficient to change the coordinates

1

1 = ﬂ? Zq = Za,

a=23 (2.6.24)
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and consider for y = 2 the solution to the Poisson equation

b(l - b2) Y1

V1-b*((1 —bz)y%+y§+y§)%

AéRs f_b<y) =

)

ensured by Lemma [2.6.2]

We now consider on {| x| > Km} the hypersurface

S={t=w(@)},  w@ =f@)+mf(>) (2.6.25)

T
m

where fi, = bx; and f, have been defined in isotropic coordinates by ([2.6.15)) and (2.6.23)),
respectively. For any fixed 0 < ¢ < 1, we claim that &, € %, is the desired hypersurface

admitting barriers
(Wb:,tK,s = {t - wk:i:,K,s(m)} ’ wi)‘:,K,z-:(m) = Ub(ﬂg) + @I:E(m) ) (2626)

on {|x| > Km} for any big enough K > Kj, with Ky, = K,(b,e,C;) > K to be

determined and where we define

k(@) = muk, ('z("’")') , (2.6.27)

m

for wi as in (2.6.5)-(2.6.7) with A = K% and the coordinates z as in (2.6.24).

It is an immediate consequence of Remark and the definition of f;, in (2.6.23)
via Lemma that &}, in (2.6.25)) is in the class 98, as in Definition [2.4.1} Tt is also
immediate to see that

O<w;K7a—ub:O(|w|_5), 0<up—wyp.=0(z|).

We can then check that for @ such that |x| = Km, we have

KZ&‘ 1+e KQE 1+e 1 — b2
_om a2 m v — Kemy/1 — b2

wy e —up)(x) = Wk (x) = >
(0 e — ) = k() = S o

(up = wy ) (®) = —wi(x) =

2
il

noticing that |z(z)* = 21 (x)* + 22(x)? + 23(x)* = ==

+ 23 + 23 so there holds

lz]? < |z(z)]* < |z |?. (2.6.28)

1—b?

We are left showing that there exists K}, = K, (b,e,Cf, ) such that for all K > Kj, the
barriers defined as in (2.6.26)—(2.6.27) on {|x| > Km} are spacelike and their mean
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curvatures have the desired sign. We first compute and estimate by using (2.6.1)), (2.6.5])
and (|2.6.28)),

K2€ c m1+

0 - /x
apnE — ) _— et -
|Oiwy, - ()] ‘b 01 +m axifb (m> + | z(x)[ 1+

Cjm | K*em!te

k4 a1+

<b &+ (2.6.29)

<bé +C + —=—
—_— 21 K Kla

as b € [0,1) and it is then clear that there exists a sufficiently large K, = Ky(b,e,C},)
such that for all K > K

3

1 —b? 1 [ 2
E :(a’iwl:)t,K,g(m))2 < bQ + ’ vt(wl:)t,K,s) < = 2
— 2 2 |, 1-b? 1—b
o1 1—(b+ﬁr>

which ensures that the spacelike condition ([2.3.14]) is satisfied on {| x| > Km}. Let us

now estimate the mean curvature. We will initially give explicit constants to estimate

the asymptotic behaviours of the objects involved, which will be collected at the end in a

constant C}, depending only on b and independent of m. Using ([2.6.29), we estimete

1

4 (wlf,K,e) - m

N2 (|| 2
w— M=)y (QuE,(2) V1D
3
”t was |'T| 2
< —b
: ( Hleh 20 )

by combining the mean value theorem with the estimates above. Before applying ([2.3.15)
to w;” Kk.-» We observe that by the definition (2.6.27) of w wK, by the change of coordinates

(2.6.24) and by the computation (2.6.6)), there holds

b* L\ . 5L 52 + [ 1z(x)] K%*e(1 —g)m!te
(AcSRg + m811> U)K(w) = m; a_zisz < - > =TI |Z(w)‘2+€ . (2630)

We then estimate

K2€€<1 - €>m1+&
| z(x)[***

T (7 ) (8 (o () + i) -5

Hgfn (wliE,K,s) +

<
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N 1 ( 1 ) mb n K*e(1 —e)m'*|  Cy(1+ K*)m?
V1—b? 1-p*) [zf | z(x) >+ Edk
b (T ~4
< |Hgr (fo) + { Asys + Waﬂ <mfb (5> + wK(w)>
n K*e¢(1 —e)m!'™e|  Cy(1+ K¥)m?
| z(@)[*+ Edk
2e 2
_ Go(l+ KF)m (2.6.31)
Edk

where we, in particular, have used (2.6.19), (2.6.20)), (2.6.21]), the specific choice of f;

in (2.6.23) and the computation (2.6.30). Again, we highlight that the constant C}, is
independent of K and m. It is then clear that

CKFe(l—gm!*s  Gy(1 + K*)m?

Jr
th(wb,K@)(w) = |z(w)\2+€ |iB |3
(1 . b2>2+aK25€<1 _ g)ml-i-e Cb(l + K—Qa>ml—a
< — 1— <0
| T ‘2+€ | T ‘175

which is strictly negative for any K > Ky, (b, e, C}, ), provided Kj, is sufficiently large, since
—2+4+¢e> -3+ 2¢ for 0 < e < 1. in fact, we can for example estimate

Cp(1+ K2)m!== < Cp(1+ K=2)m!== < 1
| T |1—£ - Kl—a - 92
for K big enough. Similarly, we have
_ K*e(1 —e)m!'ts  Cy(1 4+ K*)m?
Hgﬁl(wb,K,exaz) = |Z(1})|2+5 - |$ |3
W2\ 2+4e€ 2 o 1+ —2e 1—¢

>(1 b?)* e K*e(1 —e)m 1_C'b(1+K ym -

= | |2+ Bl
for any K > Ky (b, ¢, ) with Ky, as before. This concludes the proof. H

2.7 Gluing the time functions

The aim of this section is to define a time function on the maximally extended Schwarzschild
(K, gX) such that the conditions on {r > kem} C LK are satisfied for some
constant C, = C,(ko) and kg > 0 and concurrently such that its zero-time slice in the
asymptotically flat ends of region I and I’ coincide with &, as defined in Proposition [2.6.1]
This can be obtained by gluing the new time function introduced in Proposition [2.5.2] with
the time function having as time slices in region I given by {t = up(x) + ¢ : ¢ € R} for

uy, as in Proposition [2.6.1}
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Gluing T to the static time. We start by gluing the new time function T defined in
(2.5.11]) with the static time £. We will show that the corresponding time slices can be

glued into spacelike slices. For each ¢ € R, we consider the hypersurface

_ 1 ¢
{t=c} = {t = 4m arcosh . —02} : ¢ = tanh <R> e(—-1,1).

The above identity follows from the property of the hyperbolic functions 1 — tanh?z =

Cosh2 yielding /1= = cosh ( ) We can then consider the level set of T in the regions

I and I', namely on {7’ > 2m} as follows

{'T':c}ﬂ{r>2m}:{T:tanh<ﬁ>m}ﬂ{r>2m}

:{T:cxwl—i—%}ﬂ{r>2m}

X 1
{t = Wélm arcosh \/m (1+ 02p7711(r))} , (2.7.1)

for p,, defined in (2.3.17)). To see that the identities hold, we see that on the hypersurface
(2.7.1]), due to the change of coordinates ([2.3.22)), it holds

t
T2 -X2=X%** -1 2= —pm h? [ —
(c )+ c pm(r) cos .

) (1—c*)+¢

which combined with (2.3.17)) gives the result. For simplicity, we will consider region I

where = 1; the computation for region I' are analogous. Consider the function in

X
Y
Schwarzschildean coordinates

F(r) =«(r) <4m arcosh 4/ . _1 02> +(1—c(r) <4m arcosh 1 —i—lcQ_p;—n;(T))

where ¢; : (0, +00) = R is a cut-off function

1 if s < Kkim 2
si(s) = : 1(s)] < — (2.7.2)
0 if s >2km Kim

where k1m > 2m is a Schwarzschildean radius to be determined. To check the condition

(2.3.11]), we then compute

1+c%p
g (r (arcosh \ T z arcosh T 02 ) + (2.7.3)

|hmO-F| = 4m hy,
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L—c (=) (r)p(r)
[1+c2 pi (1) 1+ c2pH(r) 2(1—¢?)
1— 82
\/m + \/1—2 =1
\/1+012f?2 (r) + \/1+012p2n2 (r)
c|lp2(r)p (r
C(1—a() |l P (1) pra ()
2¢/1 4 pH(r)\/1+ 2p;(r)

1 2 1
_ tmh, ()] Iog (\/ﬁ;;;; () + eI+ pol(r )

1+ |c]

+(1 =g (r

= 4m h,, | ¢ (r)log

. ] py (1)
+ (1 — ¢ (r)) \/1+p;11(7’)\/1+c2p;11(r)

16 1
<20 (1= ) VT Al + )
K1 K1

[} "

S e o

using that - arcoshz = \/%7 the identity arcosh z = log(z + v/2? — 1) and that

1
2mh,,

r r _
Pulr) = e >0, Pt (1)l (r) =

The quantity (2.7.3)) is strictly less than 1 taking, for example, k; = 16. We have then
constructed a time function which coincides with T on {r < 16m} and with the static
time ¢ on {r > 32m}.

Gluing the static time to ¢t — bxz;. Let us now glue the static time with the boosted
time t — b x1, which can be performed exactly as in Minkowski spacetime. For simplicity,
we will work in region 1. For any fixed ko > % consider the following Lipschitz compactly

supported function

;

0 if |x| <kKam
b (1) o if Fom < | < Fom (14 £2)

fo(x) = { by if /‘62m(1+—%)<‘w|§4%2m(1+%)
b (L) 1)y i dRam (14 2) < e | < 4R (14 12
0 if |&|>4kom (1+ %)

One can check that on {%Qm <|xz| < Kam (1 + %)}, the following holds

b—l—l Ko x? b+l. xz,
Oy o = (1 — |l—| + rizmm—jg) : Dufr = —Hzm;— a=2,3
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and consequently

Sar-C32 |5 o-8) (- )] <2

=1

as b € [0, 1) An analogous computation and the same bound can be carried out on
{4Fom (14 22) < |@x| < 4kom (1+ %)}, Since b* < bLl)z, we obtain that the Lip-
schitz constant is given by Lip(/£,) = 1;b. Consider now for sufficiently small 0 <
d < 1 a sequence mollifiers 5 € C5°((—6,9)) and the corresponding molliﬁed functions

ws * £y = £ € C°(R?) with support on {Kam — 28 < | x| < 4kom (1 + 22) + 26} and

Lip(£) = 2. Consider finally a cut-off function ¢, : (0, +00) — R

1 if s < 2Rom (1+ &

S2(s) =

U|C7‘ cr|‘7
rO

—

DO

\]

ot

N—

|G2(s)] < =
0 ifs>3Rm(1+ 2 T R (14 £5)

and define the function
Ao@) =z fo+ (1 —cz|)ba. (2.7.6)

One can check that on {2%Qm <|x| < 3kam (1 + %) }, the following holds

& (£ —bai) +s (014 —b)+b, Dofry = ‘T

e
| | |z |

for a = 2,3. By the standard properties of mollified Lipschitz functions, we have that

nfp = & (A2 —bai) + 0./

£2 = bxy as § — 0 on any compact set of {Fem — 2§ < ||} and its derivatives converge
almost everywhere and in particular on the sets where the derivatives of £}, are defined. It
is then clear that we can choose a fixed § > 0 small enough so that the spacelike condition
(2.3.14)) is satisfied. We have constructed a time function ¢ — £, which coincides with the
static time ¢ on {Kam — 26 < ||} and with ¢ —bz; on {| x| > 3kam (1 4+ 22)}.

Gluing t — bz, to t — w,. Consider the function in isotropic coordinates, for simplicity

in region I, given by

Fo(@) = s(lz)bar + (1 - (|2 ])(bar+ fi(x) = b+ (1 - (| )) (@)

describing the level sets of the time function obtained gluing t — bx; to t — uy,, where
up(z) = by + fi(z) for fi, = O(log(|x|)) as in Proposition 2.6.1] The cut-off function
G @ (0,+00) — R is taken so that

1 if s < kKsm 2
s3(s) = _ s lss(s)] < =— (2.7.7)
0 if s > 2Kk3m K3m
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where k3 > % has to be determined so that the condition ([2.3.14]) is satisfied. We compute
0o =b 8 — (|2 ) fo(@) + (1 = ss(| @) 0. fio()

and considering the constant Cz as in Proposition [2.6.1} we can produce the following
rough estimate _
4C', log(2ks) N Cp,

10, /0] < |b|0w + =
K3
It is then clear that there exists a sufficiently large k3 = K3(C}, ,b) such that the spacelike

condition holds.

The final time function. In the following theorem, we claim the existence of a time
function satisfying the crucial conditions ([2.2.30)) and ([2.2.35]) and moreover, having time

slices in the class 98, admitting lower and upper barriers for large radii.

Theorem 2.7.1. For any b € [0,1), the mazimally extended Schwarzschild spacetime
(EK,gf,i) admits a time function ¢, € C*(LE) such that the following hold simultane-

m

ously.

(i) The Bartnik’s spacetime conditions (2.2.30) for the norm (2.2.5) defined with %y,

are satisfied for some constant C, = Cy(kg) and ko > 0 on LK N {r > kem}:
“loga, | + lldlog az, lm + ||V Fyllm + | T Fym? < Colro)  (27.8)

where ay, is the lapse function of 7y, as defined in (2.2.3) and F, is the future-

pointing unit normal to the time slices Sy, .

(i) Each time slice is a Schwarzschildean coordinate boost of parameter b € [0,1),
namely Sz, € B,. Moreover, the spacelike hypersurface 8¢ = {#, = 0} is in-
variant under the isometry (X, T) +— (=X, =T) of the spacetime (Sﬁ, gﬁ) and given

any fired 0 < € < 1 admits barriers %vaa on{|x| > Km} for any K > K, with
Ky = Ky,(b,e,C},) as in Proposition |2.6. 1]
(7ii) A relaxed version of Bartnik’s uniform interior condition (2.2.35)) is satisfied for any

0 < kKo < % and any Ko > kg on ETI,(L NA{r > kom}, namely there exists a constant
O;(O = C{(o (b7 Cf_ba "10) K07 Hl) > O SUCh that

sup sup Z(q) — 4(p) < Cl,m if £(p) >0,
pE{r=Kom} qe{rom<r<Kom}\I; ) | (279)
sup sup Zp(p) — Zu(q) < Ck,m if Z(p) <0.

pe{r=Kom} qe{rom<r<Kom}\Iy
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If = U e, I = U I~(p). (2.7.10)

pe{r=Kom}n{z,=%,(p)} pe{r=Kom}n{z,=%,(p)}

Remark 2.7.2. The Bartnik’s uniform interior condition is one of the fundamental tools
in [Bar84, Theorem 5.3] to get an a priori height estimate. In our a priori height estimate
proven in Theorem|2.8. 1), we will combine the relazed version of Bartnik’s uniform interior
condition as in , which relies on the rotational symmetry of the Schwarzschild

spacetime, with the control of the oscillation of the height on a large fived radius as a

consequence of (12.8.9)).

Proof of Theorem |2.7.1 Consider the time function

- X _
{b = §1(T)T + W(l - §1<T))'Zb (2711)
with ¢; as in (2.7.2) and x; = 16. The function 7y, is in turn defined by a double gluing,

namely

7y = (r) fo(@(r)) + (1 — (1)) (¢t — wp(2(r, 6)))) (2.7.12)

where £}, is defined in (2.7.6) via the cut-off function ¢ given by (2.7.5) and where

G3(r) = 3(|x |(r)) is given by (2.7.7)) via the inverse of the change of coordinates ([2.3.9)
on region I, where {|x | > 3 }. The constants xy and K3 in ¢ and ¢3 are chosen so that

under the change of coordinates ([2.3.9)

~ 1)° S 2b
Ko =Fko |14+ — >32:2I€1, Ky >0k 14+ — | .
2/432 1-b

In view of the discussion above, 73, is a time function.

The feature (i) follows from the properties of T proven in Proposition on the
region {r < kym} and of Proposition on {r > rkym > 2m}.

The property (i) is an immediate consequence of the construction of u;, in Propo-
sition . The symmetry of 8¢ = {Z;, = 0} follows again by construction and by the
transformation between Schwarzschildean coordinates and Kruskal-Szekeres coordinates
([2-3:22). In fact, the level sets {Z, = ¢, ¢ € R} of ¢}, coincide with the gluing of (T=¢
to {t = ¢}, {t = £c+ brcost} and {t = tc + up(r,0)}, where the sign + in front
of the constant c is positive in region I and negative in region I'. It is then evident that
while for ¢ # 0, the time slices are not symmetric under the isometry (X, T) — (=X, =T),

the slice ¢ = 0 is in fact invariant.

Finally, Bartnik’s interior conditions (i) follow from Proposition and the fact
that T, t and ¢ — uy, are comparable by fixed constants for points q € {kym < r < Kqm}.
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In particular, it holds

t(q) — (t —up)(q)] < (b Ko+ Cf log(Ko)) m

Moreover, using (2.3.22)) to get X(q) = \/T(q)? + pm(7),, we obtain the following com-

parison
d > — artanh
q

artanh (\/Tmr) — artanh (\/1 e + o) ) ‘

<4m lim <artanh < ) ) artanh ( @) ))
T(a)—+oo T(a)2 + pm(r) V1+T()? + pm(r)

1 1
= 2mlog (1+ > < 2mlog (1—1—)
Pm(r) Pr1

for p., == pm(k1m). The estimate above follows from the fact that for any fixed p,,(r) > 0

it holds
i artanh T )= artanh * =
dx 22+ pp(r) V1422 + po(r)

1 1
VP o) T pulr)

and from the Taylor expansion for x — +o0
pm(r) ) 1+ pm(r) ) _
p (|| )) artanh (1 + o +O0(z]7%) | =

= — 10
2 Tt 0(|x| ) 24 “”’” )+ O(|z])

,:'

It(q) — T(q)| = 4m

artanh <

x

=4m

>0

artanh (

computed via the identity artanhy = 3 log (Hy) Hence, defining C,, = 2log (1 + p;'),
we can take
C{(O = C,ﬂ + Cno,Ko +b Ky + Cfb ng(KO)

where C7, is defined in and O\, g, is given in Proposition m

2.8 A priori height estimate

As briefly described in Section [2.4] the main issues to be solved in order to prove Theo-
rem consisted of constructing a time function satisfying the crucial conditions ([2.2.30)
and (12.2.35)) and moreover, having time slices in the class %)}, admitting lower and upper
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barriers for large radii. This has been proven in Theorem [2.7.1] In particular, Bartnik’s
spacetime conditions allow to employ the pointwise estimate in Theorem M(zz)
combined with Bartnik’s uniform interior condition ([2.2.35)) and the presence of asymp-
totic barriers to obtain a uniform a priori height estimate, as we will illustrate in the

following Theorem.

Theorem 2.8.1 (A priori height estimate). Consider a boost parameterb € [0,1) and the

maximally extended Schwarzschild spacetime (£TI§, gﬁ) endowed with the time function ¢y,

defined in (2.7.11)) with properties as in Theorem . Let M — (ng,gfg) be a compact
spacelike mazimal surface Hyx (M) = 0 with boundary OM = OM; U OMy contained in
the zero-time slice 8§ = {Z, = 0} of £, and consisting in two connected components
OMy C 8¢ N{X < 0} in region I and OMy C 87 N {X > 0} in region I'. Then there
exists a constant C,, = Cj, (Co,b,s,Kb,CII(b), with C, as in Theorem Ky as in

Proposition and C’IQb as 1n Proposition m , such that

sup |u| < Cym (2.8.1)
M

where u is the height function of M defined as in (2.2.10|) with respect to Zy,.

Moreover, for any fived 0 < € < 1, there exists a constant K = K (Cy,b,e) > Ky, for
Ky, as in Proposition such that on {| x| > Km} the hypersurface M lies in between
the barriers Wy _ as given in Proposition namely there holds

Loly-  <u < Lolyt (2.8.2)

sE

on any such fived radius | x |.

Proof. The proof is similar to [Bar84, Theorem 5.3] with some modifications. We will,
in fact, keep working with the spatial isotropic coordinates ® = (z7,x2,x3) instead of
finding explicit coordinates on the time slices of Z},. Like Bartnik, we will proceed with

the estimate of the supremum, and the same can be done for the infimum.

We first observe that once the height estimate (2.8.1)) is established, we can easily
show the validity of (2.8.2)). In fact, considering

_ C :
e[S
V1-b’
the desired estimate is guaranteed by the control ensured by (2.6.3)) for the barriers %j[—(ﬁ

on {|z| = Km} and the maximum principle on the static asymptotically flat end.

To show (2.8.1), let us fix K}, as in Proposition [2.6.1] Without loss of generality, we
can assume that Ky, > 2k3 for k3 as in (2.7.7). After fixing 0 < € < 1, consider the height
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control of the barriers %%Kb’s on {| x| = Kym} provided in (2.6.3)) and set the constant
Cb7€ = (}(*b)6 vV 1—Db. (283)

By the staticity of the asymptotically flat end and the barrier construction, exactly as in
|Bar84, Corollary 5.2], it is easy to show that

either sup|u| < Cp.m or suplul < sup |
M M Mr{| = |<Ky,m}

for the Schwarzschildean radius [?bm corresponding to the isotropic radius Kpm via
(2.3.9). Since the first option concludes the proof, we will assume that the second al-

ternative holds.

From now onwards, notice that due to Proposition [2.3.2] since 9M C {r > rkom} for
any 0 < Ky < %, M C {r > kgm} and hence the dependence of any constant on ry > 0
is not restrictive and can be reduced to a dependence on % Also notice that, for the
sake of simplicity, we often work in isotropic coordinates in region I; the conclusions we
get clearly hold on region I’ as well simply by translating the results in Schwarzschildian
coordinates and by the symmetries of the Schwarzschild spacetime. Consider the new

time function on {|x | > Kym} given by

ty, =1y, — W, (2) (2.8.4)

for wy, as in (2.6.26)-(2.6.27). Define then M= Mn {lz| > Kym} N {Z, > 0} to
be the set of points of M lying above the barrier. Let u = 7|y and let us denote by
v = v; (u) the quantity defined in with respect to 71, by K’ and by H’ the second
fundamental form and the mean curvature of the time slices of 7, respectively. Then the
boundary OM = {u = 0} Ly Cr, where €, C M N{|x| > Kym}. We now consider the

equation ([2.2.15)) with respect to the time function é‘vb, which, due to the geometric nature

of the mean curvature, reads
0= divM(Oz;b grad,, u) + divy, I,

where Z, is the future-pointing unit normal to the time slices of . Multiplying by
az Y(w), where ¢ € C'([0,+00)), with ¢(0) = 0, ¢(s),¢'(s) > 0 and integrating by

parts, we obtain

0= /N divM(oébw(ﬂ) grad,, u) dVy; — /N Ongw(ﬂ) (grad,, u, grad,, Ong> dVis

M M

- [ et @l madu T Vi + [ g 0@ diva 5 dvi

- _/C a%b@/)(ﬂ) (grady, 4, vey, ) doe, + /Magbgb(ﬂ){jﬁo AV
Ky




81

- [oum@ - (U0 4 S 0K Se)) e (285)

~o0  ~o d. @ do @ . . .7
where K = K ( £200. . BBOM L) " the vector field vg, is the unit normal to €k, in M
Tgrady, @ Tarada o] ) o b

pointing towards the asymptotic flat end and dV),, dUch are the volume forms on M

and on the portion of its boundary €y, , respectively. In the above identities we used

(2.2.14) and (2.2.16)) and the identity 1 = ¢ — ’7;_11. Recalling the mean curvature of the

barriers %D%Kb’ . as in Proposition and specifically by the computation ([2.6.31)), there
holds H = O(| @ |"2¢). We remark that for all the quantities involved in this proof, the

notation O(| « |~*) corresponds to a control on {| ¢ | > K,m} by constants depending on

b,e,Cf , Ky, and of m consistently to the scaling.

From now on, all the estimates of this proof will be performed with m = 1 and can

be suitably rescaled to any m.

We first compute a; and K’ to estimate the quantity in the brackets of the last

term of (2.8.5). Let us recall the definition of Z;, in ([2.7.12) and of ¢, in (2.7.11)), which
on {|x| > 2r3} coincides to t — uy,(x) with uy, as in Proposition [2.6.1, We then obtain,

with respect to isotropic coordinates,
dzy, = dt — bdzy — 0, f, () dz; — d;wt (|z(x)|) dx; .

Since 9; fi, (x) = O(|x |™1) and d;w* (|z(z)|) = O(| z|~17¢), we obtain

02 = —(dh, ddy) " = (N2 — oyt (b +O(| 1))~

4%
1
=——+0(z|™).
Finally, since the tangent vectors are spanned by X; = 9; + (b+O(] x|™!))d;, we see that

IN(O(XZ-, X;) = —a;bdgb (vxi Xj) =0(z|™).

Hence, we can estimate for some constant C'; > 0 the quantity

Oégb ~0 ~o0 ~ 01

To estimate the first term of the right-hand side of ([2.8.5)), we first assume that
L= supu — élf(b — Cpe > 2K, > 1, (2.8.7)
M

where Cy, . as in (2.8.3)) and 6{% = Cf, +4(Ky, + b Ky, + Cf, log(Ky)), with Cf being
the constant given by Proposition [2.5.3] In fact, if this does not hold, we could already
conclude. Now, by the properties of ¢}, in Theorem and by definition of the height
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function u, we have that for p € €k, C {|x| = Ky} there holds

u(p) —supu > supu — 6’{% > p+Cre >1>0. (2.8.8)
oM M

The first inequality follows from the fact that supy,; © = 0 and from the definition of éf(b

in terms of C}(b. In fact, considering the value SUDg,. U, by in Theorem [2.7.1}, we

have sup,, u — SUPg, U < CII@‘ The first inequality in then follows by showing

that the oscillation of u on €, is bounded by 4(Ky, + b Ky, + Cj, log(Ky,)). This can be

obtained by assuming without loss of generality that K}, > 6, and observing that

¢ 2 4 AT—2 (2K, +1)°
"Duls, <1 Ny° < Groym, 17 < 2- (2.8.9)

Now, the estimate (2.8.8]) ensures that the hypothesis of Theorem (1) are satisfied

and this provides for p € €k, the pointwise estimate
o0, (M)], < C (€, CF, ) -

We remark that this crucial estimate holds only in virtue of the properties of the time
function 7y, as in Theorem [2.7.1] ensuring that the time-dependent Bartnik’s conditions
are satisfied. Notice that £, —), = Wy, (x) and hence on {| ¢ | = K.} the quantity
¢4, 1s comparable with ¢(p) by [Bar84, Lemma 3.3] by a fixed constant. This, combined

with (2.2.14]), yields the estimate

< s]1\14p¢(ﬂ)/ laz |V o2 — 1 dog,,

Cry

/ ozf;b@b(ﬂ) (grad, u, vey, ) doeg,
Cr,

< Cy supy(u) (2.8.10)
M

for a constant Cy = Cs (C,, Ck.» Ky).

On the other hand, considering M asa graph in isotropic coordinates over a domain

Qc {t = 0}, the induced metric on it is given by g;; — N? d;u d;u and hence

dVM = 4/ det Gij 1}_1 .

Again, by [Bar84, Lemma 3.3| and the computation (2.6.31]), we can then estimate

/~ong¢(ﬁ)17ﬁo vy < —03/~¢(a> @[ da (2.8.11)
M Q

for Cy = Cs (inf |az, \/det ij|,€,b, K1) . We can now plug (2.8.6)), (2.8.10) and (2.8.11)
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in to obtain
"(u 4
Cs/ E |2+6dw < Oy SUPQ/J / Y(u <1zi((ﬂu)) |a:|2> dVs (2.8.12)

Finally, still using (2.8.9), we can estimate for any q € M and p € {|x| = Ky} the
quantity
t(q) — t(p)| < 2(|z(q)| — K)

and consequently, there holds

u(q) = t(q) — up(q) — W, (q) (2.8.13)
> t(p) — up(p) + up(p) — Wy, (q) — 2(|x(q)| — Rom) (2.8.14)
= u(p) + up(p) — Wy, (a) — 2(|z(q)| — K)
> Sup u — 6}I<b — Ckpe — b Ky — O, log(Ky) — 2(| 2(q)| — Kb)

M
=p+ (2—-Db)K, — Cj, log(Kyp) — 2| z(q)]
> p+2—2[x(q), (2.8.15)

where we used that, up to taking Kj, large enough, (2 — b)K;, — Cf, log(Ky) > 2. The

above estimate implies that for any q € M we have

(1 +2 —(q)) (2.8.16)

l\DIH

|x(q)] >

Now, we can define a suitable function 1) modifying the one in [Bar84) proof of Theorem
5.3|, as follows

4C) (n+1)"2log s if0<s<l1
log(¥(s)) = 4C; (u+1)"" (u+2—15)""(s—1) ifl1<s<upu (2.8.17)
Ci(s+2—p—4(p+1)1 if u<s

with ¢(0) = 0, so that

@ A4C) (u+1) 2571 ifo<s<l1

Pi(s) d .

s = - log(¥(s)) = {40 (n+2— )™ if1<s<p (2.8.18)
C if u<s

Due to (2.8.16)), it holds that Cy|x |2 < 4C; (u+2—17) > = wu)) for 1 < u < p and

clearly Cy|z |72 < C) = % for w > p since | x| > K}, > 1. On the other hand, we have
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that

ﬂ:u—@}bzsupu—C]I(b—C'b75m:u>1
M

and so we conclude that the second term in can be neglected. Finally, we see that
S suputChe = pi+ Ch +2C,,

and consequently, by the definition of 1, we get
S}\lJp Y(u) < exp (2 + 51[% + 20b7€> :

Now, since ({2.8.13) implies that for |« | < 4 it holds u > p1 42 — p = 2, then we conclude
that on {Ky < || < £} we have (@) > 1 and hence (2.8.12)) reads

03/ ’iB |—2—adw < (4 / w(a” T |—2_‘E < Cyexp <2 + fCV'IQb -+ 20]375) .
Ko<|z|<b Q

After integrating, we obtain a bound on p. Rescaling back to any m > 0, this allows to
conclude that

sup u = (u + 51[% + C’b@) m < Cym
M

for a constant C}, = Cy, (C’O, C’[Qb, Ky, e, b, C’b,s). n

2.9 Proof of the main Theorem

Some final preliminary results. We start by addressing the preliminaries for the
symmetry statement in the main Theorem [2.4.4] showing that boundary data which
are invariant under the isometry (X,T) +— (=X, —=T) produce solutions containing the
bifurcation sphere. For the sake of the proof, we need the uniqueness of solution to the
compact Dirichlet problem. This is ensured on globally hyperbolic spacetimes satisfying
the so-called Timelike Convergence Condition Ric(V, V') > 0 for any timelike vector field
V', which is trivially satisfied in our case since Ricgx = 0. This statement has been
addressed under different hypotheses in [Cho76; Cho77; BF78; |Ger83; MT80|, but the

formalisation, as we need it, can be found in |[Bar88b, Section 1].

Lemma 2.9.1. Consider a compact mazimal hypersurface M = {T = F(X,0;)}, given
as a graph of a smooth function F' over {T = 0} and satisfying the hypotheses of The-
orem [2.8.1. Assume that the two connected components of the boundary are symmetric,
namely OMy coincide with the image of OMy under this isometry. Then {X =T =0} C
M, id est M passes through the bifurcation sphere and it is fully contained in the regions
[ andT.




85

Proof. Consider a maximal hypersurface M = {T = F (X, 6;)} with symmetric boundary
data as in the hypothesis. Applying the isometry above to M produces an hypersurface
M = {T = —=F(=X,0;)}, with the same boundary data due to their symmetry. By the
uniqueness of the Dirichlet problem —see the discussion above—, we have M = M , namely
M is invariant under the isometry. This, in particular, implies that F(0,6;) = —F(0,6;)
and this shows that the bifurcation sphere {T = X = 0} C M. Again by the spacelike
condition, the hypersurface M has to lie between the null hypersurfaces {T = X} and
{T = —X}, namely in the regions I and I’, corresponding to the two copies of exterior
Schwarzschild. m

Before proving the main Theorem, we need to construct a suitable family of boundary

data on &7 for the sequence of compact Dirichlet problems.

Lemma 2.9.2. The spacelike hypersurface 8¢ = {%, = 0} can be exhausted by a sequence
of bounded connected sets {Uy}32., with boundaries 0%, = X3 = (33)1U(X2)r consisting in
two connected components (X2)1 in region I and (33)y in region I, such that there exists
a uniform constant Cs, = Cx(k3) independent of k bounding the spacetime Riemannian
norm of their spacetime mean curvature

g (S < 29.1)

where || -|| is the time-dependent Riemannian norm defined in (2.2.5)) with respect to the
time Zy, of Theorem and %%(Z%) is the spacetime mean curvature of Y2 as defined

in [2.2.11).

Proof. Consider the coordinate spheres {r = km} N {t = 0} in Schwarzschildean coordi-

nates for £ > kg and we take the graph of up|{y—gm}, namely
Spo={t,r0;) : r=km, t =u(r,0;)} C S7,

for uy, defined in Proposition 2.6.1] We claim that these boundaries of the exhaustion
8¢ N{r < km} = U, satisfy the desired features. The tangent vectors to ¥} are spanned
by X; = 0; + 0ru,d; and induced metric

P, (gk)H<gk>JJ6[Ub Oyu,
(1-— hm|dub|§k) ’

(952)10 = (9k) 15 = hon O, Dy, (g52)" = ()" +

where g, = (km)?gge is the induced metric on {r = km} N {t = 0}. On the other hand,
the normal bundle to 2 is spanned by

(00 + Pon(9) O 01) N (0 + D)
Vi /1 = hldun|2. V1= 02, (0u,)?

% ‘ {r=km} -
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which are also elements of an orthonormal adapted frame in the sense of (2.2.5). We then
notice that using the form of the Christoffel symbols (2.3.6), (2.3.7) and (2.3.8]) we have

= = =r =K
VXIXJ:Va,a;Jr@Uub@t:FIJ8T+FIJ0K+0Uub8t.

Notice that Orup, and Orjup, are bounded as 0 = %8%. Hence, to compute the time-

dependent Riemannian norm ([2.2.5)), we need to check the boundedness independently of
k of the following two quantities

(Fas (21, 50)| = | =)™ (T, X0, )|

h =K
= (o) | 7=,y (100 + [Pt
< ‘(92%) \/1 ~ Dol 2, Oryun| + |70k

which decays to 0 like (km)~2 as k — oo and

= |~(9)" (Vx, X5, V1)

’<%5(2i), W>

h
< 2 U‘ — " ((k 2 R | Orup | |0
< ’(gzk) \/1 " hmldusl, ((km)(gs2) 1. + I |Orun| [Orsun|)
which decays to 0 like (km)~! as k — oo. This concludes the proof. O

Proof of the main Theorem. In the previous section, we established the a priori height
estimate in Theorem [2.8.1] This ensures an a priori gradient estimate by Theorem [2.2.5
due to the properties of the time function constructed in Theorem [2.7.1] The existence of
such a time function, in turn, relies on Proposition [2.6.1] to ensure the presence of barriers
on a suitable choice of time slices for large radii, on the definition of a new time function
in Proposition and on the monotonicity result in Proposition [2.5.3] Having then
defined in Lemma a suitable sequence of codimension-2 boundary data on &7 , we
have all the tools to prove the main theorem.

Proof of Theorem[2.4.4] The proof is analogous to [Bar84, proof of Theorem 5.4|, but we

will expand some of the steps.

Consider the boundaries {32 }%° | of an exhaustion satisfying (2.9.1)) as in Lemma
of the spacelike hypersurface 87 = {7, = 0} given in Theorem [2.7.1, For any fixed £,
the existence of a solution to the Dirichlet problem associated to the maximal surface

equation with boundary data Y32, reading
Hyr (M) =0, oM, = %3 (2.9.2)

is ensured by the presence of the barriers at the crushing singularity as in Lemma
Proposition and by |Bar84, Theorem 4.3]. We point out that, alternatively, one can
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argue directly by using the same a priori height estimate and the consequent a priori gra-
dient estimate given by Theorem [2.2.5}(i) that need to be established in the following for
constructing the desired hypersurface My, as a (sub)-limit of { M }7° ;. As mentioned at the
end of Section[2.2.1] the existence of such solutions relies on the Leray—Schauder fized point
theorem in the version |Bar84, Theorem 4.1]. Since for this sequence of compact Dirichlet
problems, we work on compact regions of the globally hyperbolic spacetime (Sﬁ, gﬁ),
the construction of such solutions is performed by considering graphs in Kruskal-Szekeres
coordinates (2.3.16). In particular, all the solutions read {T = Fj(X,6;)} for smooth

functions Fy : Q C {T =0} — R.

Now, for any N € N let us consider the compact set %y = {|X| < N, T =0} C
R x S? in Kruskal-Szekeres coordinates. For any sufficiently large k, %y C Q4, so Fj, are
all defined on . We observe that the result in Theorem [2.8.1| immediately provides a
height estimate uniform in & for the sequence {M;}72 |, with respect to the time function
¢, of Theorem [2.7.1 We can then apply Theorem [2.2.5}(i) as its hypotheses hold due to
the properties of 7}, in Theorem (1) combined with the fact that all the boundaries
3} lie in the time slice 87 = {Z, = 0} and satisfy by Lemma . This provides
a uniform control on the geometric quantity #, (My). Now, due to the barriers at the
crushing singularity Lemma [2.3.1}-Proposition [2.3.2] we can consider the compact region
{IXI< N}n{r>3m} and the maximum therein of the quantity —(%,, J), where F,
and I are the unit normals to the time slices of 7}, and T, respectively. Again, by [Bar84,
Lemma 3.3] combined with the uniform bound on v, (My), we find that there exists a

constant independent of k

Cy=Cn | C,, CII(b,Kb,b,s, Ch, sup (T, T) |,
{IX1<Nn{r>3m}

with C, as in Theorem , Ky, and C, as in Proposition and C{(b as in Proposi-
tion [2.5.3] such that
sup vr(Fy) < Cy. (2.9.3)
{(Xi<Mn{r>3m}
Notice that by definition of ¢t (F}) in , the above estimate is not only ensuring an a
priori estimate on || Fy||c1 (%) uniform in &, but in particular is giving an a priori estimate
on the ellipticity of the operator (2.2.26)) and on the spacelike nature of the hypersurfaces,

also uniform in k. By Theorem this, in turn, gives the required bounds, uniform in
k, on the coefficients of (2.2.26]) and the interior Schauder estimate Theorem yields

| Frll 2oy < Cn

for any %y CC Ux C R x S? with Oy = Cn(Cy, %Y, %y) independent of k. Hence, we

can extract a subsequence Fy, converging to a function FY € C*#(%y) for any 0 < 8 <
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a < 1, with
||FI§V _Fki

c2(uy) — 0 as 7 — 00.

Combined with the uniform estimate , which ensures the spacelike condition on
FN . this convergence implies that Hgx (FY) = 0. Then, by bootstrapping the equation
in the form , one obtains ¥ € C*(%y). By a standard diagonal argument on
the sequence of compact sets y for increasing N — oo, we have constructed a smooth

spacelike entire hypersurface M, — (€5, g%).

m

In addition, by construction, the hypersurface M, is asymptotic to 87 € 9By, as
required in (2.4.2]). This follows from the fact that the a priori height estimate in Theo-
rem ensures that all the solutions M, satisfy (2.8.2), namely on {|z| > K} they lie

. + . . .
between the barriers %7 _ as given in Proposition .

The fact that this entire maximal hypersurface contains the bifurcation sphere {T =
X =0} € M, is an immediate consequence of Lemma on each of the solutions M;,
which have been constructed with symmetric data as a consequence of Theorem [2.7.1} (i)
and Lemma [2.9.2] The uniform convergence of their height function to F}, transfers the
property to My,. Finally, since M, is spacelike, it is contained in the regions delimited by
the null hypersurfaces {T = X} and {T = —X}, that is, in the regions I and I'. O

2.9.1 Exterior solutions in exterior Schwarzschild

The employed technique to tackle Theorem can be used to show the existence of
exterior solutions in exterior Schwarzschild for a natural class of boundary data, extending
the results in Minkowski by [HY21]. We will sketch the proof.

Proposition 2.9.3. Consider the exterior Schwarzschild spacetime (2%,9%) given in
Schwarzschildian coordinates and a connected codimension-2 surface . contained
in a spacelike hypersurface ¥ — &3 — {r > R, > 2m}. Assume that there exists a
smooth function @ : R*\Bg, — R and a domain Q C R*® with B, C Q such that

S*={t=p(r0)}, T={t=p@lalrbn}.

Then for any b € (0,1], there exists an hypersurface My, with boundary ¥ and asymptotic
to S, € By, as in Theorem [2.4.4)

Proof. The proof is similar to the one of Theorem [2.4.4, We need to construct a time
function so that > belongs to the zero-time slice. This can be obtained by gluing the
time function generated by &3 via staticity with the time function generated by the
hypersurface &), € By, given by Proposition 2.6.1] The gluing procedure is similar to the
one in Section [2.7] It is then easy to see that the weak version of the Bartnik’s uniform
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interior condition is satisfied between any two radii in exterior Schwarzschild; combining

this to Proposition and Lemma [2.9.2] we have all the conditions needed to prove the
claim as in the proofs of Theorem [2.8.1] and Theorem [2.4.4] O]
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APPENDIX

A.1 Bartnik’s spacetime conditions on the new time

function

The computations of this section are dedicated to proving the bounds in terms of
the time-dependent Riemannian norm induced by the new time function T defined
in Proposition Recall that by the definition of ?|| || in (2:2.5), it is sufficient
to compute and bound in absolute value the tensors log oz, V7 and their covariant

derivative on any combination of the adapted orthonormal frame

{9:7‘7)(7‘,71}7 I:172

as given by (2.5.17)), (2.5.18) and (2.5.19)).

The notation will be consistent with the one provided for the Kruskal-Szekeres co-
ordinates in Section In particular, we recall the definition of &, in (2.3.16|), which

computed on a radius kgm reads

32m? _«
T = C (ko) m?,

Em(kom) = Ko

with C(k) independent of m. On the other hand, we highlight that the Kruskal-Szekeres
coordinates T, X are scaling invariant. These two fact allow us to check that all the

estimates scale as expected.

Throughout this appendix, when estimating quantities by their value on a radius

rom > 0, we will denote by C(kg) any constant depending on k¢ but not on m.

The desired final estimates to prove (2.5.12)) are (A.1.4), (A.1.10), (A.1.22)), (A.1.46)).

Bound on log as
The lapse computed in (2.5.15)) can be written by the identity (2.3.17) as follows

2m . (14X =T?)

= —= ——€ 2m

T r 1+ f

91
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1+f r 2m

1 2m r
=—— |1+ —(e2m -1

1+f(+7“<62 >)

Now, we can easily compute the upper bound
a2 <1 (A.1.1)

where we used that ﬁ < 1 combined with lim, (1 + 27’”"(e*ﬁ — 1)) =1 and

d m d 2 T 2 _r 7#
- (1§m2(1+x2—T2)) S (1+—m(e o —1)) =l (l—em) - 50,
(A.1.2)

as it is equivalent to 22 > —4— or ezm > L + 1.
T 2m

e2m —1

On the other hand, a lower bound can be computed by plugging (2.3.17)) in (2.5.16])
and getting

1 1 1

= >
T2 1 - 1
T Y )

Again, one can check that L is a monotone increasing function of r and

1+ (1+(ﬁ—1)eﬁ)

hence for r > kym, we have

a2 > (A.1.3)

—o
—
—
N
—_
+
| o
—~
(DI
w‘o
|
[S—y
S~—
~__
V
o

1+ (1+(%0—1)e5§)

Combining (A.1.3) with (A.1.1)), we conclude that on {r > kym}, there exists a constant
Cy, = Cy(Ko) such that
[og az[| < Co(ko) - (A.1.4)

Bound on V log az

Observe that 2dlogaz = 2a%1doz.r = oz%2doc_2T_, so we compute

s 16mA0 ) €0 (14X T?)
ot = (oo T) 4 )

Tom? 14/
i <5m1(61mj (ij—f%)) (116:1;((21;1;)) dc%? dr 16m§(§1m+ £ (XX = TdT)
- gTé:n;L(TQJF_ij ) (0 fax + or faT)
_ _gimz% (1 + 277”) j—;’; (XdX = TdT) + 15— (XdX = TdT)
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57 (Ox fdX + Or fdT)
P

_ <1+X2—T2 - <1+7>) (XX~ TAT) — (1 (O faX + Oy faT)

where we used ([2.3.24]) and (2.3.23). One can then find, recalling the definition of the
function f in (2.5.16))

f

2
an:2T(1+(1+x2)f), oxf=—2 I

S X(1+X*=T*) 4+ (1+X?%). (A.L5)

We now have to compute dlog as on each of the elements of the adapted orthonormal

frame.

Bound on dlog a.T.(P/t ). For simplicity, we split the calculation in parts, computing

XT X2T T
XdX — TdT 14+ X209 +—8):——T 14+X2 = ———
( (VIR ) = e T NiESe

and, recalling the definition of the function f in (2.5.16]),
XT axf XT
AX+ 07 fdT) | V1I+ X207 + ——= VIHXE 4 ——
2f V1+ X2 X?
- ff <1+(1+X2)f— 1+Xzf((1+><2—T2)+(1+x2)))
X2(1 4 X2 — T2)
1+ X2

L+ f+fX2—fX2—f

_2f V14 X2 <
==

2

B T {(, T2X?

“ e v (U o)
1 ]

Vén(L+ 1 +X2—T2) V1+X?

We can finally compute
Em 2m 2
120y =
(8m2 ) Tl
2

T2x2
TATHarxE-TY) (”f_ (1+x2>2) '

: \/§(1+X2—T2) < 8m? + 1+X2—T2> < m (A.1.6)

where we used that T? < 1+ X2, f > 0, the monotonicity given by (A.1.2)) and the fact
that

05202(7)] =

1 1 1
= < 1.
1+X2_T2 1_|_(L_ )eﬁ—l_i_(m_l)e'%o (A17)

2m

again by monotonicity.
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Bound on dlog ozf(f/x). As before, we split the computations, starting with

(XdX TdT)< all (9T—|—\/1+X2(9x>—— X xyizxex X =T
VIt X2 VI X T VIEX?

and, using (A.1.5)), the following identity

(axfdx+andT)( aT+\/1+x2ax)=M+axf\/1+x2

XT
NEDe Ve

X X2
:2f—W ((1+(1+x2)f)—%((1+XQ—T2)+(1+X2))>
_op X 1+ X? 1+ X2 2fX
a fm (1+X2—T2 o 1+X2—T2) Vel
Combining the above, we get
-2 2(17 _ 1 |X| Em (1+27m) _ 2
}04 da (Vx)‘ = \/ém(l—l—f)(l—l—Xz—TQ) VIt X2 ( 82 14+ X2—T2
_ 2
1+ f
RV c o) < 6m? 1+X2—T2+1> =T
(A.1.8)

where the bound follows from the monotonicity of the quantities involved, as computed
above.

Bound on dlog af(f?[). It is easy to see that

|0z%2da%(171)‘ =0 (A.1.9)

Combining (A.1.6), (A.1.8)) and (A.1.9)), we conclude

C(ko) .

:‘[’_ p—
| Viogag| < =~

(A.1.10)

Bound on V T

Bound on V . First, we have

_ XT —
VaxhilzaT(lJrX?aijaT): (1+x28X aT) Trxe o (1+x2aX+aT)
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and hence we need the following computations

XT T 92X2 XT /-x - _
(1 ToeXt aT) ST (1 T1y x2> O+ 7y (Do + Toodr + Tt

+ Ty O + Tyqdr + TorOr (A.1.11)

1+ 1 —i— X2

= XT X XT /=x —T =
VaT (max _|‘ 8T> - X2 8)( _|‘ (FTXaX _|‘ FTXaT ‘I‘ FTX81>

We then obtain

XT TOOXT v =1 XT* v | XT
v (2] 2t 2

_ XT X T 2X2 XT —x
{vaﬁlﬂﬁ (1+X28X+6T)} 1+ x (1 B 1+X2> * 1+X2FXX+FXT

n X2T N X2T?2 > XT KT %
(14+X2)2 " (14X2)2 ™ 1 4x2 T
T X2T? =T XT —x
= T U aee ) A e
Combining these results, we have
_XT XT
X2T? \ =1 XT —x
“ & e+ (14 ) T 2

g KT r XT (L XT N\
(14+X2)2°TT 14 x2 (1+X2)2) XX

T X (o, XT
T (14 X2)2 (1+ X2)2 T4 xe XX

T X2T? X2\ o1
:fm_m*(“m) (“m)FTT]

_ T 2 2 T? Em 2m
= Ty [H ((HX -1 )+1+x2> 16m2 (HT)]
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e T [ & OAX T () 2m
"1+ X2)2 16m? r ’
where we used fix = —%f;, as in (2.3.26]). Hence, we finally get

gfg (v‘”/xfj/t, ‘7x>

1+ X2 XT
R E . S ( |
1+ X2
B _(é (1+H1+X = ) ( X O Vo XT@T<8X+1+X2 )>‘
1+ X? X1
_ T & [1+5m(1+x2 T+ 1) (H_”
V14 X2 ($m(1+f)(1+X2—T2))% 16m? r
- 1 [ L[, 2m
_\/5 (1+X2_T2)3+ 1+X2—T216m2< +T>
< CSO) (A.1.13)

where we relied on the usual inequalities T2 < 1+ X% and f > 0.

Now, we easily get the remaining bounds, since
295 <§~ 97 o~) Vx (Qm <§]j g/‘)) =0. (A.1.14)

and since the following computation

XT 7 XT —y — X272 _ XT —J
{vaﬁ . 8T< Ox +8T)} SEAL r;ﬁT+—>riX ST =0

ot \ 14 X2 14Xx2 %% (1 + X2)2 1+x2 7T
implies
ok (V7. V7) = 0. (A.1.15)
Bound on V . We first compute

o [ XT XT ox =1 X Ty
Vo, (—ax + aT> = 13 (T + Tixdr + Tixds ) + Tiedx + Tpror + T2,

XT -y = X2\ =7
= ( XQFIX F1T) 0y = (1_1+X2>FIT8J
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where we used that F}TX = —%fiﬁ as in ([2.3.26]). It thus follows that

o (V5,9 ) = Y2 ox (9,515

r

\/ gSQ \/ 14+ X2 K

+f 1—|—X2 T2) 9m (1+X28X+8Ta v81VX>

\/ 2 1+ X2 XT ~
gS \/ T2) <V61 ( Ox + 81') , Vx> =0

En(l+ f)(1+ X2 — 1+ X2

(A.1.16)

On the other hand, by similar observations, we obtain

(7070
V(gs2) " (gg2) <K 1+X2 = ( XT
_ S S e gg Vo, 1 —0x+ 07 | ,0k
1+ X2 1 = ’

z RS CED
= \/(QSQ)H(QS?)KK (9s2) 75 \/fm(l + 1 4+X2=T2)1+X2 Urr

_ Vge) (92) 5K (92)axc 0 [T] &
Ve + I+ X2 —T2) V11X 4dmr

1 fm C(’%O)
< < . A1.17
T Amr V14+X2 -T2 T m ( )
Finally, we easily see that
29K (VVI§,§> ~-7 (gg (5‘ 5‘)) ~0. (A.1.18)

Bound on 793?. First, we have

XT — X — XT
vlilzawa(lJrX?aX aT) T Yo (1+X23X+6T>+v&(1+x2ax+&)

Now, directly from (A.1.11)) and (A.1.12)), we get

\vi XT ! X*T? 7 XT —t XT —
[VHXQ@XMT (1 e aT)} - mrxx e e ——Trx+Trr

X2T2 N\ o XT -
B (Hm) Crr 29 Do
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_ XT X XT2 2X2 X272 _x
A O — 1— r

{v&zaﬁ& (1+X28X+ Tﬂ (1+X2)2( 1+><2) X xx
XT —x X XT —x

—X
Tt e P b

B X " T2 2 ] n 2XT FT
T 14 X2 1+ X2\ 14+ X2 14+x2° 1T

X2T2 —X
1+— | T
*( +<1+><2>2) X

Combining these results, we have

_ XT XT
K _
bm <V11128x+<‘% (1 +x2ax+aT) O 1+x2aT> -
X " T2 1 —T
1+ X2 1+ X2 1+x2 Trr

s X272 X XT S X272 o X272 %
(1+ X2)2 Poc = 1+ X2 (1+4+X2)2)7 T 714 X2)2" X%

=&n

=&

X 1 T2 n X212 il
1+ X2 rx 1+X2 1+X2 (x0T
X2T? 0\ =x
! (1 e +X2>2> b

X ) g 2T X2T? T2\ x
(14 X2)2 <(1+X _T)+1+X2)+(1_(1+X2)2 =1 ) P

o | (98- T+ )

e — T4yt T (1 + 2—m>]

=&

=&

16m?2 r

where we used that f; = —%fix, as in (2.3.26]). Hence, we finally get

o (V7 %) =

B ( 14X )
e naee -
_ X !

VIFXE Jen (14 D +X = T2

Njw

XT XT
gn <V11X28X+8T (1 +X28X+8T) Ox + 1 +X28T)’

((1 + X2 =TH(+ f) + : IQXQ)
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142
16m?2 + r

Gl X T+ ) ( 2m) '

1 2 VEn(1+X2—T2) 2m
Y/ o o <1 T arx T2)> * 16m? (1 T )
< Clro) (A.1.19)
m

where we used that [X| < v/1 + X2 and the usual inequalities T?> < 1+ X2 and f > 0.

Now, we easily get the remaining bounds, since
208 (V57.7) =7 (9 (7. 7)) =0. (A.1.20)

and since the vanishing of the Christoffel symbols Tix’ fiT, fiT, as in (2.3.26]), gives

- XT !
T son (Tt on)| =0
which, in turn, implies

gl (79:97‘, 171) —0. (A.1.21)

Finally, combining (&.1.13), (A.1.14), (A.1.15), (A.1.19), (A.1.20), (A.1.16), (A.1.18)
and (A.1.17)), we obtain

=~ C
75 < Sl (A.1.22)
m
_2 ~
Bound on V' I
Bound on V%/Xf/xgo/: . Recall that
_2 ~ J— — ~ —_ ~
Vi =V (Vo T) - Vo5 (A.1.23)

From the computations (A.1.14) and (A.1.15)), we have 7‘7)(9} = gk <7‘~,XF},X7X> V.

Hence, we obtain

va <7‘7X§‘> = ‘7)( (gffl (V;,XP/N”, ‘7)()) ‘7x + gﬁ (ﬁ@p}*’ ‘7x> VVX%(

On the other hand, it holds
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due to the computations

208 (T, T, 1) = ¥ (o8 (W T%) ) =0,

o (Ve 7% ) = W (ol (7)) = ot (% Vi, 7 ) = ot (Vi 70 1%)
which can be found in and the fact that
O <vx7x‘7x, ‘71> =0,
due to the vanishing of the Christoffel symbols fix,fi-r,f-{--r, as in ([2.3.26]). This gives
Vo 5T = (V7. %) V57 .

Combining the above, reads

Vi T =V (o5 (Vo 7 %) ) - o (Vi, 7 %) ot (V70 %) 7

+ gk (v@&:, 17x> V.T (A.1.24)

M

Now, computing the second and third term on the right-hand side of (A.1.24]) against
cr(n'zo), just by
applying (A.1.22). We are then left with estimating Vx (gg <v‘~/x.°/:, 17x>) Now, using

the explicit computations (A.1.13), we find

Ox (97{5 (Vf/xgz, Vx) ) =

any vector of the adapted frame gives a quantity that can be estimated by

&[ T | <1+5m<1+x2T2><1+f><1+2:f‘)>]
VIR Jen (14 1+X2 - T2)° 16
X 1 <1+sm<1+x2T2><1+f><1+%i”)>
L+X)2 fe, (14 £)(1+ X2 = T2))° 16m?
LT ( o =+, )6r
VI+X2 2\/(§m(1+f)(1+x2—T2))3 32m2\/En(1 4 f)(1+ X2 =T2) | OX

B3OSR =T) +2X(+ ) Ve (1 +2) (xf(L+X* = T2) +2X(1 + f))
2\/§m (14 f)(1+X2 = T2))° 32m2\/((1 + )1+ X2 - T2))?

and

ot (Qfg (Vf/xgz, Vx) ) =




101

o | T 1 <1+gm(1+x2—T2)(1+f)(1+2;")>
VIR fe (1 pa+xe - T2)) 16m?

1 1 <1+§m(1+x2—T2)(1+f)(1+2;n)>
viex: \/ﬁm (L+ )1 +X2=T2))° 16m?
b= (- i e -ome o
vi+Xd 2\/(fm(1+f)(1+XQ—T2))3 32m2\/Em(1 4 f)(1+X2=T2) ) OT

C3OrfAHX =T =2T(A+ /) VE (1+22) (rf(L+X* =T —2T(1 + f))
21/ (L4 (1 +X2 = T2))° 32m2\/((1+ F)(1 +X2 = T2))?

Combining the two above and plugging in the derivative of &,, given by (2.3.24]) and the
derivatives of the Schwarzschild radial coordinate r with respect to the Kruskal-Szekeres

coordinates T, X as in ([2.3.25)), we obtain

o (gg (V5.5.1%) ) P X or <gm (V5,5 1%) ) _

XT XT )
(14x2)%  (14x2)3 (1 N En L+ X2 =T+ f) (1 + T))
T2))°

e 16m?
L TX (1 1+x2) (6m)? 16m? (1 + 2m) Lo (e 2m)? . dn?
V1+X2 256m* fm\/((l—l-f)(l—FXQ—TQ))g VI +H+X2-T2)

+( <1+X20Tf+8Xf) (1+ X2 =T%) +2(1+ f) <1IQXQ—1>)

( 3 N Vém )]
2/6m (L+ A +X2=T2)°  32m2\/(1+ )1 +X2 —T2))?

_ X [0 X - T omt (12 ()it
VI X2| (14 X2)256m* ém\/((Hf)(HxLTz))s VIO +X2-T2)

B (Qf(1+X2—T2) <1+f(1+x2)—1— 1+x2T2> +2(1+f)(1+x2_T2)>

1+ X2 1+ X2 1+ X2
i i)
2/6n (14 HAHXE -T2 32m2,/((1+ F)(1+X2 - T2))°
T X +X2-T?) (1 + 2m) ) (fm)%<(1+27m)2+4$2)
VI XZ (1+X2)16m \/fm((1+f)(1+x2_T2))3 16m?y/(1+ f)(1+X2 -T2
—2(—f+1+f)< ° ¥ Ven )]
2/6m (L+ F)1+X2 T2 32m2\ /(1 + )1+ X2~ T2)
T X NS (&)} T+ X = T2 (1+ 22 4 27
CVIEX IR 8mr\/(1+f)3(1+x2—T2)+ 256m4y/1+ f




102 APPENDIX

3
e+ NP+ X2 —T2)3

)

where we used the identities (A.1.5)). It follows that

(o (7.5)

) L4 X LIS v
NGO NI =T VI3 L+ X [8mr L+ PP+ X — 1)

Vém(L+X2 = T?) (1+47’”+8$2) 3

* 256m*/1+ f B \/§m(1 + /PO +X2=T2) ]

< ! \/_
T VER(L X2 =T2) | 8mry/ (14 f)3(1+ X2 —T2)

()3 /T —T7) (1422 4 8 ) 3

256m*y/1 + f Ven(T+ fEA+X2 - T2)3]
< ! f (1+4—m+8m2)+ ’
— Smr (1+(ﬁ—1) eﬁ) Smr r r2 Em (1_|_ (__1) eﬁ)2
C

< 75520) . (A.1.25)

Combining this last estimate (A.1.25) with the observations for ({A.1.24]), we obtain
C(ko)

m2

‘gm (VVXVXJ Vx)‘ + ’9m (foxf/xov O‘)‘ + ‘gm (VVXV/XQ:, ‘Z)‘ < (A.1.26)

Bound on vé—x‘zg‘ . Recall that

Vi =V, (V7)) - Ve, i -

Again, from the computations (A.1.14]) and (A.1.15)), vf,xf} =gk (%9:, 17x> Vx. This

implies

Vf/[ (V@&:) = ‘71 (gfﬁ (?f/xg, f/x)) Vi + gm (vag, Vx> V;,IVX
o (V5,5 ) T, i

Now, we compute the projections of Vf/f VX, as follows

o0 (o, ) = 7 (a5 (T %)) =0
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gg (vf/lvx, ‘7J> ’ =

_ |V \/ L+ X2 ot (%o (e 2T0n) ) ‘

r? En(1+ /)1 +X2=T2)

= \/(QSQ)H\/(QS2)JJ\/€m(1 T fl)a_ fxz —T?) (ﬂx + X—TffrT) (9s2)1s

_ 1+ X2 Em T2
= 51J\/§m(1+f)(1+x2 —T?) 4mrx <1 a 1+X2>|

. 5[] 5m<1 + X2 — T2) X C(/ﬁ)o)
- 4mr\/ ey < (A.1.27)

=/ T .
where we used '+ = —5 1"y, as in (2.3.26). Moreover, we have

gg <v‘7[‘7)(a<c/:> = _gfrlri <vXavVI§> ;
which we have bounded in (A.1.16|). Since all the terms involving the first derivatives

have already been estimated in (A.1.22), using the above estimate (A.1.27|), we conclude
that

=2 o =2 oo =2 o

C(ko) .

m2

Bound on ﬁ%xgﬁ . Recall that

Vi -G V. (V-G V- -
Vg =V (VsT ) - Ve 5.

Again, from the computations (A.1.14)—-(A.1.15), v;,xf/t =gk (%XP}, ‘N/X) Vx and from
(A120) (A121), V5T = gX (%:97‘, VX) V. These imply

Vi, (Vo7 ) = W (o5 (V57 .7%) ) W + ok (V5. 7%) gl (Vi 7% T ) 7 (A.1.29)

I ~ o~ ~\2 ~
Ve 57 =g~ (v;y, Vx> V. (A.1.30)

% 7

Given the estimate (A.1.22]), we are then left with estimating ‘7x (gg (707.9‘, Vx)) ‘7x-
Using the explicit computation (A.1.19)), we work out the following

o (6 (757.5) -
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1 1— gimy (14 2m) N T2 1
B R e B T

Lo X U e [ om0

VIFXVE | 2 dr \ VIE DT -T5 f(1f e 1)

Sy,

16m2\/1—|—f 1+ X2 -T2)

(1= 5 (4 2) (004X =T 4 2X(1 4 ) + i
2\/((1+f)(1+X2—T2))3

s 3(8xf(1+x2—T2)+2X(1+f))}

X la+ pa+xe -2

or
oX

(A.1.31)

BN Y[ s — T
VI+X2VEn 26m dr \ /(14 (1 +X2-T2) W(Hf)(HXQ_Tg))g
() -

16m2y/(1+ f)(1+X2 = T?)
(1= 58 (14 2m)) @r/(+X2 =T = 2T(1+ £)) - 2L
2/((L+ )1+ X2 = T2))
T2 3(Orf1+X2=T%) —2T(1+ f))
RS 2 /(L4 )L+ X2 = T2))° }

or
aT

(A.1.32)

Combining the two above and plugging in the derivative of &,, given by (2.3.24]) and the
derivatives of the Schwarzschild radial coordinate r with respect to the Kruskal-Szekeres
coordinates T, X as in ([2.3.25)), we obtain

(o (77 5) )+ o3 (67575 ) -

1 ( L1 (14 27) T 1 )

e} VBN =T T8 o (e

X 1
V1+X2VEn

i (1+
(1+

S]]

+

/—/H

[ Lodgn [ 1o (42 e
2m dr | 1+ 1+X2-T?) \/((1+f)(1+X2—T2))3

) 2B Em o TX or
T+X2—T12) | \OX " 1+X20T

v*\s

16m2 \/
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(1- s (14 22)) ((0xf + 13500 f) 1+ X =T +2 (X = %) (1+ 1)
) 2/(1+ )1+ X2 = T2))°

12 3((Bf + Ba0rf) A+ X = T2) 42 (X = £%) (1+ 1))
1 2/((L+ )L+ X2 = T2))° }

1 - (0+%) T !
LX) \Ven(L+ NIHX=T) - 1X e (14 )14 32— T2))?

X 1 1 den [ 1 g (14 2m) e
+ =9 - +
VIHXEVEn ([ 2 dr \ /I + 1 +X-T?) V@ + P +x —T2))?
Bl U .2
16m2y/(1 + f)(1+X2 —T2)
(1_16m2 (1+2m)) 1+><2(1Jr><2 ) T? 31+Xx2(1+X27T2) }

\/((1+f)(1+X2—T2))3 _1+X2¢ 1+ /(1 +X2-T2))°

X &n(l+ X2 — T2)
1+ X2 4m

o (aggmem T 1
(+X2)2 \ Ve + HOFXE =T LEX e ((1p a4 x2 - 2))°

X? (1+X2—T2>{ (1“‘2:1)( 1- 16m2(1+2m)

+ 1+Xx2)2 Ve dm\ V(A + HA+X2-T2)
e >+ fm (14+2m)° 4 2me,

\/((1+f)(1+x2—T2))3 16m2,/(1+ f)(1 +X2 -T2
(-d0e) sk }

Jarnaee-Te o paexe -ty

&n

4dm

+

where we used, by employing ([2.3.25)), the following identity

o TX O Guy TP\ X 614X -T)
OX 14+ X20T 4m 1+X2)  14+X2 dm ’

and, due to (A.1.5)), the computation

8xf+11>§<2 orf=-2f= <f( 1+ X% - T2)+{_(1+x2)—1+TX2—Tf>
:_2fx< T N T T T3 >
TA\LI+X2 14+X2-T2 14X2 (1+X2-T%)(1+X?
_ T2X 1+ X2 -T2
(1+X2-T2)(1+X2)(1+X2-T2)(1+X?)
_ T2X .y X

(1+X2-T2)(1+X2)2 1+ X2°
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We finally obtain

et (99.5)

_ 1+ X2
SV 6+ 1+ X2
1 1

_T2)
1—

16m2

Ox (gfg <V§§, Vx) ) +

™
1+ X2

(1+2)

Va0t DX —T)|1+ X

T2 1

FEXE Jen (1 L+ - T2)

+

)

1 —

16m2

V(L + N1+ X2 -

T2)

(L+27)

X2 (1+x2—T2){ (14 2m)

Em

2m

(\/(1 + f)(1+ X2
(1+22)°

— TQ)
bm

_|_

tirxe N 4m
312

T2
—+
3
1+X2

(1 - 16m2 (1 + 2m>)

16m2\/(1 + f)

4m

) Em
(1+X2-T2)

\/((1+f)(1+X?—T2))
. \/((1 + )1+ X2
(HT

s paexe Ty

2 Em
< 1
T (1 +X2—-T?) ( * 16m?

— TQ))

|

(A.1.33)

Combining this last estimate (A.1.33) with the observations on (A.1.29)—(A.1.30)), we

obtain

o (Vi W&)| + |0k (Tis7 .9 ) | + [ats (V5

Bound on 62@%97‘ . Recall that

—9 ~ _ _ _
~ ~ O __ - - O .
VVIVJJ - vVI <VVJJ ) - VV‘;IVJJ :

(Ve,7.

Vj)) ‘71 + gﬁ <V‘7j9~‘

g

From the computations (A.1.16)—(A.1.18), 7;,Jf’7 K

Ve, (V0,9 ) = Vi (o (Vy, 7.

‘7j> \7J. This implies

Vi) Vi,V
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— ot (0, 5.7) Vi, V.

as one can check by (A.1.17) that the quantity g (ﬁvJQNV, ‘7J> does not depend on the
spherical coordinates. Let us now simply write

V%VJ = grfg (vfflvh vx) ‘7x + gfi (vf/j}h ‘71() ‘71( + gfg <v‘7[‘7j, 9:> g

= —gffl <v‘7]‘7x, VJ) ‘7)( + gfg (7‘7]17], ‘7}() ‘7}( - gf,‘i (vngt, VJ) gt

Hence, we get
o (Vo0, 7 k) =
= ok (V5,7 V) ok (95,7, &) + 085 (V5 W5 7)) 05 (V55,75
+ai (Ve, 7. V) ob (Ve 7 %)
——gb (V5,7 V) ot (V¥ V) + 0t (Ve Vo Vo) s (V55,75
+ gk (3%5‘, V/J) g (%XF}, 17X) , (A.1.35)

where all the terms involved have already been computed and estimated by — due to

m In addition, it holds
o~ o~ -~ o~ \2
o (Yo, 7.9 ) = ot (Ve, 7. Vo) ol (Vi Vi ) = —als (Y, 7. V5) (A1.36)
which can also be estimated by % due to (A.1.22)). To conclude, we compute

o (V40,5 = o8 (V0,570 o (V5,77
-0, (V vy, VK) g (V VK) ok =0. (A.1.37)

Combining the last estimates (A.1.35)-(A.1.36)—(A.1.37) with (A.1.22)), we obtain

C(ko) '

m2

‘gm <VVIVJ./ Vx>‘ n ‘gm (vaO‘ 0‘)‘ n ’gm (VWJJ ,T/L)‘ < (A.1.38)
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Bound on V%/ﬂ:&: . Recall that

_2 ~ J— J— ~ J—
~ O - G . G
VT =V, (V) - Vo, 77

T

From the explicit computations (A.1.20)—(A.1.21)), it follows 70/:9: = gk (ﬁg&:, Vx) Vx,

while from (A.1.16)—-(A.1.18]) there holds ?%97‘ =gk <v‘71.7 , V1> V;. These imply

Ve, (V59) = Vi (o5 (V57 7%) ) Vo + o (V57 ) Vi, T = ok (V57 1) ¥, T
=gk (70,:9” : ‘7x) an (?7,9” : Vx) 7 + gk (7;9” : ‘7x> o (Vi ‘7K) Vi
= gm <W§P/~', VX) am (v@ffx, VK) Vic (A.1.39)
and

T = g <V‘~/IP/”, v,) Ve T = —gX (7‘7197”, %)2 v, (A.1.40)

Combining the computations (A.1.39)—(A.1.40) with (A.1.22), we immediately obtain

o (Vs 17x>‘ +o (9,77 | + ’gﬁ (77,772

I+ I+

< 075520) . (A1.41)

Bound on Vi:y:?} . Recall that

Visg =V- (V;F]) ~Vo 55

N

V2 T

From the computations (A.1.20)—(A.1.21)), it follows 70/:9/: =gk (V&:?/: , Vx) Vx and from
(A.1.14)—-(A.1.15)), it holds Wj‘ = gk (%;7‘, 17x> Vx. We then get

Vo.7T = o (V27 %) Vi T = o (Vo7 1) o (Vi 7 1) T (A142)

m J

and
(V7. W%) ) W+ ol (V59 7%) V5 Tk
o~ ~ N2 ~
=7 (gfi (V~9,Vx)) Vs — o (vdo:&‘, Vx) T, (A.1.43)
where we computed 73:‘7)( = —gi <V~P/z , ‘N/X> T since the following identity hold
20, (79:‘7)(, Vx) =g (Eﬁ
K

g <v§\7x,9t> -9 (g (Vx, §>) — gk (V&:F}, Vx) = —g¥ (Vg?], Vx>
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gfg (vg}ffx, ‘71) = —gfg (Vx,ﬁgf@) =0.

Notice that the last identity holds due to the vanishing of f)l(x, f}x, F)I(T, f;, as in (2.3.26]).

It is clear from (A.1.42))-(A.1.43) that, due to (A.1.22)), we are just left with estimating
T (gﬁ (79:.9:, Vx>> Now, by the computations (A.1.31)-(A.1.32)), we get

Lk Ox <gﬁ (Vggv ‘N/x) ) + 07 (Gﬁ (7&9% ‘N/x) ) =

1+ X2
x ( 1- 16m2 (1+2") L 1 )

' +
@23 \ Ve NIHXE=T) T3 Je (14 14 x2 - T2))?

CoX [T de [ - (043 R
VIEXEVEn | [ 2 dr VA HOEXE=T) 14 pa+xe—12))°

) - B (Tx 0r+8r>
16m2/(1+ )L+ X2 —T12) | \1+X20X * aT

1 ¢m 2m
<1  16m2 <1 + r>>

2/(L+ )1+ X2 = T2))*

<<1+X28Xf+an> (1+X2-TH +2 (1T+X;2 —T> (1+f)>

N 2X*T8 2T
(1+X2)3  14X2

T 3((%8&70-1'&]0) (1+X* - T2)+2(1+x2 _T> (1+f)>}

JREDS 2\/((1+f)(1+x2 —T2))°

TX 1—ims (14 2m) . T2 1
i \Val NI -T) L2 Jen (0 D +x2 = T2))°
L X 1{(1#:”) i () e

b (1+22)" — 2, (_ T m)
16m2/(1+ f)( 1+x2 T?) 1+ X2 4m

_ 2\/((1+f)(11+x2—T2))3 (i (1457)

2T T2X? 2T
<1+X2 (1+f— (1+X2)2> a 1+x2(1+f)>

2T PR T2
(1 X2)2 <(1+X - 1+x2>
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B T2 3(1+X2 (l—i-f fféig) 1+X2(1+f))}
X o paxe -T2

TX ( 1— gy (14 22) T 1 )

I\Vaarpoe -1 1+% Ve (4 )1 +x2 -T2

(1+X2 2

X Vén 2m 1— 52 (14 2m)
— . ! 14+ ==
(1+ X2)2 16m r V(I+ (1 +X2-T2)
T2 m m
+ 1+X2 ) ng (1 + 27) _ 7§m
J@+pa+xe—t2)/)  16m* /0 HI+XE-T?)
m 2m T2X? 1HX? -T2 T2
N T (1 — e (1+ *)> TIX2)2 : ESe: L+ (ESOE
1+ X2

V(@ +Ha+x2—T2))
T4x2
T a+x2)3 }

T VI +Ha+x2—T2)p

where we used, by employing ([2.3.25) and (2.3.24)), the following identity

X 8r+87’ fm_l_ X2 1) - = T &
1+X20X 0T 4m \ 1+ X2 14+ X24m’

and, due to (|A.1.5)), the computation

2

oxf+orf= f( f % ((1+X2—T2)+(1+x2))+1+f(1+x2))

_ f X2 T2x2
f T2x2
2 (147~ )

14—X2

We finally have
7 (6 (757.5)

1+ X2 TX . L
- \/é‘m(l + (1 +X2—T2) 1+X25’x <9f§ <V§9,Vx)> +8T(gﬁ (Vg:g,vx) )‘

1 TX < 1 — i (1+27)

ﬁm T+ HI+X2 =T (1+X2)2 \ /e (T + )T+ X2 -T2

\/gm (1+ F)(1+X2 = T2))>
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_ > @ 1+_ _16m2 +27m)
4m

14 X2 4m +f )1+ X2—T?)
N i >+ i ) Ml ]
VI £+ X2 -T2 16m2¢1+f J(1+X2—T2)
LT (- (%) atm + S5 + whep
viex Ji+ ne+xe -T2y
Ve V4 H+x - T2))

< L 1+ 2= bm 1+2m + !
B 6m(1+x2_T2) 16m2 r 1/1_,_)(2_‘|'2

+ ! P2 (g S 1+2m PR

16m2(1 + X2 — T2) ; 16m 14Xz T2
m m2

+fm<1+“7+8r2)+<1—16m2<1+2m>>+<1+x2—T2>+1
8m?2 14+ X2 -T2

3 ]
\/((1 J)(l X2 |2)>3
O(/’io)

m2

Combining the computation (A.1.44) with (A.1.42)—(A.1.43)) and the bound (A.1.22)), we
get

< (A.1.44)

= ~ = 2 o~ = C
’gﬂ égF/‘,VxﬂJr‘gm( 35%@‘%%@%9%)‘3 (mo). (A.1.45)

m2

Finally, the estimates (A.1.26]), (A.1.28]), (A.1.34), (A.1.38)), (A.1.41)) and (A.1.45)
imply

C(ko) '

NV T <=5 (A.1.46)

m
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Black Hole and Equipotential Photon
Surface Uniqueness in Four-Dimensional
Asymptotically Flat Electrostatic
Electro-Vacuum Spacetimes

Stefano Borghini®, Carla Cederbaum® and Albachiara Cogo

Abstract. We study four-dimensional asymptotically flat electrostatic
electro-vacuum spacetimes with a connected black hole, photon sphere,
or equipotential photon surface inner boundary. Our analysis, inspired
by the potential theory approach by Agostiniani-Mazzieri, allows to give
self-contained proofs of known uniqueness theorems of the sub-extremal,
extremal, and super-extremal Reissner—-Nordstrom spacetimes. We also
obtain new results for connected photon spheres and equipotential pho-
ton surfaces in the extremal case. Finally, we provide, up to a restriction
on the range of their radii, the uniqueness result for connected (both non-
degenerate and degenerate) equipotential photon surfaces in the super-
extremal case, not yet treated in the literature.

1. Introduction

The celebrated static vacuum black hole uniqueness theorem first proved by Is-
rael [42] states that the only asymptotically flat static vacuum four-dimensional
spacetime containing a black hole is the Schwarzschild spacetime (of positive
mass). It has since been established in various degrees of generality—fewer
technical assumptions, weaker asymptotic assumptions, allowing for multiple
black holes, and for higher dimensions—and using many different strategies
of proof. More information and a (then) complete list of references can be
found in the reviews [30,40,61]. More recently, new proofs have been given in
[6,19,23], see also Simon’s proof described in [59, Appendix A].

The static vacuum black hole uniqueness theorem has also been extended
to other matter models, most notably to electro-vacuum, first by Israel [43]
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and then by others in various degrees of generality and using many different
strategies of proof. In the electro-vacuum case, one needs to distinguish be-
tween non-degenerate and degenerate black holes. In the non-degenerate case
or if there is a single degenerate black hole, one recovers a sub-extremal resp.
extremal Reissner—Nordstrom spacetime. In the degenerate case with multiple
black holes, one recovers a Majumdar—Papapetrou spacetime. We refer the in-
terested reader to [30,40,61], also for results for other matter models, and to
[44,50, 53] for more recent results in electro-vacuum. Related results have been
established in the presence of a cosmological constant, see [9,14,31,51,73|.

More recently, the static (electro-)vacuum black hole uniqueness theo-
rems have been adapted to other situations, replacing black holes by pho-
ton spheres and, more generally, by equipotential photon surfaces. Here, pho-
ton surfaces are totally null geodesic timelike hypersurfaces in any space-
time; in a static spacetime, a photon surface is equipotential if the static
lapse function is (spatially) constant along each of its canonical time-slices,
and it is a photon sphere if the static lapse function is constant along it.
They are non-degenerate if dN # 0 along them. In vacuum, uniqueness of
photon spheres and non-degenerate equipotential photon surfaces was first
shown by Cederbaum [21] and by Cederbaum and Galloway [19,26]. It has
since been generalized in the same directions as the black hole uniqueness
results, including to electro-vacuum, to multiple components, and to higher
dimensions by Cederbaum—Galloway, Jahns, Raulot, Yazadjiev—Lazov, see [22—
25,28,34,44,59,75]. For related works, including results for other matter mod-
els, see [10,33,37,47,54,58,60,62,64,68-72,74,76-78].

In this paper, we give a new proof of the static electro-vacuum black

hole uniqueness theorem as well as the corresponding theorems for photon
spheres and equipotential photon surfaces. We allow for both non-degenerate
and degenerate black holes and for both non-degenerate and degenerate sub-
extremal, extremal, and super-extremal photon surfaces (under a technical
condition in the last case) but our results are restricted to a single black
hole/photon sphere/photon surface and to 4 spacetime dimensions. We require
very weak asymptotic decay assumptions. Our proof is based on a cylindrical
ansatz inspired by the work by Agostiniani-Mazzieri [6], see Sect. 4, and may
be of independent interest.
Comparison to previous uniqueness results in electro-vacuum: For non-dege-
nerate black holes, we do not make the technical assumption that the static
lapse function regularly foliates the spacetime made in Israel’s non-degenerate
black hole uniqueness theorem [43]. Thus, we fully recover the uniqueness
results by Miiller zum Hagen—Robinson—Seifert [79] and by Simon [65], allow-
ing for weaker asymptotic decay. On the other hand, we do not fully recover
Masood-ul-Alam’s and Ruback’s uniqueness results [55,63] for a priori multi-
ple non-degenerate black holes as our strategy of proof a priori assumes that
there is only a single black hole. Yet, in the single black hole case, we recover
their results and weaken their asymptotic decay assumptions. We do not in-
clude magnetic charge, so we do not recover the result by Heusler [38], but see
[65] showing a reduction from the full to the purely electric case.
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In the case of degenerate black holes, we do not fully recover either of
the uniqueness results by Chrusciel [29] who obtains uniqueness for multiple
degenerate and non-degenerate black holes with charges of the same sign, nor
those of Heusler [41] who considers multiple degenerate black holes, nor those
of Chrusciel-Tod [32] who consider the most general scenario of combinations
of multiple degenerate and non-degenerate black holes, again because we only
allow for a single black hole. Yet, in the single black hole case, we recover their
results and weaken their asymptotic decay assumptions.

Similarly, for photon spheres, we only recover the multiple non-degenerate
black hole and photon sphere results by Cederbaum—Galloway [24] in the sin-
gle photon sphere case, but allow for weaker asymptotic decay; moreover, we
do not assume sub-extremality of the photon sphere. We also recover the re-
sults, remove Israel’s technical condition, and weaken the asymptotic decay
assumptions of the uniqueness result by Yazadjiev—Lazov [75], and other than
them do not exclude extremal photon spheres.

Finally, for equipotential photon surfaces, we again only recover the re-
sults by Cederbaum—Jahns—Vi¢dnek Martinez [28] in the single equipotential
photon surface case, but allow for weaker asymptotic decay; moreover, we do
not assume sub-extremality nor non-degeneracy. See Remark 2.1 for a discus-
sion of the asymptotic decay assumptions, Sect. 8.2 for a comparison between
the different definitions of sub-extremality, extremality, and super-extremality
used in the above works, and Sect. 4.3 for a discussion on the special aspects
of the degenerate case.

Structure of the article In Sect. 2, we will introduce the setup and the
relevant definitions for the static electro-vacuum uniqueness theorems. Our
results are stated in Sect.3. In Sect. 4, we explain the strategy of our proof.
Section 5 is dedicated to setting up the cylindrical ansatz formulation. Section 6
contains the proof of our black hole uniqueness theorems. Section 7 is dedicated
to proving our photon sphere and equipotential photon surface uniqueness
results. We end the paper by a discussion in Sect. 8.

2. Setup and Preliminaries

In this paper, we study tuples (M, go, N, ¥), where (M, go) is a three-dimensional
Riemannian manifold and N: M — R*, ¥: M — R are smooth functions sat-
isfying the electrostatic electro-vacuum equations

NRic =D?N — 2d¥ @ d¥ + LD |?g,

AN =+ DU (2.1)
AT = + (DN |D¥)
on M, where D, D2, A, Ric, and | - | denote the covariant derivative, covari-

ant Hessian, Laplacian, Ricci curvature, and tensor norm with respect to go,
respectively. We will call tuples (M, go, N, V) as above electrostatic electro-
vacuum systems, with M the spatial manifold, gy the spatial metric, N the
lapse function or static potential, and W the electric potential of the system.
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From a physical point of view, a solution (M, go, N, ¥) of (2.1) gives rise
to a (standard) static spacetime (£,g) = (R x M, —N?2dt? + go) that satisfies
the source-free Finstein—Maxwell equations

. 1 1 v i
9{1ca5 - 59{9046 =2 (FOUYFB7 - ZgaBFu FM”) ) (Ole)a =0

on R x M with respect to the Maxwell tensor! F' = dU Adt. Here, Ric, 9, and
0iv denote the Ricci curvature, scalar curvature, and divergence with respect
to the metric g.

Throughout this work, we assume that the spatial manifold M has a
non-empty connected boundary 0M. The connectedness of M is important
for our strategy of proof, see Sect. 4.1. We also assume that N and ¥ smoothly
extend to OM as constants: N|ga =: Ng > 0 and ¥|gp, =: ¥y € R,

The first and most classical boundary condition we will consider is Ny =
0. We call OM a degenerate (static) horizon if |dN| — 0 when approaching
OM; otherwise, we call OM a non-degenerate (static) horizon. In the non-
degenerate case, we assume furthermore that gy smoothly extends to OM;
moreover, it is well known that OM is totally geodesic in (M, gp). From a
physical point of view, a non-degenerate static horizon OM arises as a cross
section of a non-degenerate 0;-Killing horizon in some electrostatic electro-
vacuum spacetime (£,§) containing the standard static spacetime (£, g) with
surface gravity |dN|g > 0. In the degenerate case, we assume that gy can be
written as

1 1 1
_ N - 2.2
9o Az2dz®dz Az(dz®w+w®dz)+b+Aw®w (2.2)

on a one-sided tubular neighborhood (0,e) x OM near OM = {z = 0} ~ S?
in M, where z € (0,¢). Here, A = A(z,) > 0, w = w|(,.y, and b = b|
are a smooth family of functions, one-forms, and Riemannian metrics on 9M,
respectively, smoothly depending on z € [0,¢). As usual, we are extending w
and b to [0,&) x M by setting w(9,) := 0, b(d., ) := 0. Moreover, we assume
that there exists a constant C' > 0 such that

1
A(O7 ) = 027 wI’(z,~) = O(Z), bIJ'(O,-) = @(9S2)1J7

U(0,) =Ty, 0.¥(0,)=C, N(z,-)=Cz+0(z?)

(2.3)

on OM as z — 07, where capital indices I,J = 1,2 refer to local coordinates
on OM and gs2 denotes the canonical metric on S%. Notice that due to the
smoothness of N up to M and it being constant on M, from (2.3) it follows
that on OM as z — 0 we have

0.N(z,-) =C+0(z2), OrN(z,-)=o(z). (2.4)

I In higher dimensions, the assumed structure of the Maxwell tensor encapsulates the addi-
tional assumption that the magnetic field vanishes; however, in the 4 spacetime dimensions
we are working in, one can assume this structure without loss of generality by the so-called
electromagnetic duality, see, e.g., [44,50].



Black Hole and Equipotential Photon Surface Uniqueness

From a physical point of view, OM arises as the v — —oo limit in Isenberg—
Moncrief Gaussian null coordinates? (see [57]) on a degenerate 9;-Killing hori-
zon 0L admitting a compact cross section, in some electrostatic electro-vacuum
spacetime (£, §) containing the standard static spacetime (£, g). The notion of
degeneracy of the horizon consists in the vanishing surface gravity |dN|g = 0.
Notice that given this space-time setup, the form of the metric (2.2) and the
asymptotic behaviors (2.3) are natural assumptions as they can be explicitly
derived (see [32]).

The second boundary condition we will consider is Ny > 0. In this case,
we will assume that OM arises as a time-slice of a “photon sphere” or a time-
slice of an “equipotential photon surface”. Let us begin by giving the relevant
definitions. Let (M, go, N, ¥) be an electro-vacuum electrostatic system and
let (£,9) = (R x M,—N2dt? + go) be the corresponding spacetime. A hy-
persurface P — £ is called a photon surface if every null geodesic initially
tangent to P remains tangent to P as long as it exists or in other words if P is
null totally geodesic. Following [28] (see also [20,21,24,26,33,44,75]), a photon
surface P — £ is called a photon sphere if P = R x ¥ for some smooth hyper-
surface ¥ < M and if the lapse function N, the electric potential ¥, and the
length of its derivative |d¥|4 are constant® along P. More generally, a photon
surface P — £ is called equipotential if N, ¥ and |d¥|, are constant® on each
(canonical) time-slice X(tg) := P N {t = to}. An equipotential photon surface
P (and in particular a photon sphere) is called non-degenerate if AN # 0 on P,
otherwise it is called degenerate. Photon spheres are always non-degenerate,
see Sect. 4.3.

In light of these definitions, if M is a time-slice of an equipotential
photon surface or of a photon sphere, N, ¥, and go smoothly extend to the
boundary OM, with Nl|sn =: No > 0, Y|sar =: ¥ € R being constant.
It is also known from [28, Proposition 5.5] that, if OM is a time-slice of a
non-degenerate equipotential photon surface, M is totally umbilic in M, has
constant mean curvature H, and constant normal derivative v(N) with re-

spect to any unit normal v to OM in M, and constant scalar curvature RM

2We consider Isenberg-Moncrief Gaussian null coordinates (v, 2, x',z?) on a neighborhood
[0,€) x 0L of the Killing horizon 0£: v is a parameter value along the integral curve of the
Killing vector field (KVF), which is the null generator of 9&; {z}2_, are local coordinates
on the compact cross section; z is the projection onto the first factor so that {z = 0} = 9£.
For more details see, e.g., [49]. The spacetime metric reads

g:—Z2Adv®dv—|—2dv®dz+zdv®w—|—bjjdxl®d:13J,

where A = A(z,27) >0, w = w(z,2!), b = b(z,2!), are a smooth function, a one-form and
a non-degenerate metric, respectively. They are independent of v, as £ is a Killing horizon
and 9, corresponds to the KVF in the whole neighborhood [0,¢) x 9£. In particular, in a
static spacetime the KVF is 9, = 0 in the interior £ (the choice of the sign is standard,
see, e.g., [46]) and thus is normal to the time-slice M.

3In fact, the defining assumption that |d¥|y; must be constant on each time-slice of an
equipotential photon surface or fully constant on a photon sphere is automatically satisfied
in the connected setting we are studying. This can be seen by realizing that it is neither
used in the proof of Proposition 4.1 nor in the proof of [28, Proposition 5.5] by [28, Remark
5.11].
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satisfying the photon surface identity

2v()2  2H,v(N) H?
oM v v
= _—s 2.5
N2 + N + 2 (2:5)
on OM. Note that (2.5) is invariant under the choice of unit normal v and that
v(¥)? = |d¥|2 = [D¥|? and v(N)? = |[dN|2 = [DN|* on OM.

Asin [28, Remark 5.7|, in order to make our technique effective, provided
that H,, # 0, it will be convenient to introduce the quantity

_ 20V

R

2.6
NH,’ (2.6)
as this allows us to rewrite (2.5) as the two identities
2 |DW|? 1
> 2
R = N2 —|— <C —|— §> HV, (27)
2v(N)=cNH,. (2.8)

It is shown in [24, Proposition 2.4] and [28, Corollary 5.6] that ¢ = 1 holds
on time-slices of photon spheres. Furthermore, [28, Lemma 5.9] tells us that if
¢ = 1 holds on one time-slice Y(¢y) of a non-degenerate equipotential photon
surface then R x X(¢p) is a photon sphere. Concerning the condition that
H, # 0, it follows from the proof of [28, Theorem 5.22] applied to the case of
a connected non-degenerate equipotential photon surface boundary 0M that
H, > 0 holds on M when choosing the unit normal v pointing toward infinity
(see below; think of pointing into M). It follows that ¢ is well defined and that
it satisfies ¢ > 0 if and only if v(NN) > 0 (for which, in words, we say that the
photon surface is outward directed). In Sect. 7, we independently re-prove this
result.

Notation 1. We note that OM is necessarily compact under all the above
boundary conditions. Conventions vary on whether OM C M for manifolds
with boundary. Here, whenever confusion may arise, we will be explicitly re-
ferring to M := M UOM or to M \ OM.

In our analysis, we will focus on electro-vacuum electrostatic systems
(M, go, N, ) which are asymptotically flat: we assume that there is a compact?
set K C M with K D OM such that M \ K is diffeomorphic to R?\ B for some
closed ball B and such that, with respect to the coordinates (z°) induced by
this chart, one has

(90)s; = (635 +mij) da’ @ da?, gy = 01 (1),

Nzl—ﬁﬁﬂﬂMAL U = o(1)

(2.9)

4In the degenerate horizon case, we abuse conventions and mean “compact” to refer to the
manifold topology on M U M, that is, we consider [0, %] X OM to be compact, see also
Remark 1 and Remark 2.2. This is just to simplify language and has no consequences for
our proof.
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as |x| — oo, where p € R is a constant called the mass (parameter). When
u =0, we ask in addition that

U= %+O2(|x|1) (2.10)
as |r| — oo for some constant k € R called the charge (parameter). This
extra condition will be important to get enough information on the asymptotic
behavior of the level sets of the lapse function N in Sect. 7.2.

Here and throughout the paper, for a given smooth function f: U — R
on some open domain U C R3, the notation f = o;(|z|%) for some l € N, o € R
means that

> el Ha7 £l = o(1) (2.11)

|JI<l

as |x| — oo. The meaning of the notation f = O;(|x|*) is analogous, substi-
tuting o(1) by O(1) in Eq.2.11.

Remark 2.1 (Asymptotic decay). In the standard definition of asymptotic flat-
ness, one usually requires stronger asymptotic conditions, namely that 7;; =
O (|z|~27¢) for some & > 0 and that the scalar curvature R of gy is integrable.
Under these additional assumptions, it can be seen by a standard computation
that p coincides with the ADM-mass. However, for our purposes, the asymp-
totic assumptions in (2.9) (combined with (2.10) when p = 0) will be enough.
Our decay assumptions are very weak when compared with the other elec-
trostatic electro-vacuum uniqueness results discussed in Sect. 1; these assume
that the metric g is asymptotically flat with ¢ = % ([75]) or asymptotic to
the Reissner—Nordstrom metric of mass p and charge ¢ ([24,28,44]) and that
¥ is asymptotic to the Reissner—Nordstrom potential %, see (2.12). The same
is true for the static vacuum uniqueness results discussed in Sect.1 with the
notable exceptions of [6,22,23] who make the same assumption on the decay
of N as we make. Moreover, in [6] (and consequently in its application in [22]),
it is assumed that 7;; = 02(|z|~2). On the other hand, [23] makes the same as-
ymptotic assumptions we make. Note however that it is conceivable that, when
combined with (2.1), our asymptotic decay can be boot-strapped to stronger
decay assumptions as, e.g., in [45].

The following remark will be useful for our strategy of proof, see Sect. 4.

Remark 2.2 (Geodesic and metric completeness). For later convenience, we
note that asymptotically flat electrostatic systems, with or without bound-
ary, are necessarily metrically complete and geodesically complete (up to the
boundary) with at most finitely many boundary components which are neces-
sarily all closed, see, for example, [27, Appendix] (where stronger asymptotic
flatness assumptions are made but not used in the proof). This continues to
apply in the degenerate horizon case as cylindrical ends are also geodesically
complete up to the boundary by similar reasoning. Note however that while
OM has a pre-compact tubular neighborhood, the topology on this neighbor-
hood does not coincide with the topology induced by the Riemannian distance
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function dy, induced by go in the degenerate horizon case as this tubular
neighborhood/cylindrical end is necessarily unbounded with respect to dg,.

The most important asymptotically flat, electrostatic electro-vacuum sys-
tems in view of this paper are the Reissner—Nordstrom systems given by

g2, N=yJ1-"24 L

for fixed parameters m,q € R and rg > 0 chosen such that N is well defined
for all » > ryg. Here, m and g are called the mass and the charge of the
Reissner—Nordstrom system. When ¢ = 0, the Reissner—Nordstrom system
of mass m becomes the more widely known Schwarzschild system of mass
m, while m = ¢ = 0 corresponds to the Minkowski system (also known as
Euclidean space). The behavior of the Reissner-Nordstrom system and the
maximal interval (rg,00) on which it is well defined depend on the relation
between m and ¢. In particular, one distinguishes three cases (not containing
the Minkowski case):

e The sub-extremal case, when m > |q|: the lapse function N vanishes for
two positive radii whose maximum is 7, , := m + /m? — ¢2. Hence the
maximal interval of definition of our system is (7,4, 00). It is well known
that OM = {r = r,, 4} is a non-degenerate static horizon (e.g., by a
change to Kruskal-Szekeres coordinates). Thus, we suggestively consider
the then asymptotically flat system on [r, 4, 00).

e The extremal case, when m = |q| # 0: the lapse function N vanishes for
the single value r = ry,, , = m, so the maximal interval of definition of our
system is (7., 4 = m,00). It is well known and can be seen by switching
to the coordinate z := r — ry, , that OM constitutes a degenerate static
horizon. Thus, we will suggestively consider the then asymptotically flat
system on [m, c0). Remark 2.2 and Footnote 4 apply.

e The super-extremal case, when m < |q|: the system is well defined on
(0,00). It is well known that there is no horizon boundary. To make the
system asymptotically flat and geodesically complete, we need to restrict
to [rg,00) for ro > 0.

It is well known (see, e.g., [28, Corollary 3.2]) that the Reissner-Nordstrom

spacetime of mass m and charge ¢ — that is, the standard static spacetime aris-
ing from the corresponding Reissner—Nordstrom system —

3m-++/9m2—8¢q2
2

when m > |q|, m # 0,
3m=E+/9m?2—8q2

e has a unique photon sphere at r, =

e has precisely two photon spheres at 7, 4 = 5 when |q| >
m > 242|q],
e has a unique photon sphere at r, = 37’” when m = %§|q|,

e and no photon spheres otherwise.

It is shown in [28, Theorems 3.7, 3.9, 3.10] that, for each radius r1 > r¢, rg
being the radius corresponding to the maximal existence interval in (2.12),
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all Reissner—Nordstrom spacetimes have spherically symmetric equipotential
photon surfaces going through {r = r1}. Moreover, [28, Corollary 2.25] as-
serts that they contain no other equipotential photon surfaces (except in
the Minkowski spacetime). Finally, we recall that dN # 0 holds in all non-

Minkowski Reissner-Nordstrém spacetimes except on {r = %} when 0 <m <

lg]. Thus spherically symmetric/equipotential photon surfaces in Reissner—

q2

Nordstrom spacetimes are always non-degenerate unless they cross {r = Z-}
when 0 < m < |q|. Hence we do not get around also treating degenerate
equipotential photon surfaces in this paper if we want to include all equipo-

tential photon surfaces (or at least all those staying in {r > m}, see Remark
2
3.4, noting that & > m when ¢ > m > 0).

m

3. Results

For our first result, we will restrict our attention to the horizon case Ny =
0. Hence, our first result is a version of the well-known electrostatic electro-
vacuum black hole uniqueness theorem for a single horizon, see Sect.1 for a
detailed comparison with other proofs.

Theorem 3.1. Let (M, gy, N, V) be an asymptotically flat electrostatic system
with connected boundary OM of mass p solving (2.1). Suppose that OM is a
static horizon so that in particular Nlpyy = No = 0. Then (M, go, N, V) is
isometric to a sub-extremal or extremal Reissner—Nordstrom system of mass
p and some charge q, with interval of definition (r, q4,00). In particular, if
the horizon OM 1is non-degenerate, this Reissner—Nordstrom system is sub-
extremal, p > |q|, while it is extremal, u = |q| # 0, if the horizon OM is
degenerate.

Our second result shows electrostatic equipotential photon surface unique-
ness in electro-vacuum. Exactly as in the first result, it shows that an asymp-
totically flat electrostatic electro-vacuum spacetime that admits a connected
equipotential photon surface as its inner boundary must be isometric to a
Reissner—Nordstrom spacetime of the same mass. As discussed in more detail
in Sect. 1, our result recovers previously known results but also extends beyond
what was previously known.

Theorem 3.2. Let (M, gy, N, V) be an asymptotically flat electrostatic system
with connected boundary OM of mass j (and of charge k if p = 0) solving (2.1).
Suppose that OM 1is a time-slice of an equipotential photon surface, hence in
particular satisfies that N|gyr = No > 0, U]gy = Vo are constants. Unless
No = 1 and ¥g = 0 both hold and assuming that N§ > |1 — V2| holds if
Ng > (1—|%|)?, the system (M, go, N, W) can be isometrically embedded into
a Reissner—Nordstrom system of mass p and some charge q, with ¢ = k when
w=0. In particular, this Reissner—Nordstrom system is

e sub-extremal if NZ < (1 — |¥])?,

e extremal if N3 = (1 —|¥q|)?, and
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e super-extremal if NZ > (1 — |W¥q|)?.

Remark 3.3. Notice that when ¥y = 0, then ¥ = 0 in view of Proposition 4.1
and hence the problem reduces to the analysis of the vacuum static system
(M, go, N) provided in [22] which gives the isometric embedding of (M, go, IV)
into a Schwarzschild system with positive mass p > 0 if Ny < 1 and into a
Schwarzschild system with negative mass u < 0 if Ny > 1. When Ny = 1, it
follows from the Hopf lemma® that N =1 on M, u =0, and (M, go) is Ricci-
flat and hence flat. However, to the best knowledge of the authors, it is not
known whether this implies that (M, gg) can be isometrically embedded into
Euclidean space under the very weak decay assumption made on 7;; in (2.9),
see also [22]. This is why we exclude that both Ny = 1 and ¥y = 0 hold. Thus,
Theorem 3.2 can be interpreted as an extension of [22] to the electro-vacuum
case. For a more extended discussion, see Sect. 4.1.

Remark 3.4. Assuming that N2 > |1 — W2| holds if NZ > (1 — |¥g|)? is a
technical condition needed for our method of proof. In the Reissner—Nordstrom
model case, this corresponds to excluding equipotential photon surfaces with
r < m in super-extremal Reissner—Nordstrom spacetimes of positive mass
m > 0. See the end of Sect. 2 for a discussion on why this is a restriction and
Sect. 8.1 for a discussion of why this condition arises in our approach.

Remark 3.5. As can be seen from the proof of Theorem 3.2, instead of assum-
ing that OM arises as a time-slice of an equipotential photon surface, it suffices
to assume that N|grr = No, ¥]on = P are constant, that M is umbilic and
has constant mean curvature H,, and scalar curvature R%Y , and constant nor-
mal derivatives v(¥) and v(IN) such that the photon surface identity (2.5)
holds on OM . Moreover, in case dN does not vanish entirely on M, it follows
from the proof of [28, Proposition 5.5] that assuming N|sop = No, V]onr = Yo,
umbilicity of OM, constancy of v(V¥) and of either v(N) or H, imply all the
other assumptions, i.e., constancy of H,,, respectively, v(N), constancy of ROM ,
and (2.5) (see also Sect. 4.3).

4. Strategy of Proof and Comments

The proofs of our results are based on the cylindrical ansatz strategy intro-
duced by Agostiniani and Mazzieri in [5]. Since then, the same strategy has
found several applications to potential theory [3,7,35], manifolds with non-
negative Ricci curvature [2,11], and static spacetimes [6,16-18,22]. Other re-
lated ideas and methods have been developed in [1,4,8,13,15]. Here we review
and comment on the method in some detail.

To set up the cylindrical ansatz, the first step is to write down the radial
coordinate r of the model system (the Reissner-Nordstrom system (2.12) in
our case) as a function of the lapse function N. This is of course possible
only as long as N is a monotonic function of the radius r. For sub-extremal

5Similarly modified as the maximum principle in the proof of Proposition 4.1.
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and extremal Reissner-Nordstrom systems, this is indeed the case: It can be
checked by a direct computation that N is a strictly increasing function of
the radius r as long as m > |q| unless m = ¢ = 0. Taking the inverse of
the relation between r and N, we can then write r = p(N) for a suitable
pseudo-radial function p.

The proofs of Theorem 3.1 and of the sub-extremal, extremal, and m < 0-
super-extremal cases of Theorem 3.2 loosely follow the original strategy of [7].
The equipotential photon surface case is handled similarly to the application
of the results of [7] in [22]: First, one exploits the Bochner formula to produce
a vector field depending on p whose divergence is non-negative and equal to
zero if and only if the system is isometric to the Reissner—Nordstrom system,
see Sect.5.3. Then, to conclude the proof, one proves that the equality is
necessarily saturated using the properties of a horizon or of a time-slice of
an equipotential photon surface, respectively. This is the objective of Sect. 6
in the black hole case, and of Sect.7.1 and 7.2 in the (sub-)extremal and in
the m < 0-super-extremal equipotential photon surface cases, respectively. We
emphasize however that there are a couple of technical but important points
that need to be addressed in these proofs:

1. There are two natural choices of pseudo-radial functions: we will make
suitable choices in each case, giving the asymptotic behavior and justify-
ing their well-definedness and smoothness.

2. To work with the weaker notion of asymptotic flatness, see (2.9) and
(2.10), we need a more careful analysis of the asymptotics in the cylin-
drical ansatz, see Sect. 5.4.

3. For the degenerate case of Theorem 3.1, we need a careful analysis near
the degenerate horizon to conclude rigidity. To proceed similarly to the
non-degenerate case, we first use the additional asymptotic assumption
(6.4). Notice that this would be a consequence of a more accurate decay
control in (2.3) of the coefficients of the metric (2.2). However, this addi-
tional assumption is not needed in view of a different proof provided in
Sect. 7.7 and relying on the monotonicity analysis of Sect. 7.5.

On the other hand, in the m > 0-super-extremal case, the lapse function
of the Reissner—Nordstrom system is not a monotonic function of the radial co-

ordinate anymore: N is strictly decreasing when r < %, has a global minimum
at r = %, and is strictly increasing when r > %. Therefore, it is only possible
to Write2the radial cgordinate r as a function of N if we restrict our attention
tor < L ortor > L. In order to perform the conformal change prescribed by
the cylindrical ansatz on a general manifold in the m > 0-super-extremal case,
we hence need a more involved procedure: The first step will be to show that,
given an m > O-super-extremal system (M, g, N, V) of (2.1), a suitably chosen
“critical set” & mimicking the set of global minima either coincides with OM
or divides the manifold into two pieces, a compact one and a non-compact one.
The first case is treated in Sect. 7.3 and still roughly follows the same strategy
as the other cases. In the second case, we perform different conformal changes

in the two regions, i.e., use different pseudo-radial functions, and analyze them
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separately, see Sect. 7.6. As a result of our analysis, in both regions, we produce
quantities that are monotonic along the level sets of the lapse function V.

Remarkably, these monotonic quantities coincide on & and the mono-
tonicities combine (see Proposition 7.2, and in particular formulas (7.21) and
(7.22)). This allows us to compare the value of our monotonic quantities at
infinity and on the time-slice of the photon surface, obtaining valuable insights
into the geometry of the time-slice of the photon surface and allowing us to
conclude the rigidity of the super-extremal Reissner—Nordstrom system, at
least for time-slices of photon surfaces of radius » > m, see also Remark 3.4.

The strategy outlined above resembles the one explored recently by
Borghini-Mazzieri in [18] for the study of vacuum black hole uniqueness with
positive cosmological constant. In that paper, the authors divide the mani-
fold along the set of the global maxima and then apply the cylindrical ansatz
strategy separately in every region. There are however some interesting and
crucial differences. The first one is that, while in the present paper we prove
that the set of local minima & separates the manifold in exactly two regions,
in the setting of [18] it is not known how many regions are produced when
cutting along the set of the global maxima: there are models where cutting
along the set of maxima produces two regions (Schwarzschild-de Sitter and
Nariai spacetimes), but it is also possible for the cut to produce just a single
region (de Sitter spacetime) and there is currently no way to rule out the case
of more than two regions. Furthermore, while in [18] the authors also manage
to exploit the cylindrical ansatz strategy to produce monotonic quantities (see
[18, Corollary 3.5]), these quantities do not combine across the set of maxima.
The authors thus had to resort to other methods in order to obtain rigidity
statements.

4.1. Simplifications in Our Framework

In this subsection, we will discuss some preliminary observations, leading to a
helpful rewriting of the rigidity /uniqueness problem. First, we observe that it
is not restrictive to limit our attention to the case where the boundary value
Uy of ¥ is positive. In fact, notice that if (M, go, N, ¥) is a solution to (2.1),
then (M, go, N,—WV) is a solution as well. As a consequence, up to changing
the sign of ¥, we can assume that W, is non-negative. As already pointed
out in Remark 3.3, in the case ¥y = 0, the rigidity /uniqueness problem re-
duces to the vacuum case which has already been studied in depth in several
papers, see Sect. 1. In particular, when Ny # 1, the results by Cederbaum-—
Cogo—Fehrenbach [22] and by Cederbaum—Cogo-Leandro—Paulo dos Santos
[23] prove the vacuum case of our Theorem 3.2, under the same decay as-
sumptions. The aim of this work is that of employing and expanding on the
cylindrical ansatz technique presented in the vacuum case by Agostiniani and
Mazzieri [6] for a connected (and necessarily non-degenerate, see, e.g., [46])
horizon and by Cederbaum—Cogo—Fehrenbach [22] for a connected time-slice
of a non-degenerate equipotential photon surface to deal with the case where
¥ is non-trivial.
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In fact, our asymptotic analysis in Sect. 4.4 and 5.4 can be used to extend
the vacuum uniqueness results by [6] and hence also those by [22] to the weaker
asymptotic assumptions (2.9). To see this requires to discuss the case when
@ = 0 in which we make the additional asymptotic assumption (2.10) not
present in vacuum: As vacuum black holes are necessarily non-degenerate (see,
e.g., [46]), we find v(N) # 0 on OM. Hence, p = 0 is immediately ruled out
for vacuum horizons by using the divergence theorem applied to the vacuum
equation AN = 0 and exploiting the asymptotic assumption on N to obtain

/ v(N)do = lim v(N)do = 4mp.
oM R—+00 Ji|z|=R}

The same argument applies to non-degenerate time-slices of equipotential pho-
ton surfaces. For degenerate such time-slices, one instead argues that v(N) = 0
gives N = 1 on M by the Hopf lemma® applied to AN = 0 and thus Ny = 1
which is ruled out in Theorem 3.2.

To set up the cylindrical ansatz, we first employ the strategy presented
in [39, Corollary 9.6] and also exploited in [75] to show how our assumptions
of asymptotic flatness and connected boundary help to simplify the problem
significantly by relating the electric potential explicitly with the lapse function.
As discussed, we will only deal with the case ¥y > 0, recalling that one can
treat the opposite sign by a global sign change of .

Proposition 4.1 (Reduction). Let (M, go, N, ¥) be an asymptotically flat elec-
trostatic electro-vacuum system such that M has a connected boundary OM to
which N and ¥ smoothly extend to constants Nlopr = No > 0, Vlgy = Vo >
0. Then, if ¥4 > 0,

N 1
N2:\112+1+(—0—\I'0——>\I' (4.1)

holds on M and 0 < ¥ < Wq holds on M. If, on the other hand, ¥ = 0, then
U=0o0nM.

Proof. Using (2.1), a simple computation shows that the quantity
a
2
for any a,b € R satisfies the elliptic PDE

Xap = = (VP +1— N?) +b¥

1
AXap = (D Xar [DN)g, (4.2)

on M. From the asymptotic flatness assumption (2.9), we know that N — 1
and ¥ — 0 at infinity, from which it follows that X,; — 0 at infinity for any
2
choice of a,b. Assume first that ¥y > 0. Choosing a = 2, b = g—g - Uy — ‘I/Lo’
Xap specializes to
Ng 1
X=X ) :\112+1—N2+(—0—1110——>11:

N2
a=2 b:\P—g—\Ilo—\I/—O
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which satisfies X = 0 on M. If instead Wy = 0, we choose a = 0, b = 1 and
obtain

Y i=Xo—0p=1 =V

which also satisfies Y = 0 on dM. We will now apply the maximum and
minimum principle to show that X = 0 and Y = 0 on M. We have to be a
bit careful because the manifold M is not compact and in case Ny = 0 the
coefficient % in (4.2) blows up on dM, and, in addition, gy does not extend
smoothly to M in the degenerate horizon case. However, this is easy to work
around: Suppose that {X > 0} # ). Since X = 0 at the boundary and X — 0
at infinity, then X must have a positive maximum at a point py € M\OM.
Now let Q C M\OM be a neighborhood of py with smooth boundary, large
enough to contain some ¢ € Q with X(¢) < X(po) (if X = X(po) on any
such neighborhood then X is necessarily constant, a contradiction). We can
hence apply the strong maximum principle to X|o where in particular N # 0,
obtaining a contradiction. The cases {X < 0} # 0 and {Y > 0} # 0, {V <
0} # 0 can be treated analogously. Similarly, for ¥y > 0, using Y, one finds
0< V¥ < Vyon M\OM. O]

From now on, under the assumptions of Proposition 4.1, we restrict to
the case when ¥y > 0. In view of (4.1) and of the nature of N and V¥ in
the Reissner—Nordstrom systems (2.12) with positive charge (corresponding
to Uy > 0), we aim at finding parameters m € R, ¢ > 0 satisfying

W T T Ty 4

Note that (4.3) fixes the ratio between m and ¢, while the actual values of one
of m and ¢ still needs to be defined (with the exception of % =0 when m =0
and ¢ > 0 is free). From Proposition 4.1, it then follows that

2
N2=\1/2—7m\11+1 (4.4)

holds on M. In particular, the two potentials N, ¥ are functions one of the
other and we can equivalently rewrite (2.1) in terms of just N by

{NRic—DQN o AN ® dN + 525 IDN|? go, (25)
AN = 2 |DNJ?
on M, where
2
m

Notice that, by (4.4), we have

2
N%Lk:(xlf—%) >0 (4.7)



Black Hole and Equipotential Photon Surface Uniqueness

on M. When k < 0, it is possible for the quantity N2 + k to reach the value
zero, in which case the equations (4.5) are ill-posed. Nevertheless, from (4.4),
(4.7), we obtain the identity

N? | DN|* = (N? + k) |[DY|? (4.8)

which can be used to make sense of the equations in (4.5) even when N2 + k
vanishes.

4.2. Sub-Extremality, Extremality, and Super-Extremality

Before moving on, let us note that via (4.3), the ratio of m and g > 0 is fully
determined by the boundary values Ny and V. Consequently, transferring the
definitions of sub-extremal, extremal, and super-extremal Reissner—Nordstrom
systems in terms of their mass and charge parameters m and ¢ directly to
general asymptotically flat electrostatic electro-vacuum systems (M, go, N, V)
with constant lapse function Ny and constant electric potential ¥y > 0 on
the connected boundary OM, we say that the system (M, go, N, ¥) and/or
its boundary (OM, Ny, V) is sub-extremal if m > q, extremal if m = q # 0,
and super-extremal if m < g. Note that the comparison between m and ¢ does
not depend on how we will later choose m and ¢ but just on their ratio fixed
by (4.3). A direct computation then shows that sub-extremality corresponds
to N < (1 — Uy)?, extremality corresponds to N§ = (1 — ¥()?, and super-
extremality corresponds to NZ > (1 — ¥g)?. Recalling that the case ¥y < 0
can be addressed by a sign change on W, the technical condition in Theorem
3.2 hence only applies in the super-extremal case, see also Remark 3.4. In
particular, if M is a horizon, then (M, go, N, V) is sub-extremal if and only
if Uy # 1, extremal if ¥y = 1, and never super-extremal as to be expected.

Moreover, if OM is a horizon, as W + \1%0 > 2, it follows that m > ¢ > 0
and thus £ > 0. This is expected, since we want m and g to represent mass
and charge of a Reissner-Nordstrom system, and hence a horizon should only
be present in the sub-extremal and extremal cases.® Also, tracing the first
equation in (2.1) and combining it with the second one, we obtain

2|DV|? = N*R (4.9)
on M \ OM which combines with (4.8) to give
2IDN|* = (N + k)R (4.10)

on M\ OM because N2 +k > 0 on M\OM by the strong maximum principle’
applied to the second equation in (2.1) and because k > 0. If the horizon OM is
non-degenerate so that [DN| > 0 on 9M, (4.10) implies £ > 0 and R |gpr > 0
by (4.9). In particular, any asymptotically flat electrostatic electro-vacuum
system (M, go, N, W) with non-degenerate horizon boundary is sub-extremal.
If the horizon OM is degenerate, taking the derivative with respect to z of (4.4)
and using the asymptotic expansions (2.3) and (2.4) as z — 0", we get ¥y = %
Plugging this information back into (4.4), we conclude that k& = 0. Thus,

6Recall that we have excluded ¢ = 0 by assumption and ¢ < 0 by alluding to a sign change
for W.
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any asymptotically flat electrostatic electro-vacuum system (M, go, N, ¥) with
degenerate horizon boundary has m = ¢ # 0 and is extremal.

On the other hand, if OM has Ny > 0 and ¥ > 0, the Hopf lemma’®
applied to the last equation in (2.1) and the assumptions ¥y > 0 and ¥ — 0
at infinity give that |DW||sas > 0. Thus, (4.8) tells us that this time-slice
is non-degenerate, i.e., dN # 0 on dM, unless NZ + k = 0 or equivalently
Uy = % > 0 by (4.7). Moreover, the expansion (2.4) and C' > 0 directly imply

that N regularly foliates a neighborhood of M.

4.3. Consequences for Degenerate Equipotential Photon Surfaces

Let us now briefly investigate the properties of degenerate equipotential photon
surfaces, exploiting the above simplification. We continue to work under the
assumptions of Proposition 4.1, with ¥y > 0, and assume that Ny > 0 so that
we investigate an equipotential photon surface inner boundary. Let us first
note that photon spheres are always non-degenerate in this context because
they have non-vanishing mean curvature H,, by [24, Lemma 2.6] (see also [36,
Theorem 3.1]) and ¢ = 1 or in other words they satisfy N H, = 2v(N) (see
[28, Proposition 5.3 noting that the non-degeneracy condition is in fact not
used in the proof of the photon sphere case).

Now observe that unless N3 + k = 0 holds on M, we can appeal to the
Hopf lemma?® applied to the second equation in (4.5) to see that v(N) # 0: In
case N2 4+ k > 0 on M, this follows from the asymptotic assumption N — 1
at infinity (as Ny = 1 is ruled out by the maximum principle” applied to the
same equation, noting that N = 1 contradicts ¥y > 0 and ¥ — 0 at infinity by
(4.4)). On the other hand, if {N?+k = 0} N (M \OM) # 0, the same argument
can be given using some regular value N; of N with Ny > N; > /—k (which
exists by Sard’s lemma). Hence time-slices of equipotential photon surfaces
are necessarily non-degenerate (meaning dN # 0 on the time-slice) unless
they satisfy Ny = v/—k in which case they are necessarily degenerate by (4.8),
and indeed satisfy dN = 0 on the time-slice.

Next, note that the properties of time-slices of non-degenerate equipo-
tential photon surfaces listed on pp. 5, in particular (2.5), also hold for non-
degenerate time-slices of degenerate equipotential photon surfaces as these
necessarily have an open neighborhood of non-degenerate time-slices by con-
tinuity and because the proof of these properties (see [28, Proposition 5.5])
is completely local. Furthermore, by the Morse-Sard theorem [66] applied to
the function N which we know to be real analytic on M from [67], we know
that the critical values of N are isolated so that a degenerate slice of an
equipotential photon surface must have a neighborhood in which it is the only
degenerate slice. In the last argument, we implicitly used that photon spheres
are non-degenerate. Consequently, the properties listed on pp. 5 also apply to
time-slices of degenerate equipotential photon surfaces.

7Adapted to this context as in the proof of Proposition 4.1
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4.4. Asymptotic Consequences of the Simplification

We continue to work under the assumptions of Proposition 4.1, with ¥y > 0.
The goal of this section is to establish asymptotic decay on relevant quantities
derived from N and gg and to bootstrap the assumed decay on W. Recalling
our asymptotic assumptions from (2.9), the Christoffel symbols Fk of go with
respect to the asymptotic coordinates (") satisfy T'}; = o(|z[~") and the area
element do of gy on coordinate spheres satisfies

do = (|x|2+0(|x|2))dagsz (4.11)

as |r| — oo. We also compute the following asymptotic expansions for the
derivatives of the lapse function N

ON  px;
oxt  |z3
as |x| — oco. Next, let v denote the unit normal to a coordinate sphere pointing

toward infinity. Considering |z| as the radial coordinate in the corresponding
spherical polars, % denotes the radial coordinate vector field. By standard

For(el®),  DNI= Aol @)

computations, it follows that

9 .
- = o(1 4.1
v= o] + Q' Oy o' =o0(1) (4.13)
for i = 1,2,3 as |x| — oco. Combining (2.9) with (4.4), we find
2m 21 1
V(U —— ) =——+4o0o(z]) 4.14)
(v=20) =~ +oute (

as |z| — oo. If m# 0, ¥ = o(1) then leads to ¥ = % +o(]z|~1) and thus,

plugging this back into (4.14), we find

U= ’ ‘+02(’$‘ 1 (4.15)
as |x| — oo. Next, still assuming m # 0, by the last equation in (2.1), (4.11),
(4.15), (4.13), (2.9), and the divergence theorem, we find that

R4 4
/ @dgz lim / Mdgz_ﬁ_‘w (4.16)
b N R—o0 S2 (0) N m

for any closed, orientable surface > homologous to OM, where v now also
denotes the go-unit normal to ¥ pointing toward the asymptotic end. On
the other hand, applying the Hopf lemma® to the last equation in (2.1) and
recalling g > 0 and ¥ — 0 at infinity, we find that v(¥) = —|D¥| < 0 if X is
sufficiently close to OM (say ¥ = OM in the non-degenerate horizon and in the
equipotential photon surface case and ¥ = {z = ¢} for sufficiently small £ > 0
in the degenerate horizon case). Hence, by ¢ > 0, we have asserted that £ > 0
when m # 0. Alternatively, one can argue via (4.8) and the Hopf lemma® to
get information about the decay of v(W¥) without first computing the decay of
P, as will be done below.
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Let us now consider the case m = 0 and suppose toward a contradiction
that u # 0. Then, (4.8) and v(N)? = |[DN|? combined with (2.9), (4.6) and
(4.12) giving k = —1 lead to

V(W) = =5+ olfal ) (4.17)

as |z| — oo and thus in particular g < 0. Arguing again by the Hopf lemma?®,
one finds that v(V) < 0 asymptotically. Applying the divergence theorem as
in (4.16), this leads to

/z: VE\\?) do = /s%é(o) Vg\?) do = —damy _% +olVE) %)

as R — oo for any closed, orientable surface ¥ homologous to OM. Fixing X
as above, this leads to the desired contradiction. We have hence proved the
following lemma.

Lemma 4.2 (Signs of m and p). Under the assumptions of Proposition 4.1 with
Wy >0, either p =m =20 or um > 0.

Using the additional decay assumption (2.10) we are making in case 1 = 0
combined with (4.13), we find the improved decay

(W) = + o(|z|7?) (4.19)

e

as |z| — oo. Hence the above divergence theorem argument gives

v(¥) o
/2 — do = —47k + 0o(1) (4.20)

as 7 — 400 for any closed, orientable surface ¥ homologous to M. Again, by
the Hopf lemma?®, this proves the following lemma.

Lemma 4.3 (Sign of k). Under the assumptions of Proposition 4.1 with ¥y > 0,
assuming i = m =0 and (2.10), we have k > 0.

5. The Cylindrical Ansatz

In this section, we will set up the cylindrical ansatz we will use in all the
different parts of the proof of Theorems 3.1 and 3.2. We will continue to work
under the assumptions of Proposition 4.1, with ¥y > 0. The analysis of this
section is performed for any pair of parameters m € R and ¢ > 0 whose ratio
satisfies relation (4.3). In Sect. 5.5, we will show how to fix the values of m, g
appropriately.
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5.1. Setting Up the Cylindrical Ansatz

In the spirit of [18] and inspired by the explicit formula for N as a function
of the radial coordinate for the Reissner-Nordstrém system (2.12), we define
the pseudo-radial function p: M — R as a function satisfying one of the two
equivalent relations

2m  q
N?=1-"+1 5.1
PR (5.1)
mo g\’
N2+k:<——— : (5.2)
q P
One can solve equation (5.1) explicitly to find two choices for p, namely
7
- , 5.3
o T Nk (53)
7
(5.4)

P /NP1 k

Before analyzing the properties of these pseudo-radial functions, let us
explain when we will use which one. The choice that we will use for most of this
work is p_. In fact, it will be the one we will consider when dealing with black
holes (see Sect. 6.2 for the non-degenerate and Corollary 6.4 for the degenerate
case) and with both the sub-extremal and extremal cases for equipotential
photon surfaces (see Sect. 7.1). The reason for this is that we expect the pseudo-
radial function to mimic the behavior of the radial coordinate r in Reissner—
Nordstrom systems, so in particular we want the pseudo-radial function to
diverge at infinity, see Lemmas5.1 and 5.2.

On the other hand, when dealing with the super-extremal case for equipo-
tential photon surfaces, there will be two important occasions in which the
choice py will actually be the natural one. The first case is when m < 0: In
this case, the behavior at infinity of p_ and p4 is reversed, and p, is this time
the one diverging as expected. Another, more subtle, case is when the critical
set & = {p € M|N(p)? +k = 0} is non-empty: In this case, we will show
that & divides the manifold into two pieces, an asymptotically flat one (where
the correct choice for the pseudo-radial function is again p_) and a compact
one (where the right choice is now p, ). These special cases will be discussed
in Sect. 7.2 and Sect. 7.4, respectively. In the super-extremal case with & = ()
and m > 0, we still use p_, see Sect. 7.3.

Let us now summarize the properties of the two pseudo-radial functions
p+ for later convenience. As already visible in the reduced equations (4.5), the
critical set G plays a special role also for the smoothness of the pseudo-radial
functions. Note that & can a priori contain 0M: This happens for a degenerate
horizon boundary where Ny = 0 and k = 0 (see Sect. 4.2) and for a degenerate
time-slice of an equipotential photon surface for which ¥y = ’—; For a non-

degenerate horizon, & NIM = () because k > 0 as discussed in Sect. 4.2. Also,

for a non-degenerate equipotential photon surface boundary OM, SNOM = ()
holds by (4.8).
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Lemma 5.1 (Properties of py). The pseudo-radial function p is well defined

and continuous on M and smooth away from &. Moreover, p, > 0 on M.
2

If m > 0, one has py — Qq—m in the asymptotically flat end of M. If m <0,

one has py — 00 in the asymptotically flat end of M. Last but not least,

p+(L+ N)>m on M if and only if m <0 or g > m > 0.

Proof. To see that p, is well defined and continuous on M, we observe that
by (4.7) and ¢ > 0, a zero of its denominator can only occur for m < 0 and
hence when ¥ = 27”‘ < 0, in contradiction to Proposition 4.1. By its definition
in (5.3), p4 is smooth away from &. The asymptotic claims are immediate
when recalling that N — 1 in the asymptotically flat end, taking into account
the definition of k in (4.6). Positivity of p; is immediate from the asymptotic
behavior upon noticing that p; # 0 and recalling (4.6) and ¢ > 0. Finally,
p+ (14 N) > m obviously holds by positivity of py provided that m < 0. Re-
calling ¢ > 0 and assuming m > 0 it now suffices to show that py (1 4+ N) > m
is equivalent to g? > m?. To see this, we first compute

1+ N m m> m m2
l1+4N)>m &= ————>— <= 1—— >-N+ — /N2 + — — L.
prlt ) 2+ VNT+E g 72 7\ 7

On the other hand, using N2—|—’;—22 Z—k—f—’;‘—szl,we find
2 2 2 2
—N+§\/N2+%—120 — <N2+%> (1—%)30 = 13%.

The second chain of equivalences shows that assuming ¢? > m? readily implies
that

q 7

Combining this with the first chain of equivalences shows that p, (1 + N) > m.
Conversely, assuming toward a contradiction that py (1 + N) > m and ¢* < m?
both hold, the first chain of equivalences shows that

2 2
—N+%\/N2+m—2—1<0<1—m—.

q q

contradicting the second chain of equivalences. 0

2 2
ozl—m—2>—N+f\/N2+m—2—1,
q

Lemma 5.2 (Properties of p_). The pseudo-radial function p_ is well defined
and continuous on M\ {N = 1} and well defined and continuous on {N = 1}
if and only if m < 0. It is smooth in its domain of definition away from S.
Moreover, if m > 0, p_ >0 on MN{N < 1} while p_ < 0 on M N{N >
1}. On the other hand, p- < 0 on M if m<0. If m > 0, one has p_ —
oo in the asymptotically flat end of M. If m <0, one has p— — % in the
asymptotically flat end of M. Last but not least, p_ (1 +N) > m on M if m <0,
p—(1+N)<mon MN{N > 1} ifm >0, and p_(1+ N) > m on MN{N < 1}
if m> 0.
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Proof. To see that p_ is well defined and continuous away from {N = 1} and
well defined and continuous on {N = 1} if and only if m < 0, note that by
(4.7) and ¢ > 0, a zero of its denominator will occur if and only if m > 0 and
v = 27’“ by Proposition 4.1. The second condition is equivalent to N = 1 by
(4.4). The smoothness claim readily follows from (5.4). A simple computation
using (4.4) gives that p_ > 0 only holds if m > 0 and N < 1 but p_ < 0
holds if m <0 or if m > 0 and N > 1. The asymptotic claims follows as in
the proof of Lemma 5.1. Last but not least, p_(1 + N) > m obviously holds on
M by positivity of p— when m < 0. Similarly, p_(1 + N) < m obviously holds
on M N{N > 1} by negativity of p_ when m > 0. Finally, if ¢ > m > 0, one

estimates
2  ¢/N?+k N4k

m
m—aV/NZ+k  m—o/N°+k g

on MN{N <1} as N2 +k > 0 where N < 1 by (4.6), and using N > 0. On
the other hand, if m > g > 0, one estimates

7 — m? + mgVk
m—gvN?+k
on M N{N < 1}, again using N > 0 and the fact that k& > 0 when m > ¢
by (4.6). As m > q, ¢> — m® 4+ mgv/k > 0 is equivalent to 0 < m?> — ¢> < mqV'k

and thus, by squaring, equivalent to ¢ > 0 which is clearly true. This implies
the last claim. 0

p—(1+N)—m> >0

p_(1+N)—m>

In particular, Lemmas 5.1 and 5.2 establish that we can use the pseudo-
radial functions p+ as explained in the above discussion, once we establish that
N # 1 on M\OM when using p_ so that p_ is well defined. Moreover, Lemma
5.1 and 5.2 assert that once the pseudo-radial function p+ has been chosen as
explained above (and is well defined), we can then introduce the pseudo-affine
functions p4: M — R, defined by

¢t = log[pL(1+ N) — m] (5.5)

and the cylindrical ansatz metric
_ %
i
on M and on OM except in the degenerate black horizon case. These are
defined such that if p4 is chosen to be the radial coordinate r in the Reissner—
Nordstrom system of mass m and charge ¢ > 0 as in the above explanation,
one can check that g4 is a round cylindrical metric of radius 1 and ¢4 is an
affine function such that V. is the splitting direction for g1, where V denotes
the covariant derivative with respect to g4+. The cylindrical metric is smooth
where it is defined and the pseudo-affine functions ¢4 are smooth away from

S where well defined.

Quite surprisingly, almost all formulas that we obtain through local com-
putations (without using any global insights) give the same expressions inde-
pendently of whether we work with p4 or p_, as long as ¢ is well defined and

g+ - (5.6)
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p+ > 0 (see Lemmas 5.1 and 5.2). This prompts us to simplify the notation as
follows.

Notation 2. In order to ease the notation, when there is no risk of confusion,
we will avoid to write explicitly the subscript £: we will simply write p, with-
out explicitly saying which among the pseudo-radial functions (5.3) and (5.4)
we are choosing. Analogously, we will denote by ¢, g the pseudo-affine function
and the cylindrical ansatz metric with respect to the chosen pseudo-radial func-
tion p (whenever ¢ is well defined and p > 0, see Lemmas 5.1 and 5.2.Moreover,
it will be understood that we can only use p_ where N # 1 (unless m < 0)
and that we stay away from the critical set & = {N? + k = 0} and from M
unless explicitly saying otherwise.

Now let p be a pseudo-radial function, defined as in (5.3) or (5.4), and
let ¢, g be defined by (5.5) and (5.6), respectively. We will investigate how
the equations in (4.5) transform under the conformal change (5.6), or in other
words to the new variables (g, ). The computations for a conformal change
of this particular form have been discussed with some care in [18, Section 3].
Starting from [18, Formula (3.3)], with some calculations we obtain the follow-
ing relation between V?¢ and D?N, where V and D denote the Levi-Civita
connections of g and g, respectively, obtaining

2 4 2 4
Vi =2 _D2N 4 Np"Bmp —4q°) dN ® dN — _ Nt IDN|? go.
mp — ¢ (mp — %) (mp — q)?
(5.7)

Note that mp — g # 0 where N2 +k # 0. Taking the trace of (5.7) and recalling
the second equation in (4.5), we find out that ¢ is g-harmonic,

Ay = 0. (5.8)

From (5.5), one computes

P+
dp=F———— N 5.9
7 $q N2 +k (5.9)

from which one obtains a very useful relation between |V¢|, and |[DN|, namely
o' DN _ p® DN’
P(N?+ k) (mp—¢?)*

Another important relation is the one between the Hessians of p and ¢, namely

Vol; = (5.10)

V2p = pN V3p+ (p— m)dp @ dp. (5.11)
In particular, tracing the second equation and recalling A o = 0, we get
ANgp=(p—m) |Vl (5.12)

Finally, recall from [12, Theorem 1.159] the formula for the conformal trans-
formation of the Ricci tensor

1 2 1
Ric:Ricg—;V%-l— ?dp®dp— ;Agpg. (5.13)
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Using the first equation in (4.5) to write down Ricg, as a function of D?N and
using the above formule (5.11) and (5.7), after some calculations we get

Ric, = % (1 - %) Vi —dp @ dep + |Vl g. (5.14)
The reformulation (5.14), (5.8) of (4.5) in terms of p, g, and ¢ will play a
crucial role in the proofs of Theorems3.1 and 3.2. Our strategy will be to
exploit the geometry of the level sets, studied in Sects.5.2 and 5.3, and the
properties of black holes and equipotential photon surfaces to prove that the
quantity |VZ¢|, vanishes identically. This will lead us to conclude that the
system is isometric to a (half) round cylinder (see for instance the final part
of the proof of [6, Proposition 4.2]), which in turn will imply that gy is the
spatial Reissner—-Nordstrom metric.

5.2. Geometry of the Level Sets

In this section, we will carefully study the geometry of the level sets of NNV,
appealing to Notation 2. To this end, let p be a pseudo-radial function, defined
as in (5.3) or (5.4), and let ¢, g be defined by (5.5) and (5.6), respectively. In
this subsection we study the extrinsic curvature of a level set ¥ = {N = s}.
We start by discussing the case when s is a regular value of the function N
and hence also of the function ¢ by (5.10). Let n := % and n, := IVv—flg be
our choices of gg-unit normal and of g-unit normal to X, respectively, and let
H and H, be the mean curvatures of > with respect to go and g, respectively.

Since ¥ is also a level set of ¢ and since ¢ is g-harmonic by (5.8), arguing
as, for example, in [18, Section 3.2], we deduce that

Hg |v90|g = _vzso(ngang)a (515)
H|DN|= AN —D?*N(n,n). (5.16)

Next, writing VZp in terms of D?N using (5.11) and then using the first
equation in (4.5) to write D®2N in terms of Ric, we compute

Np* ) 2N pb
H, |[Vy|, = ———— Ric(n,n) — ———— [DN|*. (5.17)
mp —q (mp —4%)
Recalling the first equation in (4.5) and using (5.16), we can rewrite (5.17) as
4 2
p 2Np
H, [Vyl, = ——— [H [DN| - ———— [DN?|. (5.18)
mp — 4 mp —q

This is a useful formula to compare the mean curvatures with respect to the
two metrics on a given level set. An alternative useful modification of (5.17)
is obtained by means of the Gauss—Codazzi equation

2Ric(n,n) = R —R¥ —|h|? + H? (5.19)

where R* denotes the scalar curvature of ¥ with respect to go and h denotes
its second fundamental form with respect to gg. Recalling
2 q2 p2

R= 1%
(mp — q?)?

IDN|? (5.20)
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(this can be obtained by tracing the first equation in (4.5) and then applying
some algebraic manipulations), we find

IDN|?, (5.21)

Np* sz B\ (2mp— ¢?)Np°
where h = h —% go denotes the traceless part of the second fundamental form
h of ¥ with respect to go.

The normals n and n, are related by n, = Fp+n as one sees from a
direct computation using (5.10) and (5.9). From the usual law of conformal
transformation of mean curvature, we find Hy = = (p+ H—2n(p4)).

Let us end this subsection by discussing the non-regular level sets of V.
Let Crit(N) be the set of the critical points of N and suppose that {N =
s} N Crit(N) # 0. We recall from [67] that N is a real analytic function on
M (with respect to go-harmonic coordinates). In particular, the set of critical
values of N is discrete. Furthermore, from the results in [52] (see also [48,
Theorem 6.3.3]) on the structure of the critical set of a real analytic func-
tion, it follows that there exists a smooth surface S C Crit(N) with Hausdorff
measure H?(Crit(N) \ S) = 0. As a consequence, the unit normal, the second
fundamental form, and the mean curvature are well-defined H?-almost every-
where on the critical level set {IV = s} as well, with respect to go. Proceeding
now exactly as at the end of [18, Section 3.2], one computes H, = Fp4 H at
the points of S. It follows then that (5.21) holds at the points of S, which in
particular implies that (5.21) holds H?-almost everywhere on the critical level
set {N = s} as well.

5.3. Bochner Formula

In this section, we will study some useful consequences of the Bochner for-
mula in the cylindrical picture, appealing again to Notation 2. Again, let p
be a pseudo-radial function, defined as in (5.3) or (5.4), and let ¢, g be de-
fined by (5.5) and (5.6), respectively. The Bochner formula for the g-harmonic
function ¢ then reads

Ag|Vel2 = 2|V?p|2 + 2Ricy(Vip, Vo)

1 m
2Vl + 5 (1- 2 ) OIVel IV (522

where we have used (5.14) in the second equality. More generally, for any 5 > 2,
one has the following formula

_ 1 m
AVl = B19els 2 1Vl + (1= 2) OIVel} 1 99

+B(B—2)|VelS 2 VIVl

which in particular implies

(5.23)

1 m
A9l = 5 (1= 2) (VI3 1 Vi 2 0 (5.24)
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This elliptic inequality for |Vg0|§ will play an important role later. An alter-
native useful way to rewrite (5.24) is the following

1 1 1 m
div, [ — Bl=—"|A B_— (12 s > 0.
iv, ( pvarg) N [ o|Vel; ( p) (VIVel; |w>g] >0

N
(5.25)
In other words, we have found a family of vector fields
1
Xpi= — b 5.26
5= ~ VIVels (5.26)

with non-negative g-divergence as desired, for each § > 2.

5.4. Asymptotic Analysis of the Conformal Metric

The purpose of this section is to discuss the asymptotic behavior of our solu-
tion. More precisely, we show that the gradient and Hessian of ¢ have bounded
norm at infinity and that the metric g is asymptotically cylindrical, namely the
level sets of ¢ converge to round spheres of fixed radius with respect to the
metric g. The arguments are similar to the ones presented in [6, Lemma 3.1],
but since we are using a weaker notion of asymptotic flatness, we prefer to
present all the details.

First of all, in slight contrast with Sect. 4.4, here it is convenient to work
with the level sets of the lapse IV instead of working with coordinate spheres.
Let v be the gp-unit normal to the level sets of N pointing toward +oo and
let n = %. Clearly we have n = +v, depending on the direction where NNV is

growing. From (4.12), we deduce

x’ -\ 0 0 o, -

e (H " Ul) o e o -l 62D
as |z| — co. From (4.12) if m # 0 and from N? = 1+W¥? and (2.10) if m = 0, we
deduce that we can always find a neighborhood U of infinity, contained in the
asymptotic end M \ K, such that |[DN|# 0in U. If n = v (resp., n = —v), we
deduce that we can find ¢ close enough to 1 such that a connected component
of {ts < N < 1} (resp., {1 < N < tp}) is contained in U and contains the
asymptotic end. It follows from Morse Theory [56] that {tc < N < 1} NU
(resp., {1 < N < tp} NU) is diffeomorphic to ¥ x [tg,1) (resp., X x (1,1o]),
with the level set {IN =t} corresponding to ¥ x {t} for all t > .

On the other hand, asymptotic flatness implies that the topology of the
asymptotic end M\ K must be that of R3\ B for some closed ball B. Since R3\ B
retracts to S?, it follows that ¥ does as well. In particular, the fundamental
group of ¥ is the same as the one of S?. From the classification of surfaces,
it follows that ¥ is diffeomorphic to S2. In other words, {tc < N < 1} N U
(resp., {1 < N < to} NU) is diffeomorphic to S? x [tg, 1) (resp., S? x (1,t]).
By means of this diffeomorphism, the function N is just the projection onto
the second factor and can be used as a coordinate. It is well known (see, e.g.,
[42]) that, choosing coordinates (61,0?) on the first factor S?, the metric go
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can be rewritten as

dN @ dN

Gun(N, 0%, 62) d0* & d° 2
‘DN’Q +g b( 3 ’ ) & 5 (5 8)

go =

with a,b = 1, 2. Notice that, for a fixed ¢, the coefficients of the metric induced
on the necessarily regular level set {N = t} are given by gus(t, 0, 62).

Let us now study the asymptotic behavior of the metric g as ¢ — 1. Since
the asymptotic end of M is diffeomorphic to R® \ B D {N > ¢y}, we can also
consider standard spherical coordinates (|z|, 9!, 9?). Recalling the asymptotic
behavior (2.9) of g, we can write

9o = (1 +w)d|z| @ d|z| + |z|(, (d|z] @ dI* + dI* @ d|z|)
+ ‘x’2 [(982>ab + gab] dﬂa & dﬂb, (529)
wy&zba(a - 0(1)

as |z| — oo. Exploiting the fact that aea is gp-orthogonal to DN, we can
rewrite (5.27) in spherical coordinates, obtaining

0 A0

V_(1+)\)8" |‘W’

A A =0(1) (5.30)
as |x| — oo. Since the normal v is converging to % at infinity, we expect

the level sets of N to become round as we approach infinity. For the sake of
completeness, we now show how to prove this in detail. For a = 1,2 and using
(5.29), (5.30), we compute

o0
06

Ol|

0= 0 (o) = 11+ )1+ + 63 0

+ Lo [A? [(g52)oe + €el + (1 +A)¢]

for a = 1,2 as |z| — oo. It follows then that g';i' =T 2‘32, where 7, = o(|z|)
as |x| — oo, b = 1,2. With this insight, recalling (5.29) we are finally able to

compute the asymptotic behavior of g,;, obtaining

gon = a0 (2. 2
gab - gO aea? aeb

gl <8|m| a9° 61958|x|)+| 2 (gt 4 € ]aﬁCGﬁd
c o
90% 96b 90a 90 | 9pa 0ob 9s2)ed 7T Sedl Hga 5
o 0
_ 2 d
= |:L'| [(QSQ)Cd + 7—cd] dy© @ dv (89“ ) 89b> (531)

for a,b=1,2 as |z| — oo, where 7.4 = o(1) for ¢,d = 1,2. In other words, the
metric g induced on a level set { N = t} can be written as g = |x|? [(gs2)ea + Ted]
d° ® d9? where 9% is the restriction of ¥ to {N = t}. We have thus shown
that the metric g induced on the level sets of N converges to gsz at infinity,
as expected.

In order to conclude our study of the asymptotic behavior of the con-

formal quantities p, ¢ and g, it is convenient to distinguish between the case
m # 0 and m = 0.
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5.4.1. The Case m # 0. If m # 0 then p # 0 as well and m, u have the same
sign thanks to Lemma 4.2. Recall that we choose p either as (5.3) or (5.4) in
order to have p — +o00 as we approach the infinity, according to Lemma 5.1
and 5.2. With this choice of p, recalling also (5.5), we easily see that

p ="+ oa(Ja), (5.32)
¢ = log <2n;|a:|> + 02(1) (5.33)
as |x| — oo. Substituting (5.32), (5.33) into (5.10) and (5.7), we deduce
Vely =2+ oi(1) (5:34)
Vije = o(lz[7*) (5.35)

as |x| — oo. Furthermore, by (5.6) and (5.32), we get
[VZplg = o(1) (5.36)
as |x| — oo. Let us now move our attention to the cylindrical ansatz metric
g= g—g. This time we use ¢ as a coordinate on our end instead of N. Dividing
formula (5.28) by p? and using (5.9) for p, and (5.10) for p_, we obtain
_ dp ®@dy
|Vl

From (5.32) and (5.31), we deduce that the metric induced by g on the level
sets of ¢ is

+ 99 460 @ dp”. (5.37)
p

Ja 2 o 0
% . <%, w) + 0(1) (538)

2 W gs2
as |x| — oo. In other words, the metric induced by g on the level sets of N

(and thus of ¢) converges to ’ﬂi—z gs2. Denoting by do, the area element induced
by g, it follows that

. o /J2 2
570 {p=5} m
5.4.2. The Case m = 0. Let us now discuss the case when m = 0 and hence

= 0 by Lemma 4.2. From Lemma 4.3, we also know that « > 0. Using
N? = 1+ U2 from (4.4) and (4.19) with k > 0 so that v(¥) < 0 on the

leaves of N, we find v(N) = —|DN| on the leaves of N and thus n = —v
asymptotically. Defining the pseudo-radial function p by (5.3) and ¢ by (5.5),
g(N+1)

we immediately find p = % and hence ¢ = log(=—— ). Exploiting (2.10) with
k>0 as well g > 0, we thus find from (5.4), (5.5) that

€T
p= T 4 os(jal), (5.40)

¢ = log <2q7’x|) +02(1) (5.41)
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as |z| — oco. From (5.10) and (5.7), we then compute the following expansions

Vel = £+ 01 (1), (5.42)
Viie = oll=|™) (5.43)
as |x| — oo. Furthermore, by (5.6) and (5.40), we get
VZ¢lg = ofl2| ") (5.44)
as |z| — co. Arguing as in Sect. 5.4.1, we obtain
: K2 o
Sli)rgo . do, = 7z IS=. (5.45)

5.5. Choosing the Parameters m and ¢

We recall that the quotient £ has already been fixed in (4.3) depending on the
values Ny and Vg of the lapse function IV and the electric potential ¥ on 0M.
However, we still have a degree of freedom in the choice of the two parameters.
It will be convenient to remove this extra degree of freedom and fix the values
of m and ¢ by imposing that [V|, = 1 shall hold on® M. This makes ¢ a unit
radius cylinder in the equality case in view of (5.37). Recall that we know that
IDN| = |dN] is constant on® OM. Thus, in the non-degenerate (black hole or
photon surface) case where [DN| > 0 on M and thus N2 +k > 0 as discussed
in Sect. 4.2, recalling (5.10) and (4.6), this amounts to requiring

2 /N2
g= - vNo +k (5.46)

- p5 IDN|[on

where the right hand side is well defined thanks to (4.7) and is a function of
4 (whose value has already been fixed) and of Ny and |[DN|?|s5 > 0 which
are given constants on M. It follows that the parameters m and ¢ are now
uniquely defined in the non-degenerate case.

It remains to discuss the choice of m and g in the degenerate (black hole
or photon surface) case, i.e., when |dN| = 0 on® M. From Sect. 4.2, we know
that N2 +k = 0; hence M C & and ¥ = % We claim that indeed & = M.
To sce this, let us exploit (4.7) to find & = {¥ = #}. We now use that the last

equation in (2.1) is invariant under addition of constants to W so that it also
applies to ¥ := ¥ — % Clearly, U satisfies ¥|sp, = 0, while the asymptotic
decay assumption on ¥ gives U — —% < 0 at infinity. Applying the strong

maximum principle” to the last equation in (2.1) for ¥ thus gives ¥ < 0 or in

other words ¥ < G m M \ OM and hence & = OM as claimed. From this, we

deduce that (5.10) holds on M \ OM. In combination with (4.8), this gives
p* DY

Vo3 = TN (5.47)

8Suppressing a limit z — 0T in the degenerate horizon case.
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on M\ M. Next, from the definition of p and from N+ k = 0, we know that
m
Let us first focus on the photon surface case Ny > 0. In this case, (5.47)
continuously extends to M which corresponds to choosing
. m2 NO
7> [D¥|[onr

which is clearly a function of % (whose value has already been fixed) and of

q (5.49)

Ny and |D¥||sps which are given positive constants on OM, see Sect. 4.2 with
V|, — 1 uniformly as one approaches 9M. In the degenerate horizon case
Ny = 0, it follows from (5.48) and k& = 0 (this has been shown at the end
of Sect. 4.2) that pg = m = g. In addition, the decay assumptions (2.3) imply
that the coefficients of the inverse of the metric read

(90)** = 22 A+ o(2?), (90)*" = O(z%), (90)'" =b"" +0(1)  (5.50)
and consequently, using again the expansions (2.3) combined with (2.4), we
get

IDNI? _ (90)**(9:N)* +o(2?) _ 22C* + o(z?)

N2 22C? 4 o(z2) 2202 + 0(22)

as z — 07. Taking the limit of (5.10) as z — 0" in combination with the

desired normalization |[Vy|, — 1 as z — 07 leads to the choice
1

It follows that the parameters m and g are now uniquely fixed also in the

degenerate case, with |Vy|, — 1 uniformly as z — 07 in the degenerate
horizon case.

— C? (5.51)

(5.52)

6. Black Hole Uniqueness in Electro-Vacuum

This section is dedicated to the proof of Theorem 3.1, that is, we want to char-
acterize sub-extremal and extremal Reissner-Nordstrom systems as the only
asymptotically flat, electrostatic electro-vacuum spacetimes with a connected
horizon. To this end, we will exploit the cylindrical ansatz formalism discussed
in Sect. 5 and will continue to assume ¥y > 0. The parameters m and ¢ shall
be chosen as discussed in Sect. 5.5. Recall from Sect.4.2 that m > g > 0 and
S = ) when OM is non-degenerate, while m = g # 0 and & = M when OM
is degenerate. This tells us that the equations in (4.5) are well defined every-
where on M \ M. Moreover, the maximum principle” applied to the second
equation in (2.1), exploiting Ny = 0 and the asymptotic assumption N — 1
at infinity, ensures that 0 < N < 1 in M \ OM and in particular N # 1 in
M. Hence, we can apply the conformal change discussed in Sect. 5 on M \ M
with the pseudo-radial function p_ from (5.4), see Lemma 5.2. We then choose
the pseudo-affine function ¢_ and cylindrical ansatz metric g_ accordingly via
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(5.5), (5.6) and note that they are well defined and smooth on M \ OM by
Lemma 5.2. In the non-degenerate horizon case, all these smoothness claims
extend to OM.

6.1. First Consequences of the Bochner Formula

In this section, we will discuss a couple of consequences of the Bochner for-
mula from Sect. 5.3 in the black hole case. Similar consequences of the Bochner
formula will be discussed for equipotential photon surfaces in Sect.7. In par-
ticular, we will exploit inequalities (5.24) and (5.25) to obtain some crucial
information on the function . For our first result, we start from the vector
fields X3 with non-positive divergence found in (5.26) and we prove an integral
inequality on the mean curvature H, of the level sets of (.

Proposition 6.1. Let (M, go, N, V) be an asymptotically flat electrostatic electro-
vacuum system of mass p such that M has a connected horizon boundary OM .
Let p = p—, ¢ = p_, g = g— be defined as in (5.4), (5.5), and (5.6), with
respect to m, q satisfying (4.3). Then, for any > 2 and any s < oo such that
{o =5} C M\ OM, one has

H, V|8
/ g IVeolg do, >0, (6.1)
{p=sy N

where Hy, is the mean curvature of the level set {¢ = s} with respect to the
metric g. Furthermore, if equality holds in (6.1) for some s and 3, then ({¢ >

s}, go) isometrically embeds into the Z—z-multz’ple of the Reissner—Nordstrom
metric of mass m and charge g, with N and ¥ corresponding to the respective
Reissner—Nordstrom quantities.

In addition, if (5.46), respectively, (5.52) holds in the non-degenerate, re-
spectively, degenerate horizon case and if equality holds in (6.1) in the limit
s — @o where OM = {¢@ = o} then (M\OM, go, N, V) is isometric to the
Reissner—Nordstrom system of mass m = p and charge q. This isometry ex-
tends to the boundary OM in the non-degenerate horizon case.

Remark 6.2. 1t is worth mentioning that one can refine the above proposition
and show that the same result remains true for any g > %, at the cost of making
the proof more complicated (a more careful analysis of the critical points is
needed, in the spirit of [7, Section 3.2]). However, the above proposition is
enough for our purposes.

Remark 6.3. The above proposition can be applied to obtain a monotonicity
formula for the functions Fj3(s) = f{wzs} V|2t dog. This is the main tool

employed in [6] and [22] to prove the uniqueness in vacuum for black holes and
non-degenerate equipotential photon surfaces, respectively. We could repeat
the same arguments in our framework as well, with small modifications, but
we prefer to show a faster strategy that requires far less technicalities. Nev-
ertheless, the method involving the monotonicity of the functions Fj will still
be of use later on, see Sect. 7.5 and Proposition 7.3.
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Proof. From (5.33) or Lemma 5.2, we know that {¢ > s} contains the asymp-
totic end (or a suitable piece thereof for large s). On the other hand, {p > s}
does not contain OM, as N (and thus ¢) achieves its minimum value on 9M.
Furthermore, {¢ > s} is connected: In fact, if {¢ > s} had a second con-
nected component, this would have to be compact with boundary contained
in {¢ = s}. Since ¢ is g-harmonic, by the maximum and minimum principle’
we would get that ¢ is constant on this component and thus everywhere by
analyticity. Under our hypotheses, the functions p, ¢ and the metric g are well
defined and smooth on M. By continuity, the level sets {¢ = S} are non-empty
for any S > s.

Let s < S < o0 be two regular values for ¢, and let us integrate the in-
equality (5.25) over {s < ¢ < S}. As an application of the divergence theorem,
we get

1
_/{ } p—N<VIVs0|§ |ng)doy —I—/{ . —<V!Vg0|§ Ing)do, >0. (6.2)
p=s _

Since (V|Vg|? |ng) = B|Ve|2~1V2p(ng, ny), recalling (5.15), we immediately
obtain

1 Bar > / 1 8
/{ oy alVeaey 2 |G Vel (63)
In case s or S are critical values for ¢, the same inequality still holds. This can
be proven exactly as in [6], by observing that the vector field Xg from (5.26)
is bounded with bounded divergence for any 8 > 2, so that the divergence
theorem still applies.

In order to conclude the proof of (6.1), it suffices to show that the right-
hand side of (6.3) goes to zero as S — oo. To this end, we use (5.15) to deduce
that |Hy||Vel, = [VZp(ng,ng)| < |V2¢l,. Furthermore, from (5.34), (5.36),
and (5.39) we know that |Vel|,, |VZ¢|, and f{(p:S} dog are bounded near
infinity. Since also N — 1, p — oo at infinity, it follows immediately that the
right-hand side of (6.3) goes to zero as S — oo as desired.

Let us now prove the rigidity statement. Retracing our proof, we deduce
that in the equality case, the right hand side of (5.25) is equal to zero on {¢ >
s} or in other words, equality holds in (5.24) on {¢ > s}. From (5.23) it then
follows that |VZp|, = 0 and V|Vp|, = 0 on {¢ > s}, so that the asymptotic
assertion (5.34) gives |Vy|, = =. It is now straightforward to conclude by
applying [5, Theorem 4.1] that ({¢ > s}, g) is isometric to one half of a cylinder
over ({¢ = s}, 9g|{p=s}). Here, we implicitly used Remark 2.2 and Lemma 4.2.
On the other hand, the asymptotic assertion (5.38) informs us that this half
cylinder must indeed be round and of radius £. Returning back to the original
metric and using (5.6), (5.5), (5.1), (4.4), and the asymptotic decay assumption

on ¥ from (2.9), we deduce that gy = ‘”‘l—z (#d,o2 + p*gs2) on { > s}, with

N=,/1- 27”‘ + Z—z and U = % (up to the embedding). To see this, we also
exploit that dy = j:%dt for the cylindrical height coordinate ¢ from the proof

m

of [5, Theorem 4.1] in combination with [Vi|g = .
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It remains to address the rigidity case in the limit s — ¢q. If the left hand
side of (6.3) tends to 0 as s — g, we can deduce as above that VZp = 0 and
[Velg = 51 on M\OM. Using that (5.46), respectively (5.52), ensure [V|g — 1
as s — (g, this shows m = u. We can then conclude as before, obtaining the
desired isometry up to (and including OM in the non-degenerate case). Note
that, in the degenerate case, we apply [5, Theorem 4.1] on {¢ > —K} for

an arbitrary very large K, recalling oy = —oo in this case to get isometry
to a cylinder of radius 1 over the base ({¢ = K}, g|i,—k}) and then take
K — Yo = OQ. O

This proposition is sufficient to conclude rigidity in the degenerate black
hole case under the additional asymptotic assumption that

% 20 (6.4)

uniformly as N — 0T, where H denotes the mean curvature of the N-level sets
with respect to gg and to the gp-unit normal pointing to the asymptotically flat
end. As previously remarked, this assumption can be dropped, see Sect. 7.7.

Corollary 6.4 (Degenerate black hole uniqueness). Theorem 3.1 holds for sys-
tems with connected degenerate horizon inner boundary, under the assumption
(6.4).

Proof. Recall that in the degenerate case we have £ = 0 and hence m = g.
From (5.51) and (4.10) we immediately deduce

R — 2C? (6.5)

uniformly as z — 07, where R denotes the scalar curvature of gy. The decay
of the derivatives of N in (2.4) informs us that this uniform convergence also
holds as N — 0% and hence as s — g = —oo. Aiming to apply the rigidity

statement of Proposition 6.1 in the limit ¢ — ¢y = —o0, we use (5.18),
g=m= %, and p = 75, mp — 7> = i]]\\], to compute
H, |V, B m? H |[DN| 2 |DN|2

N  (1-N)3 {N N 1-N N2 ]
on any regular level set {¢ = s} for s > pg = —oo. From (4.10) and k = 0, we
learn that

Ve, ot [H TR 5)

N A-N3|[NV2 1-N '

We would now like to take the limit s — ¢y = —oo of this equation exploiting
that we have the existence of a regular foliation by N-level sets near M and
already know from the assumption (6.4) that % — 2C uniformly as N — 0T
and hence as s — ¢y = —oo. Now, using again m = % and (6.5), the right
hand side of (6.6) uniformly converges to 0 as s — o = —oo. Furthermore,
we know that V|, — 1 uniformly as z — 0 from Sect. 4.2 which allows us

to conclude that
H, |Vel5

—0
N
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uniformly as s — ¢g = —oo for all § > 2. In order to trigger the rigidity
statement in Proposition 6.1, it is then enough to show that

/ do, = [{¢ = s},
{o=s}

has a finite limit as s — ¢y = —oco. We will conclude the proof showing that
in fact the g-area |{p = s}|, or equivalently |[{N = t}|, converges to |S?|. Let
(z,27) for I = 1,2 be the Isenberg-Moncrief Gaussian null coordinates near the
degenerate horizon. Since by (2.4), 9, N converges to C' > 0, for ¢ sufficiently
close to 0 we can write {N =t} = {z = ¢(2!)} for some smooth function ¢.
From the expansion of N in (2.3) we have ¢ = & + (¢, 2") with n = O(2?)
and from (2.4) we deduce 0,7 = O(z) and 9;n = o(z). As a consequence
d1¢ = 0:m0r¢ + 9rn = O(2) 0rd + o(2),

which implies 97¢ = o(z). Recalling the form of gy in (2.2) and the asymptotic
behavior (2.3), we conclude that the induced metric on {N = t} = {z =
¢(z*,2%)}is gol(n=1) = gzgs2+0(1) = p§ gsz+0(1) as z — 0T Since gy = p* g,
this proves the claim. O

For the non-degenerate black hole case, we will need the following second
application of the Bochner formula consisting of an application of a minimum
principle argument in the spirit of [18, Proposition 3.3].

Proposition 6.5. Let (M, go, N, V) be an asymptotically flat electrostatic electro-
vacuum system with mass parameter p and with connected boundary OM . Let
p=p_, o=¢_, g=g_ be defined as in (5.3), (5.5), (5.6), respectively, with
respect to the parameters m > q > 0 determined by (4.3) and (5.46). Then,

Velg <1 (6.7)
holds on M and we have
m < [ (6.8)

Furthermore, if equality holds in (6.7) at some point of M\OM then (M, go, N,
V) is isometric to the sub-extremal Reissner—Nordstrom system (2.12) of mass
= m and charge g, including OM.

Proof. Consider the function w :=
we compute

S(1—|Vyl3). From (5.1), (5.5), and (4.6),

1
Vw=—-NwVy — ;V|Vg@|§

on M, from which, using (5.22), we obtain

3m  2q° 2
Agw — (1 -+ p—%) (Vw|Vep)g = - [Vilg <0

on M. Therefore, the minimum principle’ applies, meaning that w takes its
minimum value on® the boundary M or at infinity. On the boundary, we have
|Vp|s =1 by our choice of m and ¢, hence w = 0 on M. By (5.34) and (5.32),

the quantity |Vo|, is bounded at infinity, whereas ,l) — 0 and thus w — 0 at
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infinity. It follows that we must have w > 0, or equivalently |V¢|, < 1, on M,
Appealing again to (5.34), this shows (6.8).

Furthermore, if |Vp|, = 1 (equivalently, w = 0) at some interior point,
then the strong minimum principle” tells us that indeed |V g =1on M and
thus in particular g = m by (5.34). Substituting this into (5.22), we also get
\V2<p|g = 0 in M. Then the same arguments given at the end of the proof of
Proposition 6.1 demonstrate the remaining claims. (]

6.2. Proof of Theorem 3.1 for Non-Degenerate Horizons

In this section, we will give a proof of Theorem 3.1 for non-degenerate hori-
zons. Recall that we already know that m < p from Proposition 6.5. We will
now proceed to prove the opposite inequality which will allow us to conclude
rigidity in the non-degenerate horizon case. To show m > u, we start by recall-
ing formula (5.21) for the mean curvature of a level set of ¢, replacing [DN|
by |Vl, via (5.10), and obtain

[Vely Hy P! s e B\ 2mp—g*
= R+ — )| - — |V 6.9
= sy (RO =) - S (69)
on any level set of ¢ in M. We now want to take the limit of this formula as
N — 0, that is, as we approach the horizon M. Since m and g have been
chosen so that |Vg|, = 1 on 0M, recalling that non-degenerate horizons are
totally geodesic with respect to gg (see Sect. 2), it is easy to compute from (6.9)
that

. IVelbH, e (03 Lo
Jim ——¢ - DRIM -1 (6.10)

for every 8 > 2. Applying Proposition 6.1 and taking the limit as we approach

OM, we find
2
/ (—0 RM —1) do >0, (6.11)
om \ 2

exploiting that £ > 0, ¢ > 0, and pg > 0. From the Gauss-Bonnet formula, we
first deduce that M is topologically spherical and then consequently obtain
the area bound

OM| < dmpg = |S?| 5, (6.12)

where |OM| denotes the area of M with respect to go and |S?| denotes the
area of S? with respect to gs2. Let us now exploit the g-harmonicity of ¢.
Integrating A, = 0 between two level sets of ¢, we find out immediately that
the function F(s) := |, (p—s) |Vply doy is constant which in particular implies

/ Vol do, = Tim Veol, do,. (6.13)
OM S—r 00 {@:S}

Recalling that |[Vy|, = 1 and p = pg on M, combining this identity with (6.12),
we obtain

IS?| > lim V|, doy. (6.14)

T s—o0 {QOZS}
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On the other hand, from the asymptotic behaviors (5.34) and (5.39), it follows
that

lim Vel,do, = £ [S?. (6.15)
570 S {p=s} m
Substituting this into (6.14), we find m > p as desired.

Combining this with (6.8), we conclude that m = p. It follows that equal-
ity must hold in all inequalities in this subsection. In particular, (6.11) must
be an identity and, through the limit statement in Proposition 6.1, this trig-
gers the rigidity statement of Proposition 6.5, allowing us to conclude that
(M, go, N, W) is isometric to the sub-extremal Reissner—Nordstrom system (2.12)
of mass p = m and charge ¢. This proves the non-degenerate horizon case of
Theorem 3.1. O

7. Equipot. Photon Surface Uniqueness in Electro-Vacuum

This section is dedicated to the proof of Theorem 3.2, split into several dif-
ferent cases, closely related to if and where dN = 0 in the different Reissner—
Nordstrom spacetimes discussed at the end of Sect.2. Let m and g > 0 be
chosen as in Sect.5.5. We will first discuss the case where the critical set
S = {N? + k =0} is empty and Ny < 1 in Sect. 7.1. This part covers all pre-
viously known equipotential photon surface uniqueness results, see Sect. 1. In
particular, our analysis will characterize all—mecessarily non-degenerate (see
Sect. 4.3)— time-slices of equipotential photon surfaces in the sub-extremal
(m > g > 0) and the extremal case (m = g > 0) as well as all super-extremal

ones with g > m >0 and pg > %, where py denotes the value of the pseudo-
radial function p on M. Its proof resembles the one given for non-degenerate
black holes in Sect. 6.2.

Using slight modifications of the same strategy, we will then treat the
cases & = () and Ny > 1 in Sect.7.2 and Ny = v/—k (and thus & # 0) in
Sect. 7.3. This will characterize all time-slices of equipotential photon surfaces
in the super-extremal case with m <0 < g and with ¢ > m > 0 and pg = é,
respectively. As discussed in Sect. 4.3, the first ones are necessarily (locally)
non-degenerate while the second one is necessarily degenerate.

Finally, after a careful analysis of the critical set & and its complement
when & C (M \ OM) in Sect. 7.4, we will treat the case & # () and Ny > /—k
in Sect. 7.6. This proof deviates the most from the black hole case and uses an
approach via monotonicity formulas derived in Sect. 7.5. This will characterize
all — again necessarily (locally) non-degenerate (see Sect.4.3)—time-slices of
equipotential photon surfaces in the super-extremal case with ¢ > m > 0 and

2

q
po < .-

Note that & # () implies k < 0 by positivity of NV in the equipotential
photon surface case, thus the condition Ny > /—Fk is well defined; moreover,

by (4.6) and (4.3), Ny < v/—k is not possible. Hence, our analysis covers all
cases of Theorem 3.2.
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As announced in Sect.2, we will denote by v the unit normal to the
boundary OM pointing toward the asymptotically flat end. Notice that v may
coincide with the normal n = % introduced in Sect. 5.2 or may point in the
opposite direction.

7.1. Proof of Theorem 3.2 for & = () and Ny < 1

Recalling ¥y > 0 and using Ny < 1, this immediately asserts that m > 0
and hence p > 0 by Lemma 4.2. Next, the assumption & = () ensures that
problem (4.5) is well posed in M. In particular, the second equation in (4.5)
gives that N satisfies the maximum and minimum principle” in M. Since
N — 1 at infinity, it follows immediately that Ny # 1, otherwise we would
have N =1 in M so that, since W is a function of N and ¥ — 0 at infinity,
this would imply that W is trivial, which is against our hypothesis ¥y > 0. We
conclude that Ny < 1 and, by the maximum and minimum principle” and the
Hopf lemma®, we have Ng < N < 1in M and v(N) > 0 on OM or equivalently
v =mnon OM. Moreover, N # 1 on M so that p_ is well defined and smooth on
M by Lemma 5.2, using again our assumption & = (). This allows us to choose
the pseudo-radial function p_ from (5.4) as in the black hole case treated in
Sect. 6, with ¢ = ¢_ and g = g_ asin (5.5), (5.6), respectively. Finally, & = ()
implies that OM is non-degenerate by the discussion in Sect.4.3 so that the
properties of time-slices of non-degenerate equipotential photon surfaces listed
on pp. 5 apply.

It is now easy to see that the arguments given in Sect.6.1 work in this
framework as well. Proceeding exactly in the same way as in the proof of
Proposition 6.1 and exploiting that m and g satisfy (5.46) establishes (6.1) for
OM = {p = ¢o} and any B > 2, with equality if and only if (M, gg, N, V)
is isometric to a suitable piece of the Reissner—Nordstrom system of mass
m = p and charge ¢, with N and ¥ corresponding to the respective Reissner—
Nordstrom quantities, including the boundary 0M. Similarly, one can adapt
the proof of Proposition 6.5 to find that [Vy|, <1in M and m < p.

To prove the opposite inequality m > p and trigger equality in (6.1), we
proceed slightly differently than in Sect.6.2. Since we know that the mean
curvature H of a time-slice of a non-degenerate equipotential photon surface is
constant from pp. 5, we deduce from (5.10) and (5.18) that H, is also constant
on OM. Thus, (6.1) gives H; > 0 on 9M. This inequality gives us a couple
of important consequences. First of all, from (5.46) and the relation (5.18) by
v =1 between H = H, and H,, we observe that

g/ NE +k (m+ q\/NE + k)

0 7.1
1- N2 > (7.1)

mpy — q° =

where pg is the value of p on M. From this, we deduce that

2Nop? 2N,

7.2
- ompo— 4 Po 7:2)
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so that in particular H, > 0 (compare the discussion after (2.8), recalling
v = n in this case). On the other hand, recalling umbilicity of OM from pp. 5,
combining H, > 0 with (5.4), (5.21), (5.46), and (7.2), we get

H2  2p3(2mpy — ¢° 2Ng  2(2mpy — ¢%) 2
2 (mpo — q°) I Po I
Integrating this over OM and using the Gauss—Bonnet formula, we obtain
2|0M
Ay (OM) = / RM do > | —. (7.4)
oM Po

It follows that the Euler characteristic of OM is positive, meaning that oM
is diffeomorphic to a sphere. Hence x(OM) = 2 and |0M| < 4mp?. In other
words, we have recovered the area bound (6.12) and we can now conclude
the proof exactly as in Sect. 6.2; namely we combine (6.13) with (6.15) to get
|OM| = £S?|, from which it follows that y < m as desired. Also, this triggers
rigidity in (7.3) and thus allows us to conclude as in the non-degenerate black

2
hole case treated in Sect.6.2. Moreover, we learned from (7.1) that py > %
which imposes the anticipated restriction on pg when ¢ > m > 0 and no re-

2
striction on pg when m > g > 0 as pg > 1,4 > % in that case.

7.2. Proof of Theorem 3.2 for S = () and Ny > 1

Again, we start by observing that, since the critical set & is empty, the second
equation in (4.5) is a well-posed elliptic equation for NV on the whole manifold
M. Since N — 1 at infinity, we conclude by the maximum and minimum
principle” and the Hopf lemma® that 1 < N < Ny holds on M and v(N) < 0
or in other words ¥ = —n = n, holds on OM. Next, as usual, let m € R,
g > 0 be chosen as in Sect.5.5. Since N > 1 by the above and ¥ > 0 in M
by Proposition 4.1, we deduce from(4.4) that ¥ > 27’” in M. Since ¥ — 0 at
infinity, we conclude that m < 0 as expected. Since m < 0, Lemma 5.1 and 5.2
suggest to use the pseudo-radial function pi from (5.4), with ¢ = ¢, and
g = g+ from (5.5) and (5.6), respectively. Moreover, & = () implies that OM
is non-degenerate by the discussion in Sect. 4.3 so that the properties of time-
slices of non-degenerate equipotential photon surfaces listed on pp. 5 apply.

We plan to apply the strategy from Sect.6.1 and then conclude in a
way similar to Sect. 7.1. We will first discuss the argument for m < 0 and then
treat the case m = 0 in Sect. 7.2.2; note that the latter case needs to be handled
separately because of its different asymptotic behavior.

7.2.1. The Sub-Case m < 0. Recalling that y < 0 follows from m < 0 by
Lemma 4.2, it is easy to see that the arguments given in Sect.6.1 work in
this framework as well. In particular, (6.1) holds on M for all § > 2 with the
identical rigidity assertion as we have chosen m and g as in (5.46). Again, an
adaptation of the proof of Proposition 6.5 allows us to find that |[V¢|, <1 in
M. Exploiting (5.34), this gives m > p because p < 0.
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prove the opposite inequality m < u, we proceed as in Sect. 7.1. Since we
know that the mean curvature H of a time-slice of a non-degenerate equipo-
tential photon surface is constant from pp. 5, we deduce from (5.10) and (5.18)
that H, is also constant on dM. Thus, (6.1) gives H; > 0 on OM also here.
Since clearly mpg — ¢ < 0 in this case, we deduce from (5.18) that H < 0 on
OM. As n = —v, this shows that the mean curvature H, = — H with respect
to the normal v pointing toward the asymptotically flat end is again positive
(compare the discussion after (2.8)). More precisely, using

3
Po
1=V = ——5 DN 7.5
Vel = - DN (75)
on OM, (5.18) gives
2Ny p? 2N
H, > -2 IDN| = =0, (7.6)
mpo — 4 Po

whereas from (5.21) and (7.5), we get

ROM < Hy n 2(2"1004— 7)

2 Po

using again the properties of time-slices of non-degenerate equipotential pho-
ton surfaces discussed on pp. 5. This time, combining the scalar curvature
estimate (7.7) with the Gauss-Bonnet formula is inconclusive. Instead, we will
exploit the photon surface constraint (2.5) in the form of (2.7) and (2.8), re-
calling that we have already established H, > 0. Rewriting these conditions
using (5.46), (7.5), v(N) = —|DN]|, and (4.8), we find

, (7.7)

24° 1
RIM — 14 + <c—|— —> H2, (7.8)
Po 2
2(mpo — ¢°)
cH, = ——=. 7.9
Nopg 79
From (7.6) and (7.9), we then deduce
2
mpo — 4
———— < 0. 7.10
7 i

Computing H,, from (7.9) and substituting it into (7.8), we get by (5.1) that
CQNng OM _ 2772 2 2 22
5 RO = " Nypgq” + (2¢+ 1) (mpo — 97)

2me po — 2m

_ 2 [Ngpge — (mpo — ¢%) ? 22
Noo Foolmeo = = N

Recalling that m and mpy — ¢° are both negative, we can then apply (7.10) in
the term in the last square bracket above to deduce
2 —¢*)?* _ 2

ROM > (771,02—69) > =, (7.11)
N poe? Po

where in the second inequality we have again used (7.10). We now proceed as

in Sect. 7.1, namely integrating this bound on the scalar curvature and using
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the Gauss-Bonnet formula to obtain (7.4) and hence deduce the area bound
(6.12). As in Sect. 6.2, we conclude via g-harmonicity of ¢ that £ <1 which
leads to m < p as pu < 0 which, using m > pu from above, triggers equality in
(7.11). This allows us to conclude as in Sect. 6.2 for m < 0. O

7.2.2. The Sub-Case m = 0. By utilizing the asymptotic information provided
in Sect. 5.4.2 combined with (5.15), it is straightforward to see that (6.1) holds
on OM for all § > 2 with equality if and only if (M, go, N, ¥) is isometric to a
suitable piece of the Reissner—Nordstrom system (2.12) with mass m =y =0
and charge k = g, appealing to the choice of g made in (5.46). Proceeding
as in Sect. 7.1, we can now apply (the proof of) Proposition 6.5 to find that
IVpl, < 1in M and thus ¢ < k by (5.42), see Lemma 4.3. Arguing as in
Sect. 7.2.1, we again find the scalar curvature bound (7.11) on 9M and thus the
area bound (6.12). As in Sect. 6.2, using (5.45), we conclude via g-harmonicity
of ¢ that k < ¢ which, using k > ¢ from above, triggers equality in (7.11). This
allows us to conclude as in Sect. 6.2 for m = 0. 0]

7.3. Proof of Theorem 3.2 for Ng = v/—k

From Ny = V—k we find OM C & by definition of & as well as ¥y = ”j by

(4.7) so that 0 < m < g follows from our assumption ¥ > 0. We choose m and
q as specified in (5.49). Next, from (4.8), we find that M is degenerate (as a
time-slice of an equipotential photon surface). By Sect. 4.3, we know that the
properties of time-slices of equipotential photon surface listed on pp. 5 hold
also in this case.

We recall from Sect. 5.5 that & = OM so that the equations in (4.5) are
well defined everywhere in the interior of M as in the degenerate horizon case.
Moreover, by the maximum principle” applied to the second equation in (2.1),
exploiting Ny = v/—k < 1 and the asymptotic assumption N — 1 at infinity,
ensures that v/—k < N < 1in M \ M and in particular N # 1 in M. Hence
we can use the pseudo-radial function p_ from (5.4) also in this case, as well as
¢ =p_ and g = g_ from (5.5), (5.6), respectively, and note that they are well
defined and smooth on M \ M by Lemma 5.2. Consequently, using m > 0 and
thus p > 0 by Lemma 4.2, the asymptotic analysis from Sect. 5.4 also applies
here.

Now recall that we have shown in Sect.5.5 that [DW| > 0 on OM. As
N > /—k by the above, this tells us that level sets {N = Ny + ¢} are regular
by (4.8) for suitably small ¢ > 0. Also, they are connected and converge to
OM as e — 07. Hence we can apply (the proof of) Proposition 6.1 to obtain
(6.1) on {N = Ny + ¢} for all § > 2 and all suitably small ¢ > 0, with the
usual equality assertion, but not necessarily having m = pu as we cannot yet
appeal to (5.49). Moreover, using (5.49), the proof of Proposition 6.5 can be
adjusted” to give |[Vp|, <1 on M and m < p.

To prove the opposite inequality m > u, we proceed similarly as in Sect. 7.2.1.
First, we extend (6.1) to 0M: To see that the left hand side in (6.1) converges
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as € = 07, we apply (5.18) and (4.8) to get

3 2
p3 [HDU| 2p|DVY
H = _

on {N = Ny + ¢} for € > 0 sufficiently small. Using (5.38) and (5.49), the
right hand side of (7.12) converges to a well-defined constant as e — 07 as p
is continuous up to M. Noting (4.7), we find that p = % is in fact smooth up
to OM, hence this convergence is uniform by the mean value theorem. Hence,
applying (6.1) in the limit € — 0%, we obtain

2 _
’M2k>0 (7.13)
q

on OM. In particular, we have H = H, > 0 as N > /—k = Ny and hence
v =1 (compare the discussion after (2.8)). Thus, from (2.8) and v(N) = 0 we
find ¢ = 0 and thus

(7.12)

H>

2
RGMZQi:

2
AN
by (2.7), (5.49), and (5.38). Arguing as in Sect.7.2.1 and using smoothness
of p up to M, we again find the area bound (6.12). Using g-harmonicity of
@ as before, this leads to m > p and thus in combination with m < p triggers
rigidity in (7.14). By smoothness of p up to dM, this isometry extends to
oM. O

7.4. The Structure of &

In order to conclude the proof of Theorem 3.2, it remains to consider the case
where & # () and Ny > /—k, so that OM NS = (). As discussed in Sect. 7.3,
it follows from & # () that ¢ > m > 0. Moreover, it follows from (4.8) and the
definition of the critical set & that the gradient of N must vanish on & and
that v/—k is in fact necessarily the minimum value attained by N in M. As
a consequence, we have to be more careful when applying the maximum and
minimum principle to the second equation in (4.5). In order to prove Theorem
3.2 in this setting, we first need to gain a better understanding of the structure
of the set & = {N = /—k}. This is the purpose of this subsection.

First of all, we recall from [67] that IV is a real analytic function on M.
In particular, since & is clearly compact, the Lojasiewicz Structure Theorem
on the level sets of a real analytic function (established in [52], see also [48,
Theorem 6.3.3]) guarantees us that & admits a decomposition

(‘5:60|_|61|_|62, (7.15)

where Gy is a finite collection of points, & is a finite collection of real analytic
curves and G, is a finite collection of real analytic surfaces. A point p € &
belongs to &;, ¢ = 0,1,2, if ¢ is the largest integer such that there exists a
neighborhood € of p in M and a real analytic diffeomorphism ¢ : QO — R3
such that ¢(2N&;) = LN p(Q) for some i-dimensional linear space L.

This structure of & is crucial for the following result, which tells us that
the set & disconnects the manifold.

(7.14)
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Lemma 7.1. Let (M, go, N, V) be an asymptotically flat electrostatic electro-
vacuum system with connected boundary OM . Let N = Ny and W = Vg hold on
OM for constants Ng > /—k, Ug > 0 and assume that & = {N%2+k = 0} # 0.

Then & disconnects the manifold M into two pieces, one bounded inner
piece M; containing OM and one outer piece M, containing the asymptotically
flat end. Furthermore, every connected component of & intersects I' := M; N
M, C & and, at any point p € &, |DV|(p) # 0 if and only if p € S NT.

Proof. First, recall that g > m > 0 follows from & # (). Then, for any choice
of pseudo-radial function p4, we compute

¢le = log <q2(1+—\/__k) - m) = ¥s. (7.16)

m

Next, we note that pg is in fact a locally minimal value of ¢ near &: if
p = p_, using m > 0 and N > /—k away from & readily gives p_ > pg
on M\(S U {N = 1}) (recalling Lemma 5.2). As N = v/—k # 1 on & by
m > 0, N # 1 holds near &. If p = py, one finds from m > 0 that ¢ > pg in
{V/=k+d > N >+/—k} for suitably small § > 0. By compactness of &, there
hence exists a bounded neighborhood €2 of & with smooth boundary such that
@+ > pg or in other words ¢ > ps on Q\G.

Now suppose toward a contradiction that & # () and M \ & is connected.
From (4.7), it then follows that ¥ — % 1s either positive or negative on M \S

m

(as it can only vanish on &) and thus its value g on G is either a maximum

or a minimum value of ¥ in M. As a consequence, we have |DU| = 0 on 6.
Next, by (5.10) and (4.8), we get |Vgo]§ — 0 as we approach &, regardless
of which choice of pseudo-radial function p+ we use. We can now use the g-
harmonicity of ¢ to get a contradiction as follows, again without specifying
which choice of pseudo-radial function we make: consider a regular value s of
¢ satisfying pg < s < minga(p). Then, the set {¢ < s} N Q is compact with
smooth boundary {¢ = s}NQ. Given any small neighborhood U C 2 of & with
smooth boundary OU, integrating the identity Ay = 01in ({¢ < s}\U) N Q
and using the divergence theorem, we obtain

| elnggdo,= [ |94l (7.17)
oUu {e=s}NQ

Since we have shown that V|, goes to zero as we approach &, the left hand
side of the above identity can be made as small as we want by choosing a
small enough open set U (and appealing to the Cauchy—Schwarz inequality).
It follows that the right hand side must be equal to zero. Since this is true
for any regular value s of ¢ close enough to ¢y and as regular values of ¢ are
dense by Sard’s lemma, it follows that |Vyl|, vanishes identically in Q \ &,
contradicting that ¢ > ¢ in Q\S, ¢ = s on &, and continuity of ¢ on .
This gives the desired contradiction, so it follows that & must disconnect M
into more than one connected component.

We now proceed to showing that there are exactly two connected compo-
nents M; and M, of M \ S as in the claim of Lemma 7.1. As N — 1 at infinity
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and v/—k < 1, it is clear that the asymptotically flat end of M is contained
in one connected component M, which is then non-compact. Next, as OM is
connected and Ny > +/—k, OM is also entirely contained in one connected
component of M \ &; this could a priori also be the connected component M,,.
Recall that & separates M into at least two components, hence there exists a
connected component M; of M\ & such that M; # M,. If we had M;NOM = 0,
then M; would be bounded with OM; C & which leads to a contradiction via
the maximum principle applied to the second equation in (4.5) as N > v/—k in
M; and N = v/—k on &. Thus M; must contain M, and the same argument
by contradiction shows that M, M, must be the only connected components
of M\ G.

We will now establish that every connected component of & must inter-
sect ' = M; N M, C &. In fact, if there were some other connected component
C of & inside M; or M, disconnected from T, i.e., satisfying C N T = 0, we
would get a contradiction by applying the arguments explained at the begin-
ning of the proof. Namely, we show that |[DV| =0 on C as ¥ — ’—g has a sign

on M; and M, and vanishes on C' and hence |V¢|, = 0 on C; we then apply
the divergence theorem to the integral of Aj¢ in a small neighborhood U of
C to prove that |Vy|, vanishes identically in U, contradicting that ¢g is a
locally minimal value near G.

Finally, let p € T'. If p € G2, N T, then p belongs to the smooth por-
tion of the boundary of M;. The boundary of M; is the union of M, where
U=y, £ % by (4.7), and of T', where ¥ = % Then the Hopf lemma, applied in

M; to the third equation in (2.1) (which is strongly elliptic as N > Ny > v/ —k
in M;), tells us that [D¥|(p) # 0. It remains to show that [D¥|(p) = 0 if
p & G2 NT'. Assuming this were not the case, we would get that AN|, # 0

from the second equation in (2.1) which gives the desired contradiction by [14,
Theorem 3.3]. O

Thanks to Lemma 7.1, applying the Hopf lemma?® to the second equation
in (4.5) on M;, we immediately deduce that v(N) < 0 and hence v = —n on
oM.

7.5. A Monotonicity Argument

We have seen in the previous subsection that if & # 0 and Ny > V—k, &
disconnects the manifold M into two pieces, an inner one M; containing 0 M
and an outer one M, containing the asymptotically flat end. Since N # v/—k
away from &, the second equation in (4.5) is well posed in both M; and M,.
It follows that the maximum and minimum principle” apply to N in M,\U
and M;\U, where U is any small neighborhood of &. Since the neighborhood
U can be taken to be arbitrarily small and N is continuous on M, recalling
that N — 1 at infinity, we deduce that

vV—k < N < Ny inside M;,

7.18
vV—k <N <1 insideM,. ( )
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Let us now perform our conformal change in both M; and M,. In M,, we use
the pseudo-radial function p_ defined by (5.4) which is well defined there as
N # 1 by (7.18), whereas in M;, we use the pseudo-radial function p; defined

by (5.4). By definition, p; = p_ = é holds on &; hence, the combined function

in M;,
pi= {2+ EM (7.19)

is well defined and continuous in M and smooth in M \ & by Lemma 5.1
and 5.2. The same naturally applies to the combined function ¢ and metric g.
However, a priori there is no reason to expect higher regularity. In particular,
it is hard to exploit the maximum principle argument described in Proposition
6.5 in the present situation. Instead, we will rely on an alternative argument,
more in line with [6], finding functions that are monotonic on the level sets of
@ in both the inner region M, and the outer region M,, and then showing that
the monotonicity formulas in the two regions combine appropriately.

First of all, let us observe that Proposition 6.1 is in force in this setting
as well.

Proposition 7.2. In the setting of Lemma 7.1, let p be defined by (5.4) in M,
and by (5.3) in M;, with respect to parameters m, q satisfying (4.3) and with
asymptotic mass parameter p. Finally, let v, g be defined by (5.5) and (5.6),
respectively. Then, for any B > 2 and any s < oo such that {p = s} C M, we
have

/ Hy |Vell doy > 0. (7.20)
{p=s}

Furthermore, if equality holds in (7.20) for some s and (3, the same rigidity
statement as in Proposition 6.1 applies.

Proof. Giving the same arguments used at the beginning of the proof of Propo-
sition 6.1, we see that {¢ > s} is connected and contains the infinity. If {¢ > s}
does not contain & then {¢ > s} C M,. We can then proceed as in Proposition
6.1 to obtain the desired inequality immediately, recalling that we use p = p_
in M,. This concludes the proof for those values s for which {¢ > s} C M,,.
In particular,

lim H, |Ve|? doy > 0,

520§ J{p=s}
where ¢ is given by (7.16), provided this limit exists. We know from Lemma
7.1 that [DU| =0 on &\(&2NI') and [D¥| # 0 on G2 NTI. By (5.10) and (4.8),
we conclude that |[Vg|, = 0 on 6\(62NT) and |Vy|, # 0 on Sy, NT. As
S5 NI s dense in I' by definition of &5, we deduce that

lim Hy |Ve|D dog = / H, [Ve|? dog >0 (7.21)
s—=o& J{p=s} r

converges as H, is defined almost everywhere on a critical level set (see the
end of Sect.5.2) and because ¢ is continuous across &.
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It remains to consider the case where {¢ = s} C M,;, in which case
{¢ > s} D &. In M;, we can still proceed as in the proof of Proposition 6.1,
integrating (5.25) and using the divergence theorem, obtaining (6.3) for any
s < S < pe. Taking the limit as {¢p = S} approaches the level set I', this time
we obtain

1 1
p=s

Now, recall that inequalities (7.21) and (7.22) are computed with respect
to different choices of the pseudo-radial function p. Since the combined p, g, ¢
are continuous along and across G, in order to combine the two inequalities we
only need to check that the integrand H, |Vg0|§ has the same value on I' from

both sides. By (5.10), (4.8), and the fact that p1 = é when Ny = v/—Fk, we find
that [Vo|, coincides on I' from both sides. Moreover, arguing as around (7.12),
we find that H, [Vy|, and thus H, coincide on I' from both sides, keeping in
mind that H is computed with respect to v = n. Hence, the estimates in (7.21)
and (7.22) can be combined, leading to (7.20). The rigidity statement is proven
as usual, first in M, and subsequently extending to M; if necessary. ]

Let us now discuss a first consequence of Proposition 7.2. Consider the
function

Fa(s) = /{ } Vol do, (7.23)
p=s

for all s in the range of . As before, integrating Ay = 0 between two level
sets of ¢, we find out immediately that Fy is constant, which in particular
implies

/ Vpl|gdog = lim |Vlydog. (7.24)
oM S§— 00 {SOZS}

In the same spirit, from Proposition 7.2, we obtain the following:

Proposition 7.3. In the setting of Lemma 7.1, let p be defined by (5.4) in M,
and by (5.3) in M;, with respect to parameters m, q satisfying (4.3) and as-
ymptotic mass parameter p. Finally, let ¢, g be defined by (5.5) and (5.6),
respectively. Then, for any B > 2, the function Fg is locally absolutely contin-
uous, with weak derivative

Fj(s) = — Hy |Vl doy <0 (7.25)
{o=s}
for all s in the range of ¢. Furthermore, if equality holds in (7.25) for some s
and B, the same rigidity statement as in Proposition 6.1 applies.

Remark 7.4. With some more work, following the steps in [6, Theorem 3.2],
one can prove more, namely that Fj is actually continuous and differentiable.
However, Proposition 7.3 is enough for our purposes.
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Proof. The proof follows the strategy from [11, Proposition 3.5]. We start by
looking at |V|,. We know that |V, is bounded at infinity because of the
asymptotic flatness assumption. Furthermore, V|, is a smooth function away
from & and it is bounded on & thanks to (5.10) and (4.8). It follows easily
from these observations that |Vy|, is uniformly bounded, namely, there exists
C > 0 such that |Vp|, < C on M. As a consequence, for any regular value s
of o, we have

Fa(s) = /{ Vel oy < 7 /{ Vlydo, = O7Fy(s). (729
p=s p=s

Since Fp is constant, it follows that, for every 8 > 0, the function Fj(s) is
essentially uniformly bounded, namely there exists a constant K such that
Fs(s) < K for almost every value s (in fact we have proven that this holds
for any regular value s, and these are dense because of Sard’s lemma). This
enables us to employ the coarea formula, a tool that will be crucial in the
proof, also thanks to [11, Remark 2.2], using the fact that V|V|? vanishes at
the critical points of ¢ for any 5 > 2.

Next, let a,b € R be constants with a < b < pg or pg < a < b, where
v again denotes the value of ¢ on &. Let also n € C°(a,b). By means of the
coarea formula, we then compute

b b
[ eEssas= [ ) [ 96l doyds
a a {@:5}
_ / (V(0(9)) | Veohy IVl AV,
{a<p<b}

where dV, denotes the volume element on M induced by g. Integrating by
parts, recalling A, = 0, and applying again the coarea formula, we get

b
[ ieEeds == [ aenvIvel; | ve)av,
a {a<p<b}
Vo

b
= — 775/ <VV¢B >da ds.
/c; ( ) {p=s} | |g |v90|9 g !

On the other hand, if a < pg < b, one obtains the same formula by
working separately in (a, pg) and (¢s,b) and then summing the two integrals
(recall that & = {p = pe} has zero volume). It follows that Fjz belongs to

W1, with weak derivative satisfying

loc ?
m) = | <V|w|§
{o=s}

Recalling (5.15), the claim follows. O

Vi
o2 >dog. (7.27)
9/g
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As a consequence of the previous result, since Fjg is locally absolutely
continuous and its weak derivative is non-positive, it follows that Fz is mono-
tonically decreasing. In particular, we have

/ |Vg0|ﬁJrl doy, > hm |Vgp|g+1 doy. (7.28)
oM {o=s}

7.6. Proof of Theorem 3.2 with & # () and Ny > v/ —k

We are now in the position to exploit the monotonicity of the functions Fj
defined in (7.23), exploiting (7.5) and (5.46). Recalling (7.24), (7.28), we deduce

oM

| 5 | = lim Vplg doy, (7.29)
Po - 0 {p=s)

oM

| > | > lim IVelft doy, (7.30)
Po 5700 {p=5}

for § > 2. Now we exploit asymptotic flatness. Clearly the expansions pre-
sented in Sect. 5.4 work in the current framework as m > 0 and hence p > 0
by Lemma 4.2. In particular, from (5.34) and (5.39), it follows that

: Hoq2
lim Vplgdo, = — |S7].
S§—00 {p=s} g g m
m\ !
lim V|0t do, = (—) |S?]
ST =5} H

for § > 2. Substituting this into (7.29) and (7.30), we obtain

oM| = 252, (7.31)
m

1

_2

Po
B—1

1

—om| > (= S?| (7.32)

I Il

for § > 2. Combining (7.31) and (7.32) with m > 0 and u > 0, we then
immediately deduce m < u. As usual, we now proceed to showing that the
opposite inequality is also in place, thus proving m = pu, from which the result
follows.

Since H, is constant on M, it follows from Proposition 7.2 that Hy, > 0
on OM. Next,

2 2

q
fry < =
po m+q\/Ne+k m

holds as expected, hence in particular mpy — g% < 0. Recalling that H = — H,,
as ¥ = —n was established at the end of Sect. 7.4, it follows as in Sect.7.2.1
that (7.6), (7.7), (7.8), and (7.9) hold on 9M. In particular, H, > 0 (compare
the discussion after (2.8)). This time however, the parameter m is positive and
this changes the argument. Namely, from (7.6) and (7.9), we find

(7.33)

mpo — ¢°

<c<O. 7.34
T T
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Computing H, from (7.9) and substituting it into (7.8), using also (5.1), we
get
2N2p
— R = ENGpiq® + (2¢+ 1) (mpo — ¢°)?
= —kpiq? 4 (c+1)*(mpo — ¢*)% (7.35)
To proceed to estimate R?M from below by 2 ;7 as before, we now appeal to

the assumption that N§ > |1 — ¥3| holds if N2 > (1 — |¥p|)?, noting that
Ng > (1 — |¥y))? follows from Uy > 0 and 0 < m < ¢ via (4.3). Using first
Ng > 1 — U2 and again (4.3), we find that ¥y > 2. From this, (5.3), (4.7), we

m

find ¥y = —0 and thus, using (4.3) to express F in terms of Ny and Vg, we
compute

U3+1—-N§ 1+ Nj—U3

-2 1Ty, =1 0 >0, (7.36)

Po q 2 a 2
where we have used the assumption N2 > W2 — 1 in the last inequality. This
tells us that pg > m and hence

Po —
N po

by (7.37) and (5.1). Hence dividing (7.35) by ¢? and using (7.34), (7.37), and
(5.1), we get

c+1> T>0 (7.37)

05 oM kg*> | (po —m)?
- R > - 2 2 + 2 2
Ngp§ Ng ps
as desired. From here on, one concludes as usual by integrating and using the

Gauss—Bonnet formula as in Sect.7.1. This concludes the proof of Theorem
3.2. (]

=1 (7.38)

7.7. On the Degenerate Horizon Case

In this subsection, we give an alternative proof via the monotonicity argument
of the degenerate horizon case, that does not require assuming (6.4).

First of all, we recall (see (5.52)) that pg = m = g = &, where py is the
value of the pseudo-radial function p at the boundary and C' is the constant
appearing in the asymptotic decays (2.3). For convenience, we set

M| = lim_[{p=s}|. (7.39)
where | - | denotes the area with respect to go. Arguing as at the end of the

proof of Corollary 6.4, we deduce that the areas of the level sets of ¢ and z
converge to the same value and in particular

OM] = [5| 3. (7.40)

We now recall that Proposition 6.1 applies to the degenerate case as well.
Following Proposition 7.3, this tells us that the function Fj, defined as usual
by (7.23), is monotonically non-increasing for 5 > 2. Furthermore, the rigidity
statement in Proposition 7.3 carries through to the degenerate horizon case
without modifications: in fact, if Fjg(s;) = Fj3(s2) for some s; < so, then it
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would follow that (6.1) holds with equality for all s between s; and s, thus
triggering rigidity.

Since we have chosen ¢ so that [Vp|, — 1, we have f{(p:s} Vg|ittdo, —
|OM]|/p? as s — —oo, where 8 > 0. From this fact, the monotonicity of Fj
for 5 > 2 and the constancy of Fy, it follows that (7.31) and (7.32) are in
force also in this case. Furthermore, equality holds in (7.32) if and only if the
whole solution is isometric to a Reissner-Nordstrom solution. We conclude
by plugging (7.40) into (7.31) and (7.32), which immediately gives m = p and
triggers equality in (7.32).

8. Discussion

8.1. On the Technical Condition in Theorem 3.2

Theorem 3.2 assumes the technical condition that Ng > |1 — 2| holds if
Ng > (1—|¥g|)%. We have used this condition in Sect. 7.6 to ensure that pg > m
and thus R%M > 2 in the case when & # () and Ny > +/—k. Let us first point

out that this techmcal condition does not pose any addltlonal restrictions in
any of the other cases we have discussed: first of all, NZ > (1 — |¥g])?

equivalent to asking that m < g by (4.4) and the assumption ¥y > 0 and
hence only occurs in the super-extremal case (as we have assumed ¢ > 0).
Next, N > |1 — U2] poses no restriction when m < 0 as can be seen when
converting it to Wo > # and 1 > 2W, by (4.4) (and recalling ¥y > 0). Thus
the only case when the technical condition possibly adds a restriction is when
0 < m < g. On the other hand, when Ny = v/—k, we have ¥, = by (4.7)

and thus automatlcally Ng = |1 — ¥2|. Furthermore, when & = (), we already
know that ,0 > L > . From (4.4) and (5.1), we compute that either ¥ =
or V=2 — ;, w1th the latter contradicting our asymptotic assumption that

v —0 at infinity and the asymptotic assertion that p — oo at infinity from
Lemma 5.2, using again m > 0. Hence N2 > |1 —W¥3| holds automatically when
g>m>0and & = 0.

Now, let us discuss why we need to rely on this technical condition in
Sect. 7.6. To close the argument, we would like to use the lower bound on ¢
derived in (7.34) (which is effectively a lower bound on H,) in order to prove

that ROV > p%. Appealing to (7.35), this requires estimating f(c) := (c+1)
0

N0 by
(7.34). Considering that f'(c) = —@ is strictly decreasing for ¢ < —1, has
a global minimum at ¢ = —1, and is strictly increasing on (—1,0), we can only
expect to get the estimate f(c) > f(c.) when ¢, > —1 which is equivalent to
po > m by (5.1). We close this discussion by stating that the above issue is

from below by f(c.), using that ¢ < 0 and that ¢ > ¢, for ¢, =

2
not visible in the exact Reissner—Nordstrom case with ¢ > m > 0 and py < %
because in that case the estimate (7.6) on the mean curvature, H, > 2;\;0

RaM

o

is sharp on every coordinate sphere and hence ¢ = ¢, as well as

[=]&

p
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hold for any coordinate sphere. In other words, because the estimate ¢ > ¢, is
sharp in this case, it does not matter that f is strictly decreasing rather than
increasing for ¢ < —1 (or pg < m).

8.2. Comparison of Notions of Sub-/Super-/Extremality

In Sect. 1, we have compared our uniqueness results to other uniqueness re-
sults in the literature. In particular, when doing so for equipotential photon
surfaces (and in particular for photon spheres), we used the words “sub-/super-
/extremal” as if they were universally defined across the various results in the
literature; however, this is not a priori the case, as most authors give their own
definitions adapted to their strategy of proof. In this section, we will hence
compare the various notions of sub-/super-/extremality for equipotential pho-
ton surfaces, restricting to the setting where all results apply, i.e., assuming
that the electrostatic electro-vacuum system (M, go, N, V) has connected, non-
degenerate equipotential photon surface boundary dM with ¥y > 0 and that
it is asymptotic to Reissner—Nordstrom, meaning that, outside some compact
set and in suitable coordinates, we have

(a0 = (14 25 ) s+ 0allal ), N =1L 4 0ullal )
2] - |z (8.1)
-2
U = 2] + Ox(|x|™%)
for some pu,k € R as |x| — co. We will use the notation from our paper also
for the other approaches in order to increase legibility. First, recall that we say
in this paper that (M, gg, N, V) is sub-extremal/extremal/super-extremal if
m > gq/m=q+# 0/q > m, respectively, with ¢ > 0 implied by ¥ > 0 and where
% is fixed by (4.3). Using the stronger asymptotic decay assumptions (8.1) and
the relationship between N and W established in (4.4), one immediately sees
that % = £, hence our definitions of extremality align with a definition based
on the asymptotic mass p and charge x.
Let us begin our comparison by studying notions of sub-/super- /extremality
for photon spheres. In [75, Definition 4.1] by Yazadjiev—Lazov, a photon sphere
is non-extremal if

2
Hy |8M| # 1. (8.2)
It is then asserted that this equlvalent to p # Kk, where we are using here that
k > 0 by our assumption Wy > 0 as shown in Sect.7.2.2. Their uniqueness
result [75, Theorem 4.1] then pertains to non-extremal photon spheres as in
(8.2), with the notion of non-extremality aligned with the one used in this
paper. Arguing somewhat differently, it is first established in [24, Lemma 2.6]
(see also [36, Theorem 3.1]) that H, > 0. In [24, Definition 2.9] by Cederbaum-—
Galloway, a photon sphere is defined to be sub-/super-/extremal when

HVT0>1/HV’I“0<1/HU’(’0:1, (83)

respectively, where ro > 0 denotes the area radius defined by |[OM| =: 47r3.
It is then shown in the proof of [24, Theorem 3.1] that these definitions are
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equivalent to asking that mg > qo/mo = qo/q0 > mg, with mg > 0, go > 0
defined as

I/(\IJ)|8M T%
= - 8.4
qo N, ( )
ro  2q3
= — 4+ — 8.5
mo 3 + 3 ( )

respectively, where we are using that Vg > 0 and ¥ — 0 at infinity imply
v(¥)|aar > 0 by applying the Hopf lemma® to the last equation in (2.1). Note
that positive mass is to be expected from the Reissner—Nordstrom systems
when a photon sphere exists. Furthermore, in the case of connected M, it
is shown in [24, Appendix A] (extending the corresponding argument from
[75]) that these definitions are equivalent to those based on the asymptotic
quantities © and x and hence to our definitions. In particular, recall that
qo = K by (4.20), so consequently mg = p by (4.4).

Next, in [44] by Jahns, which mostly aims at an extension to higher
dimensions (but presented here only for 4-dimensions), a photon sphere is
called sub-/super-/extremal if

H2 1, B2 1, HZ 1
Ra?w >5/ Ralzjw <3/ Ralzjw =5 (8.6)

respectively. To see that this is well defined, note that it is asserted in [24,
Proposition 2.4] (see also [21,75]) that the photon surface identity (2.8) holds
with ¢ = 1, relying again on the assertion that H, > 0. Thus, in particular
OM has constant positive scalar curvature R%" > 0 by (2.7). Using again the
above assertion that H, > 0 and the fact that R = | 88]% = 23 by the Gauss—
Bonnet formula, this turns out to be equivalent to (8.3), and thus equivalent
to our definitions. This is also addressed in the proof of [44, Theorem 3| via
quasi-local mass and charge quantities as in (8.4), (8.5), except that [44] uses
a different sign on gy (which does not affect the result as we know that ¥ and
—W can be interchanged). Finally, in [28, Proposition and Definition 5.12] by
Cederbaum-Jahns—Vicdnek Martinez, using again that R > 0 for photon
spheres, the quasi-local charge go as in (8.4) is also used, replacing the area
radius 7o by the scalar curvature radius 7o > 0 defined by R%M = % (again,
in view of higher dimensions). Yet by the Gauss-Bonnet formula we know that
ro = To here. Assuming that rqg > g9 with ¢o > 0 by the above, a quasi-local
mass mg > 0 is then defined as the unique solution of

[V(N)|om| 1_2mo+ﬁ_@_ﬁ 8.7)
Ny To 21 3 ’

o o

(in view of addressing equipotential photon surfaces, see below). The reason
why ro > qo is assumed is similar to why we need to assume NZ > |1 — ¥3|
or in other words py > m, see Sect.8.1 and [28, Remark 5.13]. As H, > 0, it
follows from the photon surface constraint (2.8) with ¢ = 1 that v(N)|gar > 0.
Plugging in (8.5) into (8.7) shows that my = my. The parameters g and

Moy = myg are then used to define sub-/super-/extremality as usual, so the
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definitions coincide with ours—provided that ro > go. As [28] only addresses
uniqueness in the sub-extremal case where 19 > mg + /m3 — g2 > qo, this
does not cause any restrictions.

Let us now move on to general equipotential photon surfaces, where we
need to compare our notions of sub-/super-/extremality with those used by
Cederbaum-Jahns—Vicanek Martinez in [28]. As we have already discussed
above, we will assume that the equipotential photon surface under considera-
tion is not a photon sphere. This will allow us to appeal to the refined analysis
for equipotential photon surfaces performed in [28, Section 5.2]. First, note
that [28] only discusses sub-/super-/extremality under the additional assump-
tion H, v(IN) > 0, hence we will also assume this in our discussion. By [24,
Lemma 2.6] (see also [36, Theorem 3.1]), we know that H, > 0, so this is
equivalent to assuming v(N) > 0 or in other words Ny < 1 and & = () in
our approach. Hence, this only excludes some super-extremal cases, according
to our definitions. Now, [28, Theorem and Definition 5.16] establishes that a
(one-sided) tubular neighborhood U of OM in (M, go, N, ¥) must be isometric
to a suitable piece of the spatial factor of a generalized Reissner—Nordstrom
spacetime of mass m, charge ¢, parameter A € {£1,0}, and Einstein manifold
base (X, 0,) with scalar curvature R = 2). Using W > 0, this means that

1
9 = 372 dr* +r%c., N=aNyxmas VY=aV,mz:+08 (88)

A7/_7/\)i7a

on U up to isometry, for some constants o > 0, f € R, where

~ ~

2m  q
Nxgng = \/)‘ S + 2 Uy mg = o (8.9)

By [28, Lemma 5.20], H, v(N) > 0 excludes A = 0, —1. On the other hand,
using A = 1, the uniformization theorem informs us that (X,,0.) is a round
sphere, so that in particular the area radius rg coincides with the scalar cur-
vature radius, moreover, [28, Proposition and Definition 5.12] applies. Using
this and observing that (8.4) and (8.7) are invariant under the above rescaling
by @ > 0 and § € R, one finds ¢ = ¢y and m = my = mg. When v(N) > 0,
[28, Corollary 5.17] establishes that sub-/super-/extremality is then defined in
[28] as usual via m = mg and ¢ = ¢p showing coinciding notions of sub-/super-
/extremality, recalling (4.4) and "= E by the above.

We conclude that our notions of sub-/super-/extremality coincide with
those existing in the literature (whenever those apply).
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UNIQUENESS OF STATIC VACUUM ASYMPTOTICALLY FLAT BLACK
HOLES AND EQUIPOTENTIAL PHOTON SURFACES
IN n+1 DIMENSIONS A LA ROBINSON

CARLA CEDERBAUM!, ALBACHIARA COGO?5, BENEDITO LEANDRO?S,
AND JOAO PAULO DOS SANTOS*6

ABSTRACT. In this paper, we combine and generalize to higher dimensions the approaches
to proving the uniqueness of connected (3+1)-dimensional static vacuum asymptotically flat
black hole spacetimes by Miiller zum Hagen—Robinson—Seifert and by Robinson. Applying
these techniques, we prove and/or reprove geometric inequalities for connected (n + 1)-
dimensional static vacuum asymptotically flat spacetimes with either black hole or equipo-
tential photon surface or specifically photon sphere inner boundary. In particular, assuming
a natural upper bound on the total scalar curvature of the boundary, we recover and ex-
tend the well-known uniqueness results for such black hole and equipotential photon surface
spacetimes. We also relate our results and proofs to existing results, in particular to those
by Agostiniani-Mazzieri and by Nozawa—Shiromizu—Izumi—Yamada.

Mathematics Subject Classification (2020): 83C15, 53C17, 83C57, 53C24
Keywords: Black holes, static metrics, vacuum Einstein equation, equipotential photon sur-
faces, photon spheres, D-tensor, T-tensor.

1. INTRODUCTION AND RESULTS

Black holes are among the most intriguing objects in nature and have captured the at-
tention of researchers since Schwarzschild provided the first non-trivial solution of Einstein’s
equation of general relativity. Their properties and shape have since and continue to be
thoroughly investigated. In the static case, it is well-established [Isr67, MzHRS73, Rob77,
BMuAS&7, Mia05, AM17, Rau21] that the black hole solution found by Schwarzschild con-
stitutes the only 3 + 1-dimensional asymptotically flat static vacuum spacetime with an (a
priori possibly disconnected) black hole horizon arising as its inner boundary. This fact is
known as “static vacuum black hole uniqueness”; it also goes by the pictorial statement
that “static vacuum black holes have no hair”. We refer the interested reader to the re-
views [Heu96, Rob12] for more information.

In the higher dimensional case with spacetime dimension n + 1 > 3 4 1, the analogous
fact has also been asserted [Hwa98, GIS02, Ced, Ced17, Rau21, AM17, NSIY18|; however,
all proofs make extra assumptions. The proofs by Hwang [Hwa98] and by Gibbons, Ida,
and Shiromizu [GIS02] extend the method by Bunting and Masood-ul-Alam [BMuAS87] al-
lowing to deal with possibly disconnected horizons (see [Ced, Ced17] for a more general
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version of this approach, and see [HI12] for a review of related results). These proofs rely
on the rigidity case of the positive mass theorem and hence currently! make a spin as-
sumption (using Witten’s Dirac operator approach [Wit81]) or impose an upper bound of
n+1 < 7+ 1 on the spacetime dimension (using the minimal hypersurface approach by
Schoen and Yau [SY79a, SY79b]). Building on ideas by Walter Simon, Raulot [Rau21] ex-
ploits spinor techniques and thus explicitly makes a spin assumption. Instead, the proof by
Agostiniani and Mazzieri [AM17] via potential theory, monotone functions, and a (confor-
mal) splitting theorem assumes connectedness of the horizon as well as an upper bound on
the total scalar curvature of the (time-slice) of the horizon, see also Section 7.2. Nozawa,
Shiromizu, Izumi, and Yamada [NSIY18] derive the same statement as [AM17] by a com-
bination and generalization to higher dimensions of the divergence theorem based methods
by Miiller zum Hagen, Robinson, and Seifert [MzHRS73] and by Robinson [Rob77], see Sec-
tion 7.3 for more details. Related results were recently presented in [HW24, Med24].

The first main goal of this paper is to give a rigorous new proof of static vacuum black hole
uniqueness under the same geometric assumptions as Agostiniani-Mazzieri [AM17, Theorem
2.8], but allowing for weaker decay assumptions, see Theorem 1.1 and Remark 2.3. Moreover,
we reproduce all geometric inequalities for connected horizons proved in [AM17, Theorem
2.8], extend them to a wider class of parameters, and identify a concrete relationship between
our method and the approach taken in [AM17], see Section 7. We do so by combining,
extending, and generalizing to higher dimensions the approaches by Miiller zum Hagen,
Robinson, and Seifert [MzHRS73] and by Robinson [Rob77]. Our proof is rather similar to
the derivation of the same statement by Nozawa, Shiromizu, Izumi, and Yamada [NSIY18,
Section 5] but allowing for weaker decay assumptions as well as filling in subtle analytic
details, closing a gap in the uniqueness argument, and highlighting a connection to the
analysis of Ricci solitons, see also Section 7.3.

Theorem 1.1 (Black Hole Uniqueness). Let (M", g, f) be an asymptotically flat static vac-
uum system of mass m € R and dimension n > 3 with connected static horizon inner
boundary OM . Let

_ (lom =
(1.1) SoM ‘= (W

denote the area radius of M, where |OM| and |S"!| denote the surface area of (OM, ganr)
with respect to the induced metric gapr on OM and of (S"™1, ggn—1), respectively. Then

12) (som)"”" \/ JoRow dS o (o)
2 V=D =218 (som) 2

where Rgyr and dS denote the scalar curvature and the hypersurface area element of OM
with respect to ganr, respectively. In particular, OM satisfies

(1.3) /{)M Ronr dS > (n—1)(n — 2)|S" Y (soa0)" "

and (M, g, f) has positive mass m > 0.

'but see [SY17, Loh16]



Moreover, equality holds on either side of (1.2) and/or in (1.3) if and only if (M, g)
is isometric to the Schwarzschild manifold (M), g.,) of mass m and f corresponds to the
Schwarzschild lapse function f,, under this isometry.

Remark 1.2 (Black hole uniqueness follows from Theorem 1.1). The last statement gives
the desired black hole uniqueness result subject to the scalar curvature bound condition

(1.4) /W Roar dS < (n — 1)(n — 2)[S™| (son)" "

see also Remark 1.4. Theorem 1.1 implies several other interesting geometric inequalities
such as a static version of the Riemannian Penrose inequality, see [AM17, MOS10, NSIY18|
for more information.

Another recent direction of extending static vacuum black hole uniqueness results is to in-
vestigate uniqueness of spacetimes containing “photon spheres” (as introduced in [CVEOQ1])
or, more generally, “photon surfaces” (as introduced in [CVEQ1, Per05]). Here, photon sur-
faces are timelike hypersurfaces of a spacetime which “capture” null geodesics; in static
spacetimes, a photon surface is called equipotential if the lapse function along it “only de-
pends on time”, and called a photon sphere if the lapse function is (fully) constant along it
(as introduced in [Ced14]), see Section 2.2 and the references given there for definitions and
more information. Photon surfaces are relevant in gravitational lensing and in geometric
optics, i.e., for trapping phenomena, and related to dynamical stability questions for black
holes.

Photon spheres were first discovered in the 3 4+ 1-dimensional Schwarzschild spacetimes
of positive mass and persist in their higher dimensional analogs. (Equipotential) pho-
ton surfaces also naturally occur in Schwarzschild spacetimes of all dimensions and for
all positive and negative masses, see [CG21, CJVM23]. (Asymptotically flat) static vac-
uum equipotential photon surface uniqueness is fully established in 3 4+ 1 spacetime dimen-
sions [Ced14, CG17, CG21, CCF24, Rau2l|. In particular, [CG17, CG21, Rau2l]| allow for
combinations of black hole horizons and equipotential photon surfaces, assuming that all
equipotential photon surface components are “outward directed”, meaning that they have
“positive quasi-local mass”, see Remark 2.14. In contrast, Cederbaum, Cogo, and Fehren-
bach [CCF24] restrict to a connected, not necessarily outward directed equipotential photon
surface, establishing uniqueness for the first time also in the negative and zero (total) mass
cases. They generalize, exploit, and compare different techniques of proof, namely those
from [Isr67, Ced14, AM17] and in particular Robinson’s approach [Rob77].

In higher dimensions n + 1 > 3 + 1, the same result is established by Cederbaum and
Galloway [CG21], building on work by Cederbaum [Ced, Ced17] which uses the positive
mass theorem; hence the ensuing restrictions discussed above apply. Raulot’s spinorial ap-
proach [Rau21] also covers higher dimensions, subject to a spin condition.

The second main goal of this paper is to demonstrate that the generalized divergence
theorem based approach we derive can also be used to prove the expected uniqueness claim for
connected equipotential photon surfaces, assuming the same upper bound on the total scalar
curvature of the boundary as in the black hole case, see Theorem 1.3. This generalizes the 3+
1-dimensional extension of Robinson’s approach to connected equipotential photon surfaces

by [CCF24]. Moreover, we prove similar geometric inequalities for connected equipotential
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photon surfaces as for black holes. Last but not least, we include the negative (total) mass
case which has so far only been addressed in [CCF24] in 3 + 1 dimensions.

We do not address the zero mass case here. For n = 3, the zero mass case and its
connection to the Willmore inequality is established in [CCF24]. In higher dimensions, this
requires extra considerations and is still work in progress.

Theorem 1.3 (Equipotential Photon Surface Uniqueness). Let (M", g, f) be an asymptoti-
cally flat static vacuum system of mass m € R and dimension n > 3 with connected boundary
OM arising as a time-slice of an equipotential photon surface. Let fy > 0 denote the constant
value of f on OM and assume that fo # 1. If fo € (0,1) then

n— 2 n— n—
(L= £3) (sonr)" > [ (sonr)” (Rows =373 H2) (1= f§) (somn)"
2 CENCEP 2 |
Here, Ronr, H, and sgpr denote the scalar curvature, the mean curvature, and the surface
area radius (1.1) of OM with respect to the induced metric gony on OM, respectively. In

particular, OM satisfies

v

(1.5)

(n—1)(n—2)(1 - £3)

(1.6) Rom —222H* > -
(soar)
and (M, g, ) has positive mass m > 0. If fo € (1,00) then
1.7 (1= f2) (son)" ™ [ (sonr)” (Roar — 52 H?) (1= f3) (son)" ™
o 2 D"

In particular, OM satisfies
(n—1)(n—2)(1—f§)

(1.8) Rom —=2H” < 5
(sonr)
and (M, g, ) has negative mass m < 0. Moreover, for any fo € (0,1) U (1,00), if
—1 -2
(1.9) Ron < W
(som)

then (M, g) is isometric to the piece [sgnr, 00) x S*™1 of the Schwarzschild manifold (M?, g,)
of mass m and f corresponds to the restriction of the Schwarzschild lapse function f,, to
[sonr, 00) under this isometry.

The last statement gives the desired equipotential photon surface uniqueness result subject
to a scalar curvature bound condition, see also Remark 1.4. Theorem 1.3 implies several other
interesting geometric inequalities, see [AM17] for more information.

Remark 1.4 (About Conditions (1.4) and (1.9)). Note that (1.4) and (1.9) are equivalent
in case Royr = const (as it is the case for time-slices of equipotential photon surfaces, see
Proposition 2.10). In dimensionn = 3, conditions (1.4) and (1.9) are of course automatically
satisfied by the Gaufi—Bonnet theorem. Hence Theorem 1.1 gives static vacuum black hole
uniqueness in 3 dimensions without extra assumptions (other than connectedness of the static
horizon) and Theorem 1.8 gives static vacuum equipotential photon surface uniqueness in
3 dimensions without extra assumptions (other than connectedness of the photon surface),

including the negative (total) mass case.
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To prove Theorems 1.1 and 1.3, we proceed as follows: First, in Section 5, we derive
the following higher dimensional version of Robinson’s identity [Rob77, Equation (2.3)],
using the so-called T'-tensor instead of the Cotton tensor C' used by Robinson [Rob77]. We
also introduce an additional parameter p € R as a power into the identity, with p = 3
corresponding to Robinson’s identity, and p = % corresponding to the approach taken by
Miiller zum Hagen, Robinson, and Seifert [MzHRS73]. Similar parameters called p and c,
respectively, were introduced in [AM17] and in [NSIY18]; we refer the reader to Section 7
for a discussion of the relation between the parameter p and its range and the parameters p
and ¢ from [AM17, NSIY18].

Theorem 1.5 (Generalized Robinson identity). Let (M™, g, f), n > 3, be a static vacuum
system with 0 < f <1 or f > 1 in M. Then, for all c,d,p € R, the generalized Robinson
identity

F
HVfW<ﬁv(—%DMVfW%3VHVfW-%GLﬂHVfW%lVf)
(1.10) )
. (n—22f, ) p—pn . An—1) FIVAREVS
= [[V£IP=* F(f) WHTH + o7 VIIVII®+ m=2 1-p

holds on M \ Crit f, with Crit f := {q € M |||V f||, = 0} denoting the set of critical points
of f and the constant p, is given by

1

1.11 =9 .

(1.11) p —

Here, F,G:[0,1) U (1,00) — R are given by

ct? +d
(112) F(t) = |1 _ t2‘ (n—i)_(é)—l)ilv
4 (=220 1) P(e) Lo

1.13 G(t) = - -

1) N [ I T
fort € [0,1)U (1,00), || - |I, V, and div denote the tensor norm, covariant derivative, and
covariant divergence with respect to g. The tensor T is given by

—1
T(X,Y,Z) =~ 5 (Ric(X, 2)Vy [ = Ric(Y, 2)Vx /)
(1.14) -

1
- L (Ric(X. V/)g(v. 2) - Rie(. V )g(X. 2)).
for X, Y, Z € T(TM), where Ric denotes the Ricci curvature tensor of (M, g).

Moreover, if p > 3, the divergence on the left hand side continuously extends to Crit f and
(1.10) holds on M. Furthermore, if p > p,, it follows that

(115 av (S AP + GNP VF) 2 0

on M \ Crit f provided that F(f) > 0.



Theorem 1.5 reproduces Robinson’s identity [Rob77, (2.3)] when n = 3, p = 3, and
0 < f < 1, and its generalization to the negative mass case by Cederbaum, Cogo, and
Fehrenbach [CCF24] when n = 3, p = 3, and f > 1. When n = 3, p = p, = 2, and
0 < f <1, (1.10) is very closely related to the divergence identities derived by Miiller zum
Hagen, Robinson, and Seifert [MzHRS73].

Remark 1.6 (Generalizations). The divergence identity (1.10) may be of independent in-
terest, allowing to prove geometric inequalities for more general boundary geometries than
the level set boundaries we are interested in this work. As it is purely local, it may also be
of use to prove related results in different asymptotic scenarios such as ALE spaces.

The T-tensor introduced in (1.14) is specifically adapted to the geometry of static vacuum
systems, see Section 3. As R = 0 in static vacuum systems, it formally coincides? with the
D-tensor introduced for the analysis and classification of Ricci solitons by Cao and Chen
[CC12, CC13], inspired by Israel’s [Isr67] and in particular Robinson’s [Rob77] approaches
to proving black hole uniqueness. Both the D-tensor and the T-tensor have seen many ap-
plications in classification problems for Ricci solitons and quasi-Einstein manifolds.

As the next step in proving Theorems 1.1 and 1.3, we will exploit Theorem 1.5 to prove
some important geometric inequalities on M. These inequalities can be stated in a para-
metric way (Theorem 1.7), or, equivalently, as two separate inequalities (Theorem 1.8). Both
versions of the geometric inequalities and their equivalence will be proven in Section 6. The
parametric geometric inequalities in Theorem 1.5 have also been established by Agostiniani
and Mazzieri [AM17] for p > 3. To the best knowledge of the authors, they are new for
3>Dp 2 pn

Theorem 1.7 (Parametric geometric inequalities). Let (M™, g, f), n > 3, be an asymptot-
ically flat static vacuum system of mass m € R with connected boundary OM . Assume that
floar = fo for a constant fy € [0,1) U (1,00) and that the normal derivative v(f)|lon =: K
18 constant, with unit normal v pointing towards the asymptotic end. Let F' and G be as
i Theorem 1.5 for some p > p, and some constants c¢,d € R satisfying ¢ +d > 0 and
cfi+d>0. Set Fy = F(fo), Go := G(fy). Then

(1.16) Fyr?~2 /W (Rows =222 12+ [[4]]2) dS = Go r”|OM| = F(m),

and k,m > 0 if fo € [0,1) and

A7) Rolwl® [ (Roas =32+ [IR) dS = GowPIOM)| < ~F;%(m)

and k,m < 0 if fo € (1,00). Here, Ron, H, iL, and dS denote the scalar curvature, the
mean curvature, the trace-free part of the second fundamental form, and the area element of

IM, and |OM| and |S"| denote the area of (OM, garr) and of (S*™1, gsa—1), respectively.
The constant F5*(m) € R is given by

c 4(n — 2)P n— _(n=1)(p-1)
(1.18) FoUm) = —0g S" 7 (e + d)[m|P~ =
272 (p—1)

2up to a factor n — 1, and with a different function f
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Unless ¢ = d = 0, equality holds in (1.16) or in (1.17) if and only if (M, g) is isometric to a
suitable piece of the Schwarzschild manifold (M?, g,,) of mass m and f corresponds to the
corresponding restriction of the Schwarzschild lapse function f,, under this isometry.

This can equivalently be expressed as follows.

Theorem 1.8 (Geometric inequalities). Let (M™, g, f), n > 3, be an asymptotically flat
static vacuum system of mass m € R with connected boundary OM. Assume that f|on = fo
for a constant fo € [0,1) U (1,00) and that v(f)|oy =: k is constant. Then

(= 12 (son)" 2 | Jonr (R —222H2 + [[2]12) dS
(1.19) 2 (n—1)(n—2)(1 — £2)[S"| (sgnr)" >

L 0= ) o)™
- 2

holds if fy € [0,1) and

(1= 2 (son)™ | Jour (Rows =330+ [h]]2) ds
(1.20) 2 (n=1)(n = 2)(1 = f3)[5"Y (son)" "
< < L) )™
holds if fo € (1,00). Equality holds on either side in each of (1.19), (1.20) if and only if

(M, g) is isometric to a suitable piece of the Schwarzschild manifold (M., g.,) of mass m and

f corresponds to the restriction of the Schwarzschild lapse function f,, under this isometry.

The equality case assertions in Theorems 1.7 and 1.8 and thus in Theorems 1.1 and 1.3
rely on the following rather general rigidity theorem which we will prove in Sections 3 and 4.

Theorem 1.9 (Rigidity theorem). Let (M™, g, f), n > 3, be an asymptotically flat static
vacuum system of mass m € R with connected boundary OM. Assume that flopr = fo for
a constant fo € [0,1) U (1,00). Assume that T' =0 on M. Then (M, g) is isometric to the
piece [sonr, 00) X S*1 of the Schwarzschild manifold (M)}, ) of mass m and f corresponds
to the restriction of fu, to [sonr, 00) under this isometry. In particular OM is totally umbilic,
has constant mean curvature, and is isometric to a round sphere.

Theorems 1.1 and 1.3 then follow directly from Theorems 1.7 to 1.9 as we will show towards
the end of Section 6.

Remark 1.10 (Independent interest). Theorems 1.8 and 1.9 may be of independent interest
as they assume much less about the properties of OM than Theorems 1.1 and 1.53. Thus,
similar geometric inequalities may be derived from Theorem 1.5 under different asymptotic
and/or inner boundary conditions.

Having completed the proofs of Theorems 1.1 and 1.3, we will then discuss some geometric
implications as well as the relation to the existing strategies of proving Theorem 1.1 imple-
mented by Agostiniani and Mazzieri [AM17] and put forward by Nozawa, Shiromizu, Izumi,
and Yamada in [NSIY18] in Section 7. In particular, we will define monotone functions Hg*

along the level sets of the lapse function f in the style of the functions U, introduced in
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[AM17] and relate H$¢ to U, (see Section 7.2). This will shed light on the relation of the
two proofs and extend the monotonicity results of [AM17] to 3 > p > p,,. In Section 7.3,
we will investigate the relationship between the (0,3) T-tensor we use in our approach to
the (0,2)-tensor H used by [NSIY18]; in particular we will show that vanishing of 7" does
not locally imply vanishing of H as is claimed in [NSIY18] and as is necessary to conclude

for p = p,. Moreover, we will discuss how our analysis completes the strategy of proof put
forward in [NSIY18].

This paper is structured as follows: In Section 2, we introduce our notation and defi-
nitions, in particular the precise notion of asymptotic flatness we are using. We also collect
some straightforward and/or well-known facts about static horizons and equipotential pho-
ton surfaces. In Section 3, we prove useful facts about the T-tensor which could also be of
independent interest, while in Section 4, we will show how these facts imply Theorem 1.9.
In Section 5, we will give a proof of Theorem 1.5. In Section 6, we will prove Theorems 1.7
and 1.8 and show how they imply Theorems 1.1 and 1.3. The final Section 7 is dedicated to
deducing and discussing consequences of Theorems 1.1 and 1.3, in particular to constructing
monotone functions along the level sets of the lapse function f and comparing those to the
monotone functions introduced and exploited in [AM17] and to a comparison between our
tensor 7' and the tensor H used by [NSIY18].

Acknowledgements. The authors thank Klaus Kroncke for helpful comments and ques-
tions and are indebted to Tetsuya Shiromizu for pointing us to the very inspiring reference
[NSTY 18] after we had shared the first version of this article as a preprint [CCLPdS24]. The
work of Carla Cederbaum was funded by the Deutsche Forschungsgemeinschaft (DFG, Ger-
man Research Foundation) — 441897040. Albachiara Cogo is thankful to Universidade de
Brasilia and Universidade Federal de Goias, where part of this work has been carried out.
Benedito Leandro was partially supported by CNPq Grant 403349/2021-4 and 303157 /2022-
4. Joao Paulo dos Santos was partially supported by CNPq Grant CNPq 315614/2021-8.

2. PRELIMINARIES

In this section, we will collect all relevant definitions as well as some straightforward and/or
well-known facts useful for the proofs of Theorems 1.1 and 1.3 and Theorems 1.5 and 1.7
to 1.9. Our sign and scaling convention for the mean curvature H of a smooth, oriented
hypersurface of (M, g) is such that the unit round sphere S*~! in (R, §) has mean curvature
H = n — 1 with respect to the unit normal v pointing towards infinity.

2.1. Static vacuum systems and asymptotic considerations.

Definition 2.1 (Static vacuum systems). A smooth, connected Riemannian manifold (M™, g),
n > 3, is called a static system if there exists a smooth lapse function f: M — (0,+00). A
static system is called a static vacuum system if it satisfies the static vacuum equations

(2.1) V2f = fRic,
(2.2) Af =0,
where V2 and A denote the Hessian and Laplacian with respect to g, respectively, and Ric

denotes its Ricci curvature tensor. If M has non-empty boundary OM, it is assumed that g

and f extend smoothly to OM, with f > 0 on OM.
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It follows readily from the trace of (2.1) and from (2.2) that the scalar curvature R of a
static vacuum system (M™, g, f) vanishes,

(2.3) R =0.

It can easily be seen that the warped product static spacetime (R x M,g = —f2dt* + g)
constructed® from a static vacuum system (M™", g, f) satisfies the vacuum Einstein equation
Ric = 0, with Ric denoting the Ricci curvature tensor of g. Conversely, a static spacetime
(R x M™ g = —f2dt* + g) solving the vacuum Einstein equation has time-slices {t = const.}
isometric to (M, g) with lapse function f: M — (0, 00) such that (M, g, f) is a static vacuum
system.

The prime example of a static vacuum system is the n-dimensional Schwarzschild* system
(M, G, frn) of mass m > 0 and dimension n > 3, given by

2
fm(T) =4/1- TH_TZ’
2.4
( ) dT'2 9
Im = W + r7gsn-1,

on M) = ((2m)ﬁ, o0) X S"7! where ggn—1 denotes the canonical metric on S"~! and r €

((Qm)ﬁ, 00) is the radial coordinate. It is well-known that by a change of coordinates (e.g.
to “isotropic coordinates”), one can assert that g,, and f,, smoothly extend to OM,, = {r =
(Zm)ﬁ} x S"~1 with induced metric gaps, = <2m)%ggn71 and f,, = 0 on dM,,. Moreover,
by another change of coordinates (e.g. to “Kruskal-Szekeres coordinates” ), one can smoothly
extend the associated (n + 1)-dimensional static Schwarzschild spacetime (R x M,,,g,, =
—f2dt?+g,,) to include (and indeed extend beyond) the boundary of R x M,,. Similarly, the
n-dimensional Schwarzschild system of mass m < 0 is given by (2.4) on M" = (0,00) x S"~1;
the associated spacetime cannot be extended when m < 0 and isometrically embeds into the
Minkowski spacetime when m = 0.
We will use the following weak notion of asymptotic flatness.

Definition 2.2 (Asymptotic flatness). A static system (M", g,f), n > 3, is said to be
asymptotically flat of mass m € R (and decay rate 7 > 0) if there exist a mass (parameter)
m € R as well as a compact subset K C M and a smooth diffeomorphism x: M\ K — R”\E
for some open ball B such that, in the coordinates (z*) induced by the diffeomorphism x,

i) the metric components g;; satisfy the decay conditions

(2.5) (2:9)ij = 0i5 + 02(|z77)
as |x| = oo foralli,j € {1,...,n}, and
ii) the lapse function f can be written as
(2:6) foa™ = fullel) +oalla]07) =1 = i o]0

as |x| = oo.

3In case f =0 on AM, one usually assumes that § smoothly extends to the boundary of R x M (although
of course the warped product structure breaks down there).
In higher dimensions, the associated static spacetimes are also known as Schwarzschild—Tangherlini
spacetimes.
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Here and throughout the paper, for a given smooth function W: R" — R, the notation
U = o)(|x]|*) for somel € N, o € R means that

(2.7) > lz[*o"w| = o(1)

JI<i

as |x| — oo. The meaning of the notation ¥ = O;(|x|*) is analogous, substituting O(1) by
o(1) in Equation (2.7). For improved readability, we will from now on mostly suppress the
explicit mention of the diffeomorphism x in our formulas.

Remark 2.3 (Asymptotic assumptions, decay rates). Theorems 1.1 and 1.3 and Theo-
rems 1.7 to 1.9 apply for all decay rates T > 0, in particular for 7 = 0, which is why we do
not explicitly mention the decay rates in their statements. See also Remark 2.15 for further
iformation on possible decay rates.

In the standard definition of asymptotic flatness for Riemannian manifolds, one usually
requires stronger asymptotic conditions, namely g;; = 0;; + 02(|$\_%_6) for some ¢ > 0
and integrability of the scalar curvature R on M (which is automatic in the static setting).
Under these additional assumptions, it can be seen by a standard computation that the mass
parameter m from (2.6) coincides with the ADM-mass of (M, g). We do not appeal to any
facts or properties of the ADM-mass, so we don’t need to impose such restrictions.

Our decay assumptions are also very weak when compared with the other static vacuum
uniqueness results discussed in Section 1. Most of these results require that (M, g, f) is
asymptotic to the Schwarzschild system of mass m, implying standard asymptotic flatness
with e = 1 and also faster decay of the error term in (2.6). In contrast, [AM17, CCF24]
make the same assumption on the decay of f as we make in (2.6). On the other hand,
[AM17] assumes T = 252; but see [CCF24, Remark 7.1] and Section 7.2. Instead, [NSTY18]
assumes Schwarzschildean decay which gives T arbitrarily close to 1 from below. However,
all their asymptotic arquments are adapted to T > 0 here. Finally, it is conceivable that
our asymptotic decay assumptions can be boot-strapped to stronger decay assertions as e.g.
in [KOM95], using (2.1) and (2.2).

It is well-known and straightforward to see that the Schwarzschild system (M, g, fim) of
mass m is asymptotically flat of mass m for any decay rate 7 > 0. To see this, one switches
from the spherical polar coordinates r and n € S"~! to the canonically associated Cartesian
coordinates x = rn outside a suitably large ball.

The following remark will be useful for our strategy of proof, in particular for Theorem 1.7,
where we will use it when applying the divergence theorem on M, and for Theorem 1.9,
where we will use it to properly study the level set flow of f and conclude isometry to a
Schwarzschild system.

Remark 2.4 (Completeness). Asymptotically flat static systems (M™, g, f), n > 3, with
boundary OM are necessarily metrically and geodesically complete (up to the boundary OM )
with at most finitely many boundary components, see e.g. [CGM, Appendix|. Moreover, the
connected components of OM are necessarily all closed, see e.q. [CGM, Appendix]. Here, to
be geodesically complete up to the boundary means that any geodesic v: I — M with I # R
can be smoothly extended to a geodesic §: J — M UOM such that either J =R, J = [a,00),
J = (—o00,b|, or J = [a,b] for some a,b € R such that 7(a),~(b) € OM (if applicable).
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We will later need the following consequences of our asymptotic assumptions which we
formulate for general decay rate 7 > 0 for convenience of the reader.

Lemma 2.5 (Asymptotics). Let (M", g, f), n > 3, be an asymptotically flat static system
of mass m € R and decay rate 7 > 0 with respect to a diffeomorphism v: M\ K — R"\ B
and denote the induced coordinates by (x*). Then, fori,j=1,...,n, we have

(n —2)ma’

(Vf)l — (mem>l + 01(|x‘*(n71)> — + 01(‘x|7(n71))’

[
—o(n— (n —2)*m? o
L e R !
-n (n—=2)méy;  n(n —2)mwx; .
Vil = (Vi fm +oolle]™) = == = == oolled ™),

n(n —1)(n — 2)*m?
]2
2(n —1)(n — 2)* m?2’
|z ]2

IV2 A1 = 1V fonll + 00 (2] 7)) = + oo (| *"),

VAT = Vil Vol + onlla] ) = + ool 0),

IVIV A2 = (Vi IV 1212, + 0] ~2277D),
Ric(Vf, V) = Ricy (Vi fins VinSm) + 00(|z| =72 = og(||~+2)

as |x| = co. Here, V and || - || denote the connection and tensor norm with respect to g and
Vi, ||+ llm, and Ric,, denote the connection, tensor norm, and Ricci tensor with respect to
Gm, Tespectively. Furthermore, let v > 0 be such that B, := {x € R" : |z| <r} D B and let
v denote the unit normal to x=*(0B,) pointing towards the asymptotically flat end and let
H denote the mean curvature of x='(0B,) with respect to v. Then

2.8 V= L o(|z|™"

(2.5) = ollal ),

n—1
||
as |x| — oo. Now let u,v,up,v9: M \ K — R be continuous functions such that v =
ug +o(|z|~ V), ug = O(J|~" V), v = vo +o(|x|™), and vy = O(|z|™") as |v| — co. Then

(2.10) / udS = / (ug o ™) dSs + o(1),
==1(8B,) 0B,

(2.11) / vdV = / (vo o ™) dVs + o(1)
e 1R\ B) R\ B,

as r — 0o, where dS and dSs denote the area elements mduceion :U‘l(ﬁBT)_and 0B, and
dV and dV; denote the volume elements induced on x~'(R™\ B,) and R™ \ B, by g and 9,
respectively. In particular, v is integrable on x=*(R™ \ B,.) with respect to dV .

(2.9) H=""" 4 o(lz| ")

Proof. The claims in Lemma 2.5 follow from straightforward computations. For address-
ing (2.8), (2.10), and (2.11), let (r,67)7_] be standard polar coordinates for R™ so that
(Ogr )" = Oxo(|z|) as |x| — oo and 075 = r*(gsn—1)7s. Here and in what follows, we use the

convention that capital latin indices I, J, K, --- = 1,...,n — 1 label the polar coordinates
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(6K), while small latin indices 4,7, k,--- = 1,...,n label the Cartesian coordinates (z°) as
before.
For v, we make the ansatz

i ! ij * L i
14 :(1+)\)m—(5 (gjk_éjk)m—i_'u (89L)

for \,u* € C*(R"\ B,), L=1,...,n—1. Then for K, L =1,...,n — 1, we compute

xi

0= g(v,0x) = —(gij — 0i5)
= pHa? ((gsn—1) L + o(|2]77)) + A= o(|z]7h) + of |z >,
L= gw,v) =1+X*(1+o(lz[) + " - o(la|7+) + (1+X) - o]z ")
+ 1z ((gsn)kr + o2 7)) + (1L + X)p® - o(z] ™) + of|z]7*7)

|| (Do) + 1" |2|* (gsn—) kL + (gi5 — 05 )V (D !

as |z| — oo. We rewrite the first equation as
(2.12) it =X o277 + o x| )

and plug this into the second equation, obtaining 1 = (14+X)*+o(r=")+X-o(r ")+ A*-0(r™7)
and hence by Taylor’s formula, this quadratic equation has the two solutions A\; = o(|z|™7)
and Ay = —2 + o(|z|™7) as |x| — oco. As we are interested in finding the normal pointing
towards |z| — oo, we can exclude Ay and obtain A = o(|z|™") as desired. Combining this
with (2.12), we find pu* = o(|x|=?™+Y) for L =1,...,n — 1 as |x| — oc. This proves (2.8).
For (2.9), we compute as above that the components of the inverse induced metric (o)
on z~Y(9B,) satisfy ¢!/ = #(ggnq)[‘]-{—o(!x\””) as |z| — oo, while the components of the
inverse metric satisfy ¢ = 1+ os(|z|™7), g™ = 0o(|2|777 1), ¢!/ = ﬁ(ggn_l)w + oo(|z|7772)

as |x| — oo. From this, one finds that the Christoffel symbols of g behave as

Iy, = —||(gsn—1)rs + o(|z]'™7),

L7y =o(lz|™")
as |z| — oo and thus, using (2.8), we obtain

n—1

]

as |r| — oo as claimed. Next, for (2.11), we note that

H=—c"¢(V;0;,v) = + o(lz|777)

\/det (gij) = \/det (05 +o(lz[77)) = 1+ o(|z|™7)

as |x| — oo by Taylor’s formula.
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Hence

I
T
S
(@]
8

L
—~
—_
_|_
S
~
=
!
S—
SN—
Y
8
.
.
3
3

/ (vgoax™t) (1 +0(]:1;|_T)) dV5+/ o(|x|™") dV
R™\B,. R™\B,

:/ <Uoox-1)dv5+/ 0(\x|_”)dV5:/ (9 0 2~ Y)dV; + o(1)
Rn\E Rn\E Rn\E

as |r| — oo, where we have used the decay assumption on v and vy in the third and second
to last, and the L*°-L!-Holder inequality in the last step.
Finally, for (2.10), we argue as before and compute

Vdet (gr) = v/det (r2(gsn-1) 15 + of|z]772))
— 1\/det gsn—1) 17+ o(|z|77))
=" /det ((gsn—1)rs)v/det (6x1 + ((gsn—1) "V kL - o(|z]~7))
=" 1/det ((gsn—1)1s) (1 + 0<’x|7T))

as |z| — oo by the algebraic properties of the determinant and by Taylor’s formula. Arguing
as before and using the decay assumption on u, this implies

/ udS = (woz~)y/det (grs) do* - ---- don!
z—1(0By) OBy
— [ woa ) et (Ggo i) (L offal ) de' g
OB,
:/ (wo ) (1+ ofjz| 7)) dSs
OB,
:/ (g 0.2 (1+0(\x!7))d5'5+/ o[~ ) ds
OB, a

= / (upox™)dSs + o(1)
0B,

as |x| — oo. This completes the proof. |

Remark 2.6 (Choice of normal, regular boundary, tensor norm). Let (M", g, f), n > 3, be
an asymptotically flat static vacuum system of mass m and decay rate T > 0 with connected
boundary OM . Let v denote the unit normal to OM pointing towards the asymptotically flat

end. Now assume first that flapr = fo for some fo € [0,1). Then since f is harmonic by
13



(2.2), the mazimum principle® ensures that
(2.13) 0<fi<f<l

holds on M. Moreover, by the Hopf lemma®, we can deduce that v(f) = ||V f|| > 0 on OM,
implying that OM is a reqular level set of f. Thus

vf
(2.14) y=_21_
IVl
where here and in what follows, || - || denotes the tensor norm induced by g and we slightly

abuse notation and denote the gradient of f by Vf. Next assume that f|ay = fo for some
fo > 1. The same arguments imply that

(2.15) fo>f>1

holds on M and

Vf
(2.16) v=———"—,

VAl
When studying (reqular) level sets {f = fo} of f, we will also use the unit normal v pointing
towards infinity, so that (2.14) respectively (2.16) hold when fo € (0,1) respectively fo €
(1,00). Finally, assume that f|sopr = 1. Then by the maximum principle, f = 1 holds on M.

2.2. Static horizons and equipotential photon surfaces. Static (black hole) horizons
and their surface gravity are defined as follows. For simplicity, we will restrict our attention
to connected static horizons already here.

Definition 2.7 (Static horizons). Let (M™, g, f), n > 3, be a static system with connected
boundary OM. We say that OM is a static (black hole) horizon if f|sn = 0.

In fact, static horizons as defined above can be seen to be Killing horizons in the sense
that the static Killing vector field 0; smoothly extends to the (extension to the) boundary
of the static spacetime (R x M,g = —f2dt?> + g) but at the same time degenerates along
this boundary, namely — f? = §(d;,9;) — 0. The standard example of a static system with
a static horizon is the Schwarzschild system (M, gm, fm) of mass m > 0.

Let us now collect some important properties of static horizons in static vacuum systems.

Remark 2.8 (Surface gravity, horizons are totally geodesic). It is a well-known and straight-
forward consequence of (2.1) that static horizons in static vacuum systems are totally geodesic
and in particular minimal surfaces. Moreover, using again (2.1), one computes that

(2.17) VIIVfI* = 2f Ric(Vf, ")

SIndeed, the maximum principle applies under our weak asymptotic flatness conditions from Definition 2.2
which can be seen as follows: Suppose that {f > 1} # 0. Since f = fo on M, f — 1 at infinity, [ is
continuous, and M is metrically complete up M by Remark 2.4, f must have a positive maximum at a
point go € M \ OM, with f(qy) > 1. Now let U C M \ OM be an open neighborhood of gy with smooth
boundary OU, large enough to contain some g € U with f(q) < f(qo); such a neighborhood exists because
f = fo <1on dM. Applying the strong maximum principle to f|y gives a contradiction. The possibility
that {f < fo} # 0 can be handled analogously.

6Similarly modified as the maximum principle argument to allow for non-compact M.

14



which manifestly vanishes on a static horizon OM. This implies that the surface gravity s
defined by

(2.18) K = v(F)|ow

for some unit normal along OM is constant on the static horizon OM. Combined with
Remark 2.6, this shows that the surface gravity of a (connected) static horizon in an asymp-
totically flat static vacuum system is necessarily non-vanishing, k # 0 and positive when one
chooses v to point to infinity. This fact is sometimes expressed as saying that such static
horizons are “non-degenerate”.

Next, let us recall the definition and properties of equipotential photon surfaces and of
photon spheres, the central objects studied in Theorem 1.3. We will be very brief as we
will only need specific properties and refer the interested reader to [CG21, CJVM23] for
more information and references. In particular, we will assume that all photon surfaces are
necessarily connected for simplicity of the exposition and as we will only study connected
photon surfaces in this paper, anyway. It will temporarily be more convenient to think about
static spacetimes rather than static systems.

Definition 2.9 ((Equipotential) photon surface, photon sphere). A smooth, timelike, embed-
ded, and connected hypersurface in a smooth Lorentzian manifold is called a photon surface
if it is totally umbilic. A photon surface P™ in a static spacetime (R x M™, g = — f2dt* + g)
15 called equipotential if the lapse function f of the spacetime is constant along each con-
nected component of each time-slice X" 1(t) :== P™ N ({t} x M™) of the photon surface. An
equipotential photon surface is called a photon sphere if the lapse function f is constant (in
space and time) on P™.

It is well-known that the (exterior) Schwarzschild spacetime of mass m > 0 (i.e., the

spacetime associated to the Schwarzschild system (M, g, fn) of mass m > 0) possesses a

photon sphere at r = (nm)ﬁ Moreover, it follows from a combination of results by Ceder-
baum and Galloway [CG21, Theorem 3.5, Proposition 3.18] and by Cederbaum, Jahns, and
Vicanek Martinez [CJVM23, Theorems 3.7, 3.9, and 3.10] that all Schwarzschild spacetimes
possess very many equipotential photon surfaces. In particular, every sphere S*~!(r) C M
arises as a time-slice of an equipotential photon surface. On the other hand, no other closed
hypersurfaces of (M, g, fm) arise as time-slices of equipotential photon surfaces by [CG21,
Corollary 3.9].

Let us now move on to study the intrinsic and extrinsic geometry of time-slices of equipo-
tential photon spheres. Time-slices of equipotential photon surfaces and in particular of
photon spheres have the following useful properties.

Proposition 2.10 ([CJVM23, Proposition 5.5]). Let (M", g, f), n > 3, be an asymptotically
flat static vacuum system and let OM be a time-slice of an equipotential photon surface with
f = fo on OM for some constant fo > 0, fo # 1. Then OM is totally umbilic in (M,g),
has constant scalar curvature Ropr, constant mean curvature H, and constant k := v(f)|onm,
related by the equipotential photon surface constraint
2kH L n— 2H2.

f() n—1

Here, we are using that x = v(f)|oa # 0 by Remark 2.6.
15
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Proposition 2.11 ([CG17, Lemma 2.6, [CJVM23, Theorem 5.22]). In the setting of Propo-
sition 2.10, we have H > 0.

In fact, both [CG17, Lemma 2.6] and [CJVM23, Theorem 5.22] assume stronger asymptotic
decay than we do, and in addition assume v(N) > 0 resp. Hv(N) > 0 on OM. As OM is
connected here, neither of the second assumptions are needed to conclude as can be seen in
the corresponding proofs, as these assumptions are only needed to handle potential other
boundary componentss. Concerning the asymptotic decay, it suffices to note that our decay
assumptions imply that large coordinate spheres have positive mean curvature by Lemma 2.5.

Remark 2.12. Formally taking the limit of the equipotential photon surface constraint (2.19)

as fo \( 0, one recovers the twice contracted Gaufl equation

2 Ric(v,v)k
IVA

with K denoting the surface gravity of the static horizon {fo = 0}. To see this, one uses the

well-known fact that H = S {22 R reqular level sets of f (for 0 < f < 1), (2.1), and

V£l
(2.3). In particular, the first term 2’;—0H of (2.19) remains well-defined in the case fy = 0.

Rom = — = —2Ric(v,v),

Lemma 2.13 (Smarr formula). Let (M", g, f), n > 3, be an asymptotically flat static vac-
uum system with mass m € R. Then the Smarr formula

(2.20) /{f: ) dS = (n =2 |

holds for every regular, connected level set {f = z} of f, where z > 0 is a constant. Here,
|S*=Y| denotes the area of (S*!, gsn-1) and v denotes the unit normal to {f = z}. Moreover,
if (M, g, f) has a connected boundary OM then

(2.21) /aM v(f)dS = (n—2)|S" | m.

Furthermore, if in addition flon = fo for some fo > 0 then m > 0 when fy € [0,1), m =0
when fo =1, and m < 0 when fy > 1. In particular, if OM is a static horizon or a time-slice
of an equipotential photon surface with fo <1 resp. fo > 1 then m > 0 resp. m < 0.

Remark 2.14 (Quasi-local mass, outward directed equipotential photon surfaces, and why
we avoid the zero mass case). The Smarr formula (2.21) allows one to define a quasi-local
mass for OM by expressing m in terms of the other quantities in (2.21) (see e.g. [Ced12]).
Lemma 2.13 hence states that said quasi-local mass of a connected boundary OM coincides
with the asymptotic mass parameter m of the static system. Furthermore, it informs us that
if f=fo ondM for some constant fo > 0, the sign/vanishing of the mass m is fixed by the
value of fo. This allows to refer to the case fo € [0,1) as the positive mass case, to fo = 0
as the zero mass case, and to the case fo € (1,00) as the negative mass case, respectively. It
also explains why we avoid the zero mass case in this paper altogether: If fo =1, Remark 2.6
informs us that f =1 on M and thus (M, g) is necessarily Ricci-flat by (2.1). In dimension
n = 3, this implies that (M, g) is indeed flat; one can conclude that it isometric to Euclidean
space without a ball using the asymptotically flatness with decay rate T > 0, without assuming
any additional properties (see [CCF24]). In higher dimensions, proving a similar statement

18 a problem of a different nature, which is going to be addressed elsewhere.
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As briefly touched upon in Section 1, the existing static vacuum uniqueness results for
equipotential photon surfaces all assume that those are outward directed, meaning that
k= v(f)|lorr > 0. In view of Lemma 2.13, this corresponds to a restriction to the positive
(quasi-local) mass case.

Proof of Lemma 2.13. The fact that the left-hand side of (2.20) is independent of the value
of z is a direct consequence of (2.2) and the divergence theorem. To see that the constants
on the right-hand sides of (2.20), (2.21) equal (n — 2)|S""!| m, one argues as follows, using

the notation from Lemma 2.5. First, v(f) = (&‘_f,)?% +o(|z|~™V) as || — oo by Lemma 2.5

and (2.8). Hence u :=v(f), ugy := (‘T;‘_f_)rln are suitable functions for the application of (2.10).
Then, by (2.2) and the divergence theorem, we get

s — — AfdV ds = d5
~/8M V(f) /{pGMﬁ |z|(p)<r} f + /x—l(aBT) V(f) /x—l(aBr) V(f)

= / (uooxfl) dSs+o(l) =(n—2)m ;dsé"‘o(l)
IBy

op, T

= (n—2)[S" Y m + o(1)

as r = |z| — oo, where dV denotes the volume element on M. This proves (2.21). In
particular, if fy = 1, Remark 2.6 tells us that f = 1 on M and hence there are no regular
level sets of f and no claim about (2.20). The asymptotic formula for v(f) = 0 directly
shows that m = 0. If fy # 1, regular level sets can exist and (2.20) then follows precisely as
(2.21), up to a sign in front of the volume integral over A f if z > 1, and with the domain of
said volume integral taking the form {p € M : f(p) > z, |z|(p) < r} if 0 < z < 1 and the
form {p e M : f(p) < z, |z|(p) < r} if z> 1 in view of Remark 2.6. The remaining claims
are direct consequences of the Smarr formula and of Remark 2.6, via Proposition 2.10. [

Remark 2.15 (Admissible decay rates). In Definition 2.2, we have allowed the decay rate
7 > 0 to be arbitrary. In the static vacuum setting, T > n — 2 implies that m = 0 via
Lemma 2.13, arguing as in the proof of Lemma 2.5, hence our assumption (2.6) effectively
restrict the range of the decay rate to T <n — 2.

3. THE T-TENSOR AND ITS PROPERTIES

In this section, we will discuss properties of the T-tensor introduced in (1.14) which will
be essential for establishing our results. We will also give a proof of the rigidity result
Theorem 1.9. Remember that, for a Riemannian manifold (M™, g), n > 3, the Weyl tensor
W is defined as

1 . R R
(3.1) W = Rm—m <Rlc—§g) D g — mg@g,
where Rm stands for the Riemann curvature operator of (M, g), and @® denotes the Kulkarni—
Nomizu product. Moreover, the Cotton tensor C' of (M, g) is given by
C(X,Y,Z) = (VxRic)(Y, Z) — (Vy Ric)(X, 2)
(3.2) 1

~ 5= (VxR)g(Y: 2) = (Vv R)g(X, 2))

"With the exception of [CCF24] for n = 3 and connected M.
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for X,Y,Z € T(TM). It is well-known that W vanishes for n = 3, while for n > 4, W and
C are related via

_ (n=2) ij
for any local orthonormal frame {E;}!" | of M.

For n = 3, it is well-known that the Cotton tensor detects (local) conformal flatness in
the sense that C' = 0 if and only if (M3, g) is locally conformally flat. The same holds true
for the Weyl tensor when n > 4.

The T'-tensor of a Riemannian manifold (M", g), n > 3, carrying a smooth function
f: M — R is given by (1.14). Due to the symmetry of the Ricci tensor, T' is antisymmetric
in its first two entries. By a straightforward algebraic computation, its squared norm can be
computed to be

2(n—1)
(n—2)
In particular, if (M™, g, f), n > 3, is a static vacuum system, the last term in (3.4) vanishes

by (2.3). It is interesting to note the following relation between the Weyl, the Cotton, and
the T-tensor.

Lemma 3.1 (Relation between W, C, and T). Let (M™, g, f), n > 3, be a static vacuum
system. Then

holds on M.

(34) |7 = [(n = DIRic|* [V f]I* = nl| Ric(V £, -)|I* + 2R Ric(V £, Vf)] .

Proof. For simplicity, we will use abstract index notation in this proof. First, taking the
covariant derivative of (2.1), we have
ViV;Vif = V,fRicj, +fV,; Ricjy .

Next, from the Ricci equation we get that

Ricj), Vif — Rici, V; f + f (V, Ricjy —V; Ricy) = V,V,;Vif — V,;V,Vif = Rmyj, V' f.
By (2.3), we obtain from the definition of C' in (3.2) that

Ricjx Vif — Riciy V, f + fCijr. = Rmyjp V' f.

Similarly, from the definition of the Weyl tensor in (3.1), we obtain

Rungjy V' f = Wi V' f + ﬁ (Ricat V;f — Ricji Vif + Ricji V' fgi — Rica V' o)
Combining the last two equations gives the desired result. O

It is well-known that the Schwarzschild system (M), g, fm) of mass m can be rewritten in
a manifestly conformally flat way by using the above-mentioned isotropic coordinates (this
also applies in the negative mass case although not in a global isotropic coordinate chart).
Hence its Weyl tensor W,, vanishes for all n > 3 and its Cotton tensor C,, vanishes for
n = 3. From (3.3), we deduce that in fact its Cotton tensor C, and hence by Lemma 3.1 its
T-tensor T,, vanish for all n > 3, that is C,,, =1}, = 0.

We will later make use of the following lemma which relies on the idea of rewriting 7" only

in terms of f.
18



Lemma 3.2 (An identity for | T']|?). Let (M™,g, f), n > 3, be a static vacuum system. Then
(n—2¢ (VIVAP, V1)
(n—1) f

holds on M, where (-,-) denotes the metric g.

PITIE = (n = DIVAP (1917 - ) - SIvIvsP

Proof. Let us rewrite the norm of T" only in terms of the function f, not explicitly involving
any curvature terms. To that end, taking the divergence of (2.17) divided by 2f and using
(2.1), (2.2) and the Bianchi identity, we get

AIVEIP VIV V)
g P
Combining this identity with (2.17) and (3.4) gives the result. O

2|[Ric]? =

Let us also state the following interesting fact which is useful for understanding when T°
vanishes and will be used to prove the rigidity result Theorem 1.9.

Lemma 3.3. Let (M™,g), n > 3, be a smooth Riemannian manifold carrying a smooth
function f: M — R. Then T =0 on M \ Crit f if and only if

AV 2 A
(3.6) |Wm%m:—”-mg+" df ® df
n—1 n—1

on M\ Crit f for some smooth function \: M \ Crit f — R. Note that (3.6) implies in
particular that

(3.7) Ric(Vf, ) # = AV f
so that V f is an eigenvector field of Ric on M \ Crit f with eigenvalue .
Proof. If T = 0, one has

0=T(, V)= ﬁ (Ric(Vf,) ® df — df @ Ric(V f,))

on M \ Crit f which implies (3.7) for a smooth function A. To see that (3.6) holds, we use
(3.7) to compute

-2 AV f1? A
0=""21(.vs ) = 19 Rie+ I, g gy

n—1
on M \ Crit f as claimed. Conversely, using (3.6), we find by straightforward computations
using linear and multilinear arguments that

A
A
2 gV, 2) VxS — (X Z)Vrf) =0
on M\ Crit f for all X|Y,Z € I'(T'M). O

Next, we prove the following local characterization of static vacuum systems (M", g, f)
satisfying T' = 0.
19



Theorem 3.4 (Local characterization of T'=0). Let (M",g, f), n > 3, be a static vacuum
system. Then T =0 on M if and only if each reqular point of f has an open neighborhood
V. C M\ Crit f such that (V,gly, flv) belongs to precisely one of the following types of
systems, with A|y: V' — R denoting the eigenvalue of Ric from (3.7). FEither, in Type 1,
there is a constant a > 0, an interval I C RT, and a Ricci flat manifold (X", o) such that

V=Ix%5(h,-),

g|V - dh2 + o0,
f‘V(ha ) = ah,
A=0.

Or, in Types 2—4, there are constants a > 0, b € R, an interval I C RY, a Riemannian
manifold ("1, o), and a smooth function u: I — RY such that
V=IxX35(r-),
1 2, .2
glv = U(T’)2dT +ro,

f|V<T7 ) = au(r),

Alv(r,-) = Alr)
with
Type 2 b=0, (X,0) is Ricci flat, u(r) = =, and \(r) = (”_121#
Type 3 b>0, (X,0) is Finstein with R, = —(n —1)(n — 2),
u(r) = \/ =t — 1, A(r) = E=00Db g 1 C (0, b72)
Type 4 b#0, (X,0) is Einstein with R, = (n — 1)(n — 2),
u(r) = /= + 1, Mr) = w, and I C (—b"—=,00) when b < 0

up to a change of local coordinates.

Remark 3.5 (Quasi-Schwarzschild systems). All systems of Type 4 in Theorem 3.4 are
quasi-Schwarzschild systems (cf. [Ced]) of negative (b > 0) or positive (b < 0) mass m = —g,
respectively. They are Schwarzschild systems of negative respectively positive mass precisely
when (X, 0) is a unit radius round sphere.

Proof. By continuity, each regular point p of f has a neighborhood U C M on which V f#0,
so that U C M \ Crit f. Let X := U N {f = f(p)} and choose local coordinates (¢”)"—! on
¥ (making 3 smaller if necessary). Now flow the coordinates (¢”7) to a neighborhood of X
along %, staying inside U. Making > even smaller if necessary, this construction gives

local coordinates ((f,¢”?))%-1 on a neighborhood U C M \ Crit f of p with U =~ F(f) x %,

with F'(f) some open interval.
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In the coordinates ((f,¢”?))%_}, one finds 0y = % and obtains the usual level set flow
formulas

df>

. 7wt
Vf

(39) hf = H2—H8fgf

on U and {f} x ¥ =: ¥y, respectively. Here, g; denotes the induced metric on the regular
level set {f} x ¥ =: Xy of f in U and h; denotes the second fundamental form of ¥, in U
with respect to the unit normal ||V f|| 0;. Using harmonicity of f from (2.2), we obtain the
usual formula for the mean curvature H; of ¥y with respect to the unit normal ||V f|| Oy,
that is

(3.10) Hy = =0V [l

on Xs.

Now by Lemma 3.3, we know that T'= 0 on U is equivalent to the existence of a smooth
function A\: U — R such that (3.6) holds on U. Rewriting this in our adapted coordinates
(f,¢”) and using the static vacuum equation (2.1), (3.6) implies

N f
3.11 Brgp = —— 4
(3.11) 9= T VR Y

Af
3.12 IV = ==
(3.12) 1911 = 25
on all ¥;. Rewriting (3.11) using (3.9), we obtain
Af

3.13 P —
) TR

so that in particular each Xy is umbilic when 7" = 0. Moreover, rewriting (3.12) as a vector
field expression gives

(3.14) VIV =2V VS

which shows that ||V f|| is constant on each level set X of f as can be seen by inserting all
vector fields X € I'(U) with X (f) =0 on U into (3.14). This allows us to set

(3.15) () =V Iills, >0
for f € F(f). Inserting this into (3.12) gives

A
3.16 Y(f) = ——=
(3.16) ) U(f)
on U, where ' = %. In particular, A is constant on each level set ¥; of f so that we can

suggestively write A = A(f) = M on F(f). Moreover, each level set 3; must have
constant mean curvature

(3.17) Hy = —¢'(f).
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In summary, we have established that 7" = 0 on U if and only if g satisfies

_2()
on all ¥, for some smooth, positive function ¢: U — R* (which implies (3.15)) and
. V' (f) 2 2
(3.19) Ric = CESN0) ((n = 1)df* — v (f)?gy)

holds on U by (3.6) and (3.8). In particular, this implies that all 3 are totally umbilic with
constant mean curvature given by (3.17). Also, note that the static vacuum equations (2.1),
(2.2) are automatically satisfied by metrics of this type via (3.14) and (3.19).

Using (3.8) and the definition of ¥ from (3.15), (3.19) can be seen to be equivalent to

A A0 )
O(f)  (n=10(f)?> folf)
1 /
(3.21) Ricy = 2 (—otnun) + w2 - P o
on U by standard computations, where Ric,, denotes the Ricci tensor of gy on 3. Standard
ODE tricks show that the general solution to (3.20) is given by

(3.20) 0

(3.22) U(f) = (af*+ )"
for constants «, f € R satisfying
(3.23) af?+3>0

on F(f). Inserting (3.22) into (3.21) gives
_daBy(f)T
9s

(3.24) Ric,, = m—
on U. In particular, this shows that each manifold (X, gf) is Einstein. Moreover, (3.18) and
(3.22) give

dacf

on U and F(f), respectively. Summarizing, we have shown that 7"= 0 on U is equivalent
to the combination of (3.8), (3.15), (3.25), and (3.22) and (3.24) holding on U for constants
a, B € R satisfying (3.23). Let us now discuss the different cases arising from picking specific

cases for the signs of «, 5.

First of all, for & = 0, we have by (3.24) that g is Ricci flat, and by (3.25) that dyg; = 0.

Now set a := 3 =2 which is well-defined as 8 > 0 by (3.23) and note that a € R* is unre-
stricted by (3.23). Then we can rewrite the static vacuum system (U, g, f) asU ~ I x¥X =V
for the open interval [ := o 'F(f) CR", g=dh*+ o on V for h:=a"'f and with o := g;
being a fixed Ricci flat metric on X, and f(h,-) = ah on V satistying f(V') = F(f). More-
over, A = 0 in this case by (3.16). This shows that for o = 0, the system (U, g, f) is of Type
1 and that systems of Type 1 satisfy 7" = 0 on V' as well as the static vacuum equations
(2.1), (2.2). The latter statement exploits that ¢ is unrestricted other than being Ricci flat.
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Second, for = 0, we find that o > 0 is unrestricted by (3.23). By (3.24), we learn that
gr is Ricci flat, while (3.25) gives

4
(3.26) Orgr = N gf-

4

Picking o := gy, for any fixed fo € F(f), this gives g5 = (%)”4 o. Now we set

n—2
K=

=,
Qo2 7

() = (f7>

on F(f) and find that r = r(f) has the inverse function f = f(r) given by
’f%zf 0

n
r2 r

fr) =

a
n—2
2

n—2
on I :=r(F(f)) CR" with unrestricted a > 0 by construction (noticing that a = 4="5—
with unrestricted o € R*). This gives

oy (n=2)f(r)
fin = -2
on I. Setting o := k= & and recalling (3.8), (3.15), and (3.22), we obtain
df? 22 2
g=—=5+tgr=r""dr" +1°0
oz

on V=1 x %, with (X, 0) being Ricci flat but otherwise unrestricted by (3.26). Moreover,
we find
(n—1)(n—2)

2rn
for » € I by (3.16). Consequently, for § = 0, the system (U, g, f) is of Type 2 and systems
of Type 2 satisfy T'= 0 on V as well as the static vacuum equations (2.1), (2.2).

Ar) =

Third, for «, > 0, we find that both a, 8 > 0 are unrestricted by (3.23). We now observe
that Ry, < 0 by (3.24) which allows us to pick fo € F(f) and set

(327) ro = \/_W7
9o
1
(328) o = r—ggfo.
By (3.25), we find that g; = r(f)? o for r: F(f) — R given by
o af+ B =
(3.29) r(f) :=ro (af‘; +5) .
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Plugging this into the trace of (3.24) and exploiting that R,2, = —("712#

n—2
2v/af

which removes our choice of fy and our definition of r¢ from the picture, giving

r(f)

gives

ro(af + B)mz =

n—2

2vaB (af? + B)7
with inverse function f: r(F(f)) — R given by

)= | = ( (12) 5 6>,

where we note that f is well-defined on the interval I := r(F(f)) € R*. Using this, we

obtain
[ b
f(?") =a yn—2 - 17

dr?
g:
L_Q_l

rn

+ 7?0

on [ and V := I x X, respectively, for constants a,b > 0 given by

.\ﬁ
a:=1/—,
«

poo L (;2)
=5 \ovas )

We note that, other than a,b > 0, a, b are unrestricted by (3.23) and that ¢ is an arbitrary
Einstein metric on ¥ satisfying R, = —(n—1)(n—2). However, it must hold that I C (0, bﬁ)
which is implied by I = r(F(f)). Moreover, we find
(n—1)(n—=2)b

2rn
for r € I by (3.16). Consequently for «, 5 > 0, the system (U, g, f) is of Type 3 and systems
of Type 3 satisfy T'=0 on V as well as the static vacuum equations (2.1), (2.2).

(3.30) A(r) =

Last but not least, for af < 0, we find that «, 8 are restricted by (3.23) such that
B s

(3.31) = < fPwhena>0 and —= > f% whena <0
a a

on U. We now observe that Ry, > 0 by (3.24) which allows us to pick fo € F(f) and set

(3.32) ro = \/—(” — D =2)

Ry,

1
(3.33) 0= 5 G
7o
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By (3.25), we again have that g; = r(f)%o for r: F(f) — R given by (3.29). Plugging this

into the trace of (3.24) and exploiting that R,2, = ("713#

ro(afi +8)7 =

gives
n—2
2/—apB’
giving
n—2
T(f) = 5 1

2v-af (af?+B)==

We note that I := r(F(f)) C Rt is unrestricted when o > 0 while
n—2

—————,0)
2B
when a < 0 by monotonicity of r: F'(f) — RT and as F(f) C R is restricted only by (3.31).
The inverse function f: r(F(f)) — R* of r = r(f) given by

o-{3(GE) )

and well-defined on I by the above. Using this, we obtain

(3.34) 1C(

b
fr)=a\[ 2= +1,
dr? 2
= reo
I
on [ and V := [ x ¥, respectively, for constants a,b > 0 given by

| B
a:=1/—=,
!

yo_ 1 ( n—2 >”‘2

- B\2v=af)
We note that, other than a > 0, b # 0, a,b are not further restricted and that o is an
arbitrary Einstein metric on ¥ satisfying R, = (n — 1)(n — 2). There is no restriction on /
when b > 0 and the only restriction / C (—bﬁ, o0) when b < 0 by (3.34) and the definition
of b. This is consistent with =25 +1 > 0 on R* when b > 0 and =25 +1 > 0 precisely on

rn rn

(—bﬁ, o0) when b < 0. Moreover, we recover (3.30) for r € I by (3.16). Consequently, for
aff < 0, the system (U, g, f) is of Type 4 and systems of Type 4 satisfy T'=0 on V as well
as the static vacuum equations (2.1), (2.2). O
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Corollary 3.6 (Options for A and ODEs for ||V f]|?). It will be useful later to observe that
the proof of Theorem 3.4 shows that X and ||V f||?* satisfy

Type 1 A=0 VIVFI? =
n— 2 2
Type 2 A= 2OV v ( 'Xj_l)> =0
f (n=2)
Tupe 9 )\ = 20— DIV \V4 \Vf\\Qn =0
P (n—=2)(f*+a?) (f2+a2)2(<n S
n 2 2
Type 4 | A= Gigipan ( — ey 1>> 0
[f2—a2| (n—2)

on V. Note that a & f(V') so the ODE in Type 4 is also well-defined.

Remark 3.7 (The corresponding ODE in the (quasi-)Schwarzschild case). Let (M", g, f) be
a static system with f # 1. Then the identity

A=) FIVIPVS _

3.35 ? 0
with left hand side appearing in the divergence identity (1.10) is equivalent to the ODE
2
72—

on M, a special case of the ODE in Type 4, namely for a = 1, see Corollary 3.6. It holds in
all quasi-Schwarzschild systems (with nonzero mass) as can be seen by direct computations.

The following global characterization of static vacuum systems with 7" = 0 can be proved
by appealing to real analyticity. We choose to prove it ‘by hand’ as this adds some useful
insights.

Corollary 3.8 (Global characterization of ' = 0). Let (M", g, f), n > 3, be a static vacuum
system. Then T = 0 on M if and only if either f = const on M or (M,g) is (globally)
isometric to a suitable piece of one of the Riemannian manifolds of Types 1, 2, 3, or 4 in
Theorem 3.4 and f is reqular on M and corresponds to the corresponding restriction of the
lapse function of the same system of Type 1, 2, 3, or 4 under this isometry.

Proof. First, if (M, g, f) is a piece of a static vacuum system of Type 1, 2, 3, or 4, we know
from Corollary 3.6 that f is regular on M. Next, from Theorem 3.4, we know that 7" = 0
on M. Also, if (M, g, f) is a static vacuum system with f = const on M, we trivially know
that 7" = 0 by definition of 7" in (1.14).

On the other hand, if (M, g, f) is a static vacuum system with 7" = 0 and f # const on

M, we know from Theorem 3.4 that (M, g, f) looks like one of the systems of Types 1, 2, 3,
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or 4 locally near each regular point. From the ODEs in Corollary 3.6, we can deduce that
there exists a constant p > 0 such that

Type 1 IVfI?=p

4(n—1)
Type 2 IVfI? = pf oD

2(n—1)

Type 3 | [[Vf]? = p(f? +a?)

2(n—1)
Type 4 IVFI? = plf? — a?| =2

on this neighborhood. Here, we know that p > 0 because the neighborhood contains no
critical points of f and the factors multiplied by p are strictly positive on said neighborhood
by the assumptions on the interval I. Now suppose towards a contradiction that f has
Crit f # 0. First note that by smoothness of all involved quantities and because of the
geometric nature of the radial coordinate r, if two such (open) neighborhoods overlap, they
must be of the same type, have the same constants a, b, and p > 0 (where applicable), and
the same Einstein metric o on the intersections of the level sets of r in those neighborhoods.
Consequently, each connected component of M \ Crit f has a uniform type, fixed constants
a, b, and p > 0 (where applicable), and a global coordinate r.

As Crit f is closed by continuity and Crit f # M by assumption, we know that every
connected component U of M \ Crit f # ) is open in M and has oU C Crit f. If 90U = ()
then U is closed in M and by connectedness of M we have U = M and hence Crit f = () as
desired. Now suppose towards a contradiction that OU # (). By continuity of f and ||V f||?,
this leads to the contradiction p = 0 on U in case U is of Types 1, 2, or 3 because f > 0 and
%+ a® > 0 by the definition of static systems.

The same contradiction arises if U is of Type 4 unless f|oy = a. Combining this with the
formula for f in Type 4, we learn that » — oo when approaching OU. Now pick x € U and
q € OU and let v: [0,1] — M denote the geodesic connecting v(0) = x to y(1) = ¢ in M.
If 7|j0,1) does not run entirely within U or in other words if 7([0,1)) N OU # 0, there exists
a smallest parameter 0 < sy < 1 such that y(syx) € OU while vjos,) C U because ([0, 1])
is compact and QU is closed. Thus, without loss of generality, we can and will assume
that indeed ([0, 1)) C U, replacing the original endpoint ¢ by v(sx) and reparametrizing
accordingly with an affine parameter transformation. As we have assumed that v([0,1)) C U,
we can now consider the function S: [0,1) — R" given by S := r oy. Then computing in
local neighborhoods I x ¥ on which we have coordinates (r, ¢¥)%_}, as constructed above,
we have 4 = S 0,|,, + X® 9|, on all suitably small intervals J C [0, 1), where X* := ¢ oy
on J. The radial part of the geodesic equation for v gives

o S e _SFS)? o
S f(S)S = o,(X, X)
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on J. In particular, if S(s,) = 0 for some s, € [0, 1), we learn from 4(s,) # 0 that S(s,) > 0.
Hence S has a strict local minimum at s,. In particular, S can have at most one critical
point in [0, 1). Without loss of generality, we will assume that there is no critical point of S
on (0, 1), replacing the original starting point = by 7(s.) and reparametrizing v accordingly
with an affine parameter transformation. Moreover, as we have seen that S(s) — oo for
s — 1, it follows that S > 0 on (0,1). For any 0 < ¢ < 1, this allows us to estimate the
length L[] of v from below by

Lol 2 thleral = [ WiGdsz [ ks

1—¢ d
S : 1
/ —(S) ds / ————dr=E,
ERVE R e (14

for suitable constants S(0) < ¢. < d. < oo with ¢. — S(0) and d. — o0 as ¢ — 0.
As is well-known, this shows that E. — oo as ¢ — 0, giving the desired contradiction.
Hence Crit f = (). This also proves the remaining claims as M is connected and smoothly
partitioned by the regular level sets of f and because r is the scalar curvature radius and
thus a geometric coordinate. 0

4. RECOVERING THE SCHWARZSCHILD GEOMETRY

In this section, we will prove Theorem 1.9. Its proof heavily relies on Corollary 3.8. Before
we start, let us make the following remark.

Remark 4.1 (Simplified rigidity argument). Note that proving Theorem 1.9 with the addi-
tional assumption that (3.35) holds on M would be somewhat simpler, readily establishing
the absence of critical points as in the proof of Corollary 3.8 as well as ruling out Types 1-3
in Theorem 3.4 and fixing a = 1 in Type 4. While assuming (3.35) would be fully sufficient
for getting rigidity in all claimed geometric inequalities when p > p,, it is important to prove
Theorem 1.9 without this extra assumption to be able to include the threshold case p = p,.

Proof of Theorem 1.9. By Corollary 3.8, we know that f regularly foliates M U OM as f =
const on M contradicts Remark 2.6. Also we know that (M, g, f) is isometric to a suitable
piece of a system of either of the Types 1-4 with fixed constants a,b. As in our setup here
M is regularly foliated by closed level sets of f up to the boundary e.g. via Lemma 2.5 and
Remark 2.4, we know that (M, g, f) is in fact globally isometric to a system of either of
the Types 1-4 with fixed constants a, b, a fixed closed Einstein manifold (X, ¢), and a fixed

interval I C R* which satisfies I C (—bﬁ, o0) in the b > 0 case of Type 4. In particular,
(M, g) is a warped product.

Next, we know from the proof of Corollary 3.8 that |V f|| is fully determined by f via
a precise formula, up to a multiplicative constant p > 0. Now recall from Lemma 2.5 that
IVl = 0as |z| — oo for asymptotically flat static vacuum systems and note that this rules
out Types 1-3 as f — 1 as |z| — oco. For Type 4, the same argument fixes a = 1.

Now let #: M \ K — R"\ B denote a diffeomorphism making (M, g, f) asymptotically
flat and denote the induced coordinates by (z'). For convenience, let us switch to standard
polar coordinates (|z|,07)"_] for R associated to (%) so that (9p«)* = O(|z]) as |z| — oo
and 6(Opr, 0ps) = r*(gsn—1)(Opr,0ys) for I, J, K = 1,...,n — 1. Thinking of the coordinate
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r in the Type 4 representation of our system as a function r: M — R™, the asymptotic
assumptions we made on f in (2.6) give

)\ ok
r=(5m) " lel+oalia)

as |z| — oo. On the other hand, recalling that r denotes the scalar curvature radius of
the level sets of f and plugging in R = 0 as well as the asymptotic decay assertions from
Lemma 2.5 and in particular (2.9), the twice contracted Gaufl equation gives

(n-1mn-2) n-2 <n— 1)2 _ o(la )

(a) ™ fep A

as |z| — oo, where we have used that we already know that all level sets of f are totally
umbilic. This gives b = —2m (in line with Remark 3.5) and thus r = |z|+0s(|z|) as |z| — oco.
Taking a dyrx-derivative of this identity, one sees that

or i _
o = Ooos([]) = (9px)'01 (1) = o1 (|])

as x| > o0 for K=1,...,n—1.

To see that (X, 0) is indeed isometric to the standard round (n — 1)-sphere of radius 1,
we need to carefully consider the asymptotic decay of g. As implicitly done above and as
usual, we will interpret o as an r-independent tensor field on M which is applied to tensor
fields on M by first projecting them tangentially to the level sets ¥y ~ {r(f)} x OM of f.
Similarly, we interpret gsn—1 as an |z|-independent tensor field on R* x S*~! by projection
onto round spheres as usual. Exploiting this convention, our asymptotic flatness assumptions
in Definition 2.2 translated to spherical polar coordinates and the above insights give

|21 (gsn—1)arer + o(|2[*) = gorgr = o(|2[*) + |2[*(1 + 0(1)) i

as |x| — oo for I,J =1,...,n — 1. This can easily be rewritten as
Gor0s = (14 0(1)) (gsn1)ros = (gsn1)prgr + o(r)
asT —ooforI,J=1,...,n—1. As o is independent of r, this allows us to conclude (¥, o)
is isometric to the round (n — 1)-sphere of radius 1 as desired.
Thus, as b = —2m, we deduce that (M, g) must be isometric to the piece [rg, 00) x S*~1 of

the Schwarzschild manifold (M, g,) of mass m for fy, > 0, with f corresponding to f,,, while
(M \ OM, g) must be isometric to the piece (rg,00) x S*™! of the Schwarzschild manifold
(M, gm) of mass m when f, = 0, with f corresponding to f,,. Switching to isotropic
coordinates then also allows us to conclude that the claims extend to M when f; = 0.

Here, 19 := r(0M) denotes the scalar curvature radius of M. U
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5. THE DIVERGENCE IDENTITY

With the help of Lemma 3.2, we are now in the position to prove Theorem 1.5.
Proof of Theorem 1.5. First, note that f # 1 on M by assumption. Then clearly

n—1) fIVfI?
—9 1— f2

(VIVIIZ V)

? 22 8(n—1) fIVf]?
= IVIVAPIE + =7 F
16(n —1)2 f2|V f°
(n—2)2 (1- f2)?

holds on M. Combining this with Lemma 3.2, we get that

anww LU

(n —2)? 2 n p—3 l » , An— )fHVfHQ
OB NI + F () <2<n_1>+ S H Rt
VAP FG) [1Auwu2 LAVIVAI V)
w25 ”jjj“; D) S
8n(n — 1 8(n — 1)2(p -3) f 4
*( (n— (2 ) e VI ]
f)nvnwn I

holds on M for any smooth function F': [0,1) U (1,00) - R and any 0 < f <1 or f > 1.
Also, using (2.1), one computes
. [ F _ -
i (ST 1w + I Vs

_ fi&f) ) F)
f f?

IVAP VIV AP + G OIV AP

IV AP AV 2 + (

+p23F()

22260 ) IV SISV 1,9 5)

on M \ Crit f for any p € R and any smooth functions F,G: [0,1) U (1,00) — R, where
' = %. Combining these two identities, we find

v £ | =2 e
npe3\1 s A=) ISP
a5 7| G
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_ v [dw (F >HVf||” BVI\VfHQ+G( IV £ Vf)

/
{(F - +p§1G<f>)||Vf||p—3<vr|w||2,w>—G’(f)HVfHP“
Sy )
: (ff o+ =) E e e v
(2o (e M09 o)

on M \ Crit f for any p € R and any smooth functions F,G: [0,1) U (1,00) — R. Now,
plugging in the precise forms of F' and G given in (1.12) and (1.13) and observing that they
solve the system of ODEs

F'(t) =4 <—(" _(nl)—(p2 )_ D _ 1> fF_(?Q - ]%1156‘(75),

iy 31 ((n=1(p-1) tE(t)
c0=5 (M A

for t € [0,1)U(1,00), one detects that the term inside the braces vanishes and obtains (1.10)
on M \ Crit f for all p € R.

Now let us address the claimed continuity of the divergence on M for p > 3: First,
we note that second term in the argument of the divergence is continuously differentiable
on M for p > 3 by smoothness of f and ||V f||?, as one immediately sees upon rewriting
IVf|P=t = (IVf]|?)*=. Considering the first term ||V f||P~=3 V||V £||? in the argument of
the divergence, we note that it vanishes at all critical points of f as ||V f]|? > 0 attains a
minimum there, hence it is continuous on M. Next, its derivative (defined on M \ Crit f)
extends continuously across critical points because V|V f||> = 2V?f(V/f,-), so that the
derivative of ||V f||P~3 is bounded from above by ||V f|P~4|V2f| by the Cauchy—Schwarz
inequality away from Crit f; as it gets multiplied by another factor of V||V f||?, we recover
a continuous upper bound multiplied by ||V f|[P~® which goes to zero for p > 3. This bound
has a numerical factor p — 3, hence it identically vanishes for p = 3. Altogether, noting
that the other contributions to the derivative of |V f|P~® V||V f||* are smooth anyways, this
establishes that the divergence and thus (1.10) continuously extends to M for p > 3 as
claimed. Last but not least, the right hand side of (1.10) is manifestly non-negative if (1.11)
holds which gives (1.15). O

It may be worth noting that the free constants c¢,d € R in the statement of Theorem 1.5
correspond to the free constants of integration of the ODEs for F' and G arising in its proof.
Moreover, it may be useful to note that, for the Schwarzschild system (M, g, fm) of mass
m # 0, the first term of the right-hand side of (1.10) vanishes by Lemma 3.1, while the
second term manifestly vanishes by an explicit computation, see also Remark 3.7. Moreover,
Crit f,, = 0. Hence by Theorem 1.5, the vector field inside the divergence of (1.10) is

divergence-free in the Schwarzschild case and thus gives rise to a three-parameter family
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(parametrized by ¢, d, p) of conserved quantities

F(fm _ _
/{ } |:.§C—>vame€n 29 (Vaul Vin fnllmns Vi) + G(f) IV en Fonllor 9 (Vi i, Vi) | dSim,
fm=2 m
by the divergence theorem. Here, dS,,, V.., || - |lm, and v, denote the area element on

{fm = z}, the covariant derivative, and the tensor norm induced by g,,, and the g,,-unit
normal to {f,, = z} pointing towards infinity. Evaluating this conserved quantity for z — 1,
one finds® —F“%(m) from (1.18).

6. GEOMETRIC INEQUALITIES

In this section, we will prove the geometric inequality in Theorem 1.7 and its equiva-
lent formulation Theorem 1.8. To do so, we will exploit the divergence identity (1.10) by
estimating its right-hand side from below by zero and applying the divergence theorem in
combination with the asymptotic flatness assumptions. To apply a suitably adapted version
of the divergence theorem, we will need to first assert integrability of the left hand side in
(1.10); our proof of said integrability is inspired by [CM24, Section 4], see also [AM20]. For
the equality claim, we will rely on the rigidity assertion of Theorem 1.9. We will then also
show how to derive Theorems 1.1 and 1.3 from Theorems 1.7 and 1.8.

Remark 6.1. In the setting of Theorem 1.7, consider first the case when fo € [0,1). We
have F > 0 on [fo,1) if and only if both ¢ +d > 0 and cfé +d > 0, see also Figure 1.
In particular, F > 0 holds on (fo,1) provided that in addition we do not have ¢ = d = 0.
Similarly if fo € (1,00), we have F > 0 on (1, fo] if and only if both c+d > 0 and cfé+d > 0
and F' >0 on (1, fo) if in addition ¢ = d = 0 does not hold, see also Figure 2. This explains
the assumptions made on c¢,d in Theorem 1.7.

F1GURE 1. The shaded region together with the red semi-axis represents all
(c,d) € R? such that F > 0 on [fy,1) for some fy € [0,1). On the
semi-axis, F'(fy) =0 and F > 0 on (fo, 1) so in particular F' > 0.

8See also the more general discussion and the computations in Section 6.
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F1GURE 2. The shaded region together with the red semi-axis represents all
(¢,d) € R? such that FF > 0 on (1, fo] for some fy € (1,00). On the
semi-axis, F'(fp) =0 and F' > 0 on (1, fy) so in particular F' > 0.

Proof of Theorem 1.7. First of all, by Remark 2.6 and Lemma 2.13, we know that m # 0
and k # 0, with m,k > 0 if fo € [0,1) and m,k < 0 if fo € (1,00). Next, note that the
right-hand side of (1.10) is non-negative on M\ Crit f if ¢,d € R satisfy c+d > 0, ¢fZ+d >0
as this gives F'(f) > 0 by Remark 6.1. Now set

D= div (S AP AR + GV v )

on M \ Crit f. Then by Theorem 1.5, D is non-negative and satisfies (1.10) on M \ Crit f.
Aiming for an application of the divergence theorem to D, let us show that D can be extended
to a dV-integrable function on M U OM, where the volume measure dV naturally extends
to OM by smoothness of the metric g. Let us first extend D to M. As f is regular in a
neighborhood of OM, D continuously extends to OM; this is immediate when f; > 0 and
follows from (2.17) for f, = 0 via

B 9w = 27 () Ric(v ..

Thus D is dV-integrable on a regular neighborhood of OM. To analyze the behavior of D
towards the asymptotic end of (M, g, f), recall that by the asymptotic decay established in
Lemma 2.5, we know that f has no critical points in a suitable neighborhood of infinity.
This means we can choose a compact subset K C M such that (M \ K)NCrit f = and a

diffeomorphism z: M \ K — R™\ B making (M, g, f) asymptotically flat. The asymptotic
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assumption (2.6) implies that

E(f) = F(f) + of|a| "~ DE=0=0=2),
F'(f) = F'(f) + o(|z|"@=D),
G(f) = G(fm) + of|a| "~ DF=D),

G/(f) _ Gl(fm) + 0(‘x|(n71)(p71)+2(n72))

as |r| — oo, which can be verified most easily via the ODEs for F' and G printed in the
proof of Theorem 1.5. To study the asymptotics of the first term in D, we apply the Bochner
formula and the static vacuum equation (2.2) to see that

(61) SAIVSIP = V2P + Rie(V £, V)

on M, as otherwise we would have to deal with the asymptotic behavior of third derivatives
of f about which we have not made any assumptions. Doing so, we find that

av (Byw w9 17)

= (52 - TR e s v + LR e e
2F(f)

+ IV A= (V2 £ + Rie(V £,V ),

f
on M \ K. Taken together with Lemma 2.5, we find
D =Dm +o(|z[™") = of|z[™")

as |z| — oo. Here, D,, denotes the divergence D for f = f,, and g = g, and we are using
that we have seen that D,,, = 0 at the end of Section 5. Hence by (2.11), D is dV-integrable
on M \ K. It remains to study the dV-integrability of D near Crit f. As the divergence
theorem readily applies when Crit f = ), we will assume without loss of generality that
Crit f # 0.

To establish dV-integrability near Crit f, let us first recall from the work of Cheeger—
Naber—Valtorta [CNV15] and Hardt-Hoffmann-Ostenhof-Hoffmann-Ostenhof-Nadirashvili
[HHOHON99| that Crit f is a set of Hausdorff dimension at most n — 2 as f is harmonic.
Now note that dV is absolutely continuous with respect to the n-dimensional Hausdorff
measure H" and vice versa, with bounded densities, respectively, by (2.11). This gives
dV (Crit f) = 0. Setting

(6.2) We = {lIVfI* <<}

for all e > 0, it readily follows that Crit f € W., W. C M is open, and W. N OM = () for
suitably small 0 < ¢ < p. Moreover, it follows from purely topological arguments® as well as
from the already established fact that Crit f is compact that, for suitably small 0 < ¢ < Tz,
W, has finitely many connected components which are all bounded except precisely one
which is a neighborhood of infinity. Next, we observe that OW. = {||Vf||* = ¢} is closed
and satisfies OW. N Crit f = () for all € > 0.

9See [CM24, page 15] for details.
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It is well-known that static vacuum systems are real analytic in suitable coordinate systems
(see e.g. [Chr05]), hence both f and ||V f||? are real analytic functions on M. From the
Morse-Sard theorem [SS72, Theorem 1], we can then deduce that f(Crit f) is finite and that
IV £II?(Crit |V f||?) is discrete. Moreover, we know that Crit f C Crit ||V f||* because any
critical point of f is a local minimum of ||V f]|?. Hence 0 € Crit ||V f||* as we have assumed
Crit f # 0 so that, by discreteness of Crit ||V f]|?, there must be a threshold § > 0 such that

IVAI® =6

on Crit [V f]|? \ Crit f. Then, for 0 < & < §, the implicit function theorem applied to
|V f]|? asserts that OW. must be a smooth hypersurface with multiple but finitely many
components.

Now let U C M be an open domain with smooth boundary 0U such that U O Crit f,
UNOM =0, and U C K, with K the compact subset of M defined above. We can then
extend D to U (and thus to M UOM in combination with the above) by setting D := 0 on
Crit f and obtain dV-measurability of D on U (and thus on M U M) from the fact that
Crit f has dV-measure zero. To prove dV-integrability of D on U (and thus on M), we
introduce the abbreviation

F(f)
f
on U \ Crit f and extend Z by 0 on Crit f so that Z is dV-measurable on U, again because
Crit f has dV-measure zero. To study the dV-integrability of D on U, we want to apply the

monotone convergence theorem. Let us consider a smooth cut-off function £: [0, 00) — [0, 1]
satisfying

Z = IVAPE VIV + GOV APV f

For € > 0, we define & : [0,00) — [0, 1] by setting £.(¢) := £(%) and observe that

£

(6.(t) =0 ift<e,
&) =1 if t >3,
0<&(t)<?2 ifs<t<,
§eo < &6 if 0 <& < e,
(& — 1 as € — 0.

Next, we cut off ||V f]|* near Crit f or in other words analyze the function ©,: R"\Q — [0, 1]
0. =& o[ V|7

with supp O, C W%s \ W:. We consider a strictly decreasing sequence {ek}ren With e > 0
satisfying 387’“ < min{d, u,m} for all £ € N and ¢ — 0 as k& — oo. With this choice of
{ek}ren, {Oc, tren C LY (U,dV) is an increasing sequence, and we have ©., — 1 pointwise

on U as k — oo.
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We compute

div(©,, Z)

= (6o 197) ST IVIV AR + GOIV P oV IV + 6, v 2

~~ S——
= Ay =: By

on U for all k € N. For By, we note that as ©,, vanishes near Crit f, By, € L' (U, dV) for all
k € N. Hence, by the monotone convergence theorem and using that divZ > 0 dV-almost
everywhere on U by Theorem 1.5 because dV (Crit f) = 0, we find that

/ BedV — / 0., div(Z)dV — / div(Z)dV € RY U {oc}
U U U

as k — oo. For Ay, note that as &, vanishes near Crit f we know that Ay € LY U, dV)
for all £ € N. Now observe that supp Ay C W, \W%k for all £ € N. Also, all involved

quantities are continuous on U N <W3ic \ W% ) which informs us that the map
2

s [ (o 1vse) S v pas

UNoW

is non-negative and dV-integrable on [%, 2] for all k € N and all p > p,. As [|[V[|Vf]?|]?

is smooth on the compact set U, the coarea formula applies (see e.g. [Eva22, Theorem 5)).
Using the Cauchy—Schwarz inequality, the coarea formula, and the mean value theorem for
integrals on intervals, we compute

: F
<[ (ggkouvm?)[ BD o o v s 21 + 26V A1 19271 | av
o ) f

3eg

2/ (/ (5 o [V£l ) P )HVpr VIV HdS)ds
-5 UNoOWy

e /Um(ws% ) (éolv il ) GV AT V2 av

:/Ek (&k /mam IVHVfH I, )ds

+ 2/Um<wg%\w52k> <§ak o ||Vf||2) GOV FIPHINf] dV
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P+1

o V||V |2 ) =
< Emax(F(f))/ e (/Uﬁawwdsy + imgxﬂG( MIV2AI) U] <35’“)

3"
05"

gguewwv%muus?*

p=3 VIV £
=2r,? mgx(F(f))/UﬂaWTkMdS%—

/

-~

=:D

f
~~ - N~~~
=:Cr = 'Dk

p— 2 1
< Qmax(F(f))ers/ IVMINAN 45 4 p 222t
UNoW,,,

for some 7y, € (%, %k) and all k € N. Here, |U| denotes the (finite) dV-volume of U. Clearly,

Dy —>0ask —>oc0asp>p, >1 recalhng that ¢, — 0 as £ — oco. We will now show that
Cr — 0 as k — o0, asserting by the above that

(6.3) / div (0., Z) dV — / divZdV € R U {oo}
U U

as k — oo. For reasons that will become clear later, we first assume p > p,, and will handle
the case p = p, separately towards the end of the proof. To analyze Cj, we set

py ‘= min {Ig(i]n IV f11%, 1 70, 5} >0

and choose kg = ko(U, g, f) € N such that 35’“2 k2 oy for all k > k. This in particular asserts

that r, < py for all k > ky. By deﬁnltlon of py, we find that OU N W, = () and thus
IUNW,)=Unow, for all 0 < r < py. With this in mind, let us anaylze the auxiliary
function ¢: (0, py) — R defined by

-_ IVIVARI
¢(r) "/mm T

Clearly, we have ¢ € L>®(0,py) C L'Y(0,py) as ||V f]|? is continuous on M and U C M
is compact. Recall that we have asserted above that O(U N W,) is a smooth hypersurface
with finitely many components. Thus, applying the divergence theorem, the static vacuum
equation (2.1), and the Bochner formula (6.1), we get

) VIV VIV )dS:: . (VHVfW)dV
() Awm@g( N NNIE] ﬁ%m "\

) N g(VIIVfHQ,Vf)) ) (AHWH? _9Ri(Vf, Vf))
,Amm( i 72 v Z%m 7 Vv

2 2
o IR,
UnW, f

for all 0 < r < py. Applying the coarea formula, we find

T 122 )
() a”_2[j<%éwgﬂWﬂvﬂﬂd5ds




for all 0 < r <7 < py because | V||V f]|?|| is bounded from below by a positive constant on
TN (WA W,) and thus &I e LU 0 (W2 \ W) € LU N (W7 \W,)). Similarly, ap-
pealing in addition to the fundamental theorem of calculus in the Sobolev space Wi(r, py),

we have ¢ € Wh(7, py) for any fixed 0 < 7 < py with weak derivative

, w2/
=9 — < dS
<) /W e

for almost all 7 < r < py. The 1-dimensional Sobolev embedding theorem then gives us that
¢ is continuous on (7, py) for all 0 < 7 < py and hence continuous on (0, pry). The refined
Kato inequality (see e.g. [SSY75]) implies that

n
(6.4) IV2f]1? > HHVHVJCHHQ

on U\ Crit f. Thus

¢(r) =

2n IVIV AP n_ ()
SIS 1] N ¥ R A )
n—l/Unaw,« FIVIVAIR 20n=1) r

for almost all 7 < r < py, using that | V||V f|]| = % and (U NOW,)NCrit f = 0. As

0 < 7 < py is arbitrary, this is equivalent to

(Ino¢)(r) = In’(r)

2(n—1)

for almost all 0 < r < py. Picking a fixed 0 < R < py for which this inequality holds, this
integrates to

o) < SUL i
RZ(nfl)
for all 0 < r < R by continuity of (. Hence
(6.5) 0< TPT_BC(T) < C(}E) I
R2»-1)

holds for all 0 < 7 < R. For p > p,, the exponent of r on the right hand side of (6.5) is

pP—5
strictly positive so that C,, = r,* ((ry) = 0 as k — oo. This proves (6.3) for p > p,,.
Consider now the surface integral term

/ g(eEkzan)dsa
oU

where 7 denotes the unit normal to QU pointing to the outside of U. Recalling that 0U N
Crit f = (), we know that Z is continuous on U and hence by compactness of U and
Lebesgue’s dominated convergence theorem, we have

/ 9(0.,Z,m)dS — 9(Z,m)dS € R
U U
as k — oo. Together with (6.3) and applying the divergence theorem to ©.,Z on U, this

establishes dV-integrability of D = divZ on U and hence on M when p > p,. Moreover,
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denoting Z by Z, to be able to distinguish the above results for different p > p,,, we have
asserted that

(6.6) /dinpdV:/ 9(Z,,m) dS
U ouU

for all p > p,. To conclude that D = div Z is dV-integrable for p = p,, let us consider a
strictly decreasing sequence {p;}ieny with p; > p, and p; — p, as | — oo. Using again that
oUNCrit f =0, we find that Z, — Z, on oU as | — co. As {Z), },en is uniformly bounded
on the compact set OU by continuity, Lebesgue’s dominated convergence theorem informs
us that

/g(men)dS%/ 9(Zp,.,m)dS
oU ou

as | — oo. Now recall that dV/(Crit f) = 0 and note that this gives Z,, — Z,, pointwise
dV-almost everywhere as [ — oo. Splitting U into UNW; and U\ Wi, Lebesgue’s dominated
convergence theorem tells us that

/ div Z,, dV — div Z, dV € R}
U\W1 U\W

as | — oo. On U N Wy, we rewrite (1.10) as

div 7, — [V s B DENL

(-1
—
F An=1) fIIVFI2 VL
i) 91177 55 |viose+ = QAN
>,

and note that {&}en, {Fihien are non-negative sequences of dV-measurable functions on
UNW; by Theorem 1.5 and because p; > p,, and F(f) > 0. Moreover, both {& }ien, {Fi Hien
are monotonically increasing sequences on U N W as
VLI
dp
holds for all p € R dV-almost everywhere on U NW; as ||V f|| < 1 on W;. By the monotone
convergence theorem, we obtain'®

=In([[VDIVFIP <0

/ div Z, dV = / E AV + (o1 — pn) FrdV — div Z,, dV € Rf U {oo}
Unw; Unwy Unwi Unw;
as [ — 0o. By (6.6), we can thus deduce that D = div Z is dV-integrable on U and thus on
M also for p = p,, as claimed.

We now would like to apply the divergence theorem to the vector field Z on M for all
P > pn. As we have asserted the dV-integrability of D = div Z and know that Z is smooth
near JM and in a neighborhood of infinity and because (M, g) is geodesically complete up to
OM by Remark 2.4, the divergence theorem applies. It only remains to study the “boundary
integral at infinity” and to evaluate the surface integral at the inner boundary. To this end,

10We would like to remark that we cannot conclude that the term involving (p; — py,) vanishes in the limit
[ — 00 as lim;_, fUmwl F; dV may be infinite. This causes no issues as p; > p, and &, F; > 0.
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let 7 > 0 be such that B, := {x € R" : |z| < r} D B and thus 27 }(R"\ B,) C M, where z
denotes the asymptotically flat chart and B the complement of the image of  in R”. From
the divergence theorem, our choice of unit normal v pointing towards infinity, and (2.17),
we obtain

/ DdV
M\z—1(R™\B,)

Iil(@Br)
aM

Exploiting Lemma 2.5 and the above asymptotics for F'(f) and G(f), we find

/ (@HWHP‘?’NHWHZ, v) + GHIVFIPHV S, V>) ds
z~1(8By)

F m — 2 -1
/1@3)( Y 3 Tl 1 b + G Vo (i o ym>m> dSs

fm
+o(1)
= —.F];C’d(m) +0(1)
as r — oo, where (-, -),, = g, and v, denotes the unit normal to z71(dB,) with respect to
gm and pointing to infinity. For the inner boundary integral, we recall from Remark 2.6 that
v = %, k= ||Vf|lif fo € [0,1) and v = —”g—}cﬂ, k= —||Vf|l if fo € (1,00). Exploiting
that f = fy and k are constant on dM by assumption, we compute

/ (@HVJCHP—%VHVJ”H?’ v) + G(f)”Vf||p—l<vf’ y)) S
oM

F
=20t [ (VISP $)dS & Gl 0],
Jo oM
with £ = + if fy € [0,1) and + = — if fy € (1,00), respectively. Using (2.1) and (2.3) as

well as the Gaufl equation, we compute
VIV V) =2V (V. V) =2foRic(Vf, V[)
— 2for® Ric(v, v) = — for?® (Roar —222H2 + |[h]|*)
Combining this with the above, we find
F _ _
[ (B9 2019 120 + GO0 91, ) ) ds
oM
TRl ? [ (Roas ~33H 4 [I) dS £ GolwploM
oM
and thus

0 g/ DdV = —F(m) iF0]m|p2/ (RaM—g—jH2+ ||E||2) dS F Go|k[” [0M].
M 6}

M
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Consequently, for ¢, d € R satisfying c+d > 0, ¢fZ+d > 0, and for all p > p,,, we find (1.16)
and (1.17). Equality holds in (1.16) or in (1.17) if and only if equality holds in (1.15) and
thus D = 0 on M. Hence if c+d > 0, ¢ff +d > 0 (but not ¢ = d = 0), vanishing of both
sides in (1.10) gives T = 0 and, if p > p,, also (3.35). By Theorem 1.9, this implies the
equality assertion of Theorem 1.7. U

Let us now discuss the geometric implications of (1.16) and (1.17) or in other words prove
Theorem 1.8 and, in passing, its equivalence to Theorem 1.7, see also Corollary 6.2.

Proof of Theorem 1.8. We begin by choosing fy € [0, 1), recalling that £ > 0 and m > 0 in
this case. Choosing the admissible constants ¢ = 1, d = —f2 in (1.16) and any p > p,, we

find from Lemma 2.13 that kK = (n — 2) ||SE)M|| m and thus

> (- ) (sonr)"”

2
asserting the right hand side inequality in (1.19). Choosing instead the admissible constants
¢c=—1,d=1and any p > p,, (1.16) reduces to

(6.7) >0,

68) (1= loM| [ (Rowr —222H2 4 |[h]]*) dS = 4(n — 1)(n - 2)[8" [P m?
oM
This asserts the left-hand side inequality in (1.19) via an algebraic re-arrangement. Via
Theorem 1.9, we have hence proved Theorem 1.8 for f, € [0,1). On the other hand, as
(1.16) is linear in ¢,d and the constraints ¢ +d > 0, cf¢ + d > 0 are linear as well, the
combination of (6.7), (6.8) asserts (1.16) for any p > 1 via the Smarr formula (2.20).
Next, let us consider fy € (1,00), recalling that x,m < 0 in this case. Choosing the

admissible constants ¢ = —1,d = fZ in (1.17) and any p > p,, we again find from Lemma 2.13
that K = (n — 2) l\SaM\‘ m and thus

(1= f5) (son)"”
2

asserting the right hand side inequality in (1.20). Choosing instead the admissible constants
c=1,d=—1and any p > p,, (1.16) reduces to

m <

<0,

(73 = 0lon) [ (Rowr —2=2H2 1 [h]]?) dS < ~4(n — 1)(n — 2)|§""' " m’
oM
This asserts the left-hand side inequality in (1.20) via an algebraic re-arrangement. Via
Theorem 1.9, we have hence proved Theorem 1.8 for fy € (1,00). Again, as (1.17) is linear
in ¢,d and the constraints ¢ +d > 0, ¢f& + d > 0 are linear as well, the combination of the
two above inequalities asserts (1.17) for any p > 1 via the Smarr formula (2.20). O

Corollary 6.2 (Theorem 1.7 holds for p > 1). It follows from the proof of Theorem 1.8 that
Theorem 1.7 remains valid for p > 1, with Fy and Gq formally extended to p € (1,p,).

We now proceed to proving Theorem 1.1 and Theorem 1.3, where we will use Theorem 1.9
which was proven in Section 4.

Proof of Theorem 1.1. To prove Theorem 1.1, we consider the implications of Theorem 1.8
in the setting of Theorem 1.1, i.e., if fy = 0 and OM is a connected static horizon. Then we

know that H = 0, h = 0 on &M by Remark 2.8 and hence (1.19) reduces to (1.2). Moreover,
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(1.19) implies (1.3) upon dropping the middle term and squaring. If, in addition, assumption
(1.4) holds then we have equality in (1.3) and thus in both inequalities in (1.19). By the
equality case assertion in Theorem 1.8, this proves Theorem 1.1. (l

Proof of Theorem 1.3. To see that Theorem 1.3 holds, we consider the implications of The-
orem 1.8 in the setting of Theorem 1.3, i.e., if fy € (0,1) U (1,00) and dM is a connected
time-slice of a photon surface and thus in partiocular has constant scalar curvature Ry,
constant mean curvature H, is totally umbilic (h = 0) and obeys the photon surface con-
straint (2.19). When f, € (0,1), (1.19) gives (1.5). Moreover, dropping the middle term in
(1.19) and squaring it gives (1.6). Rewriting (1.6) via the photon surface constraint (2.19)
gives

2WH _ (n—1)(n—2)(1— f3)

fo ™ (sonr)”
Assuming in addition (1.9) and rewriting it via the photon surface constraint (2.19) gives
2kH n—2H2<(n—1)(n—2)'

fO n—1 o (SaM)2

Taken together, this gives
2kH n—2H2<(n—1)(n—2)<2r@Hfo

+ < =
fo n—1 (sonr)” 1—f2
Recalling that H > 0 from the above or by Proposition 2.11 implies
2(n - 1)/€f0
1— <2 27
fo < (n—2)H

On the other hand, the squared left-hand side inequality in (1.5) together with the Smarr
formula (2.20) leads to

2(n — 1)k fo

1—f2>="" ‘72

fo = (n—2)H

Thus, equality holds in all the above inequalities and hence in (1.5), too. By the equality
assertion in Theorem 1.8, this proves Theorem 1.3 when fy € (0,1). For fy € (1,00), the
argument is the same with reversed signs. 0

7. DISCUSSION AND MONOTONE FUNCTIONS

7.1. Monotone functions along level sets. In Theorem 1.5 and the proof of Theorem 1.7,
we have seen that the divergence of the vector field

_ F()
f
D = div Z, is dV-integrable and non-negative dV-almost everywhere for all n > 3, p > p,,
¢,d € Rwithc+d >0, cfé+d>0,and F and G as defined in (1.12), (1.13). We exploited
this to prove the parametric geometric inequalities in Theorem 1.7 and, equivalently, the
geometric inequalities in Theorem 1.8, by applying a suitably adapted divergence theorem
to Z on M and evaluating the corresponding surface integrals at OM with f = f; on OM,

fo € [0,1) U (1,00), and at infinity. Of course, one can also apply the adapted divergence
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theorem to Z on suitable open domains N C M and exploit the non-negativity of div Z
to obtain estimates between the different components of ON. In view of the fact that we
are using an approach based on a potential, and in order to compare our technique of proof
to the monotone function approach by Agostiniani and Mazzieri [AM17], it will be most
interesting to study such N for which ON consists of level sets of the lapse function f. Our
arguments are inspired by [CM24, Proposition 4.2], see also [AM20)].

Given a static vacuum system (M", g, f), n > 3, with boundary OM such that f =
fo on OM for some fy € [0,1) or fy € (1,00), and given p > p,, ¢,d € R satisfying
c+d>0,cf+d>0,and F and G as defined in (1.12), (1.13), we define the functions
Ho ([foo 1)U (L, fol) \ S(Crit f) — R by

c,d . _ F(f) p—4 2 P
12 H' (5= [ (zoyas == [ SN0 eI+ 60| ds.
bp s, LS

where ¥ denotes the f-level set of the lapse function f and the sign + is + for f, € [0,1)
and — for fy € (1,00). H;’d( f) is clearly well-defined as we restricted its definition to regular
values of f and as we have already asserted that the integral under consideration is well-
defined for f = fy = 0. Using the decomposition of A along a level set of f and the static
vacuum equation (2.2), one obtains that the mean curvature H of any regular level set X
is given by

V2f(VE V)
7.3 H=z—2' "0 ")
7 i
where the sign F is — for f € [fy,1) and + if f € (1, fo]. This shows that
(7.4 w0 = [ 1vsr |22 s awn] as
!

holds for all regular values f € [fo,1) U (1, fo], understood at fy as the limit f — f; in
case F'(fo) = 0 or fo = 0. Recalling from the proof of Theorem 1.7 that f(Crit f) is finite
and fy is a regular value of f, we will now show that ?—l;;d (in both of its representations
(7.2), (7.4)) can be continuously extended to the at most finitely many singular values of f
and is monotone. To see this, let f. € (fo,1) U (1, fo] be a critical value of f which then
necessarily has an open neighborhood (f, — 2¢, f. 4+ 2¢) for some suitably small ¢ > 0 such
that (f. — 2¢, f« +2¢) \ {fo} contains only regular points. We set

(7.5) U= A (o o2\ (o}

which is clearly well-defined. Applying the adapted divergence theorem from the proof of
Theorem 1.7 to Z on the domains (7, f.+¢) and (f.—e,n) for a fixed n € (f.—¢, fe+e)\{fo},
we learn that

(76) W) = V(. +e) - /

{n<f<fste}

dindV:\If(f*—a)+/ div Z dV.
{n>f>fe—e}

As divZ > 0 holds dV-almost everywhere on M by Theorem 1.5, ¥ is monotonically in-
creasing on (f. — ¢, fu +¢) \ {f.} and we have

(7.7) U(fi+e)> \I’g) > U(f, —e).



for all n € (f. —¢, fo +¢) \ {fo}. This establishes that limsup,_,,; ¥(n) and liminf,_;, ¥(n)
are finite. Moreover, we learn from (7.6) that

(7.8) U(fe+e)—VU(f. —¢) :/ div Z dV
{fx—e<f<fs«te}

holds for all suitably small € > 0. Thus, recalling from the proof of Theorem 1.7 that dV and
the n-dimensional Hausdorff measure H" are absolutely continuous with respect to each other
with bounded densities and that div Z is dV-integrable, it follows that limsup, ,; ¥(n) =
liminf, s, W(n) so that ¥ can continuously extended to f.. Extending ’Hf;d to Crit f con-
tinuously in this way, we obtain from (7.7) that ’Hg’d is well-defined, continuous, and mono-
tonically increasing on [fo, 1) for all fo € [0,1) / monotonically decreasing on (1, fy] for all
fo € (1,00). Moreover, by Theorem 1.7 and its proof, we know

(7.9) lim 75(f) = -5 (m)

with f;’d as in (1.18) and m the mass parameter of (M, g, f), recalling that f has no critical
points near infinity. Moreover, recall from the end of Section 5 that ’Hf;d = —]:I‘;”d(m) on
[0, 1) for the Schwarzschild systems (M, gy, fim) of mass m. From Theorems 1.5 and 1.7, we
also know that (suitable subsets of) the Schwarzschild systems are the only static vacuum

systems satisfying this identity.

Theorem 7.1 (Monotone functions). Let (M™, g, f), n > 3, be an asymptotically flat static
vacuum system of mass m € R with connected boundary OM. Assume that flopr = fo
for a constant fo € [0,1) U (1,00) and choose the unit normal v to OM pointing towards
the asymptotic end. Let F' and G be as in Theorem 1.5 for some p > p, and constants
¢,d € R satisfying c+d > 0 and cfé +d > 0. Then the function ’Hg’d: [fo,HU (L, fo] = R
given by (7.4) is well-defined, continuous, and monotonically increasing when fy € [0,1)
/ monotonically decreasing when fo € (1,00), with limg_; ’Hg’d(f) = —f;’d(m). Unless
c=d=0, Hy' = —F5%m) on [fo,1) or (1, fo] holds if and only if (M,g) is isometric
to a suitable piece of the Schwarzschild manifold (M, g.,) of mass m and f corresponds to
the corresponding restriction of f,, under this isometry. Finally, m > 0 if fo € [0,1) while
m < 0 for fy € (1,00).

Remark 7.2 (Geometric monotonicity of H;’d). Before we move on, we would like to draw
the readers’ attention to the fact that no matter whether fo € [0,1) or fo € (1,00), the
function H;’d is monotonically increasing along the level sets of f from OM towards the
asymptotic end. This is because for fo € (1,00), f decreases along its level sets from OM
towards the asymptotic end.

7.2. Comparison with the proof by Agostiniani and Mazzieri. Let us now relate the
functions H;’d from (7.2) to the functions U, and their derivatives introduced in [AM17]. In
our notation, these functions are given by

(n=1)(p=1)
2 n—2
w0 o= () T [ ivsras,
f

(n=1)(p—1)

(711)  UNf)=—(p—1) (127” / IV £ [H_Q(n—l)fIIVfll

(EP el

—f? >
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for f € [fo,1) \ Crit f for fo € [0,1) and p > 1. From this and (7.4), one readily computes

(112) 01) = g | T ) - ().
(7.13) U = 5 1 6)

on [fo,1) \ Crit f for p, == (p — 1)(2m) X5 S 0 when p>p, and fy € [0,1).

It is shown in [AM17, Theorem 1.1] that U, is differentiable on [fy,1) for p > 3 with
derivative U, and continuous on [fy, 1) for p > 1. Moreover, it is shown in [AM17, Theorem
1.2] that U, is differentiable with derivative U} on [fo,1) \ f(Crit f) for p > p,. A fortiori,
it follows from Theorem 7.1 that the functions U, and U, given by (7.12), (7.13) are well-
defined as continuous functions on [fy, 1) not only for p > 3 but in fact for p > p,. As there
are only finitely many critical values of f and as U,, U} are continuous also at critical values
of f, the fundamental theorem of calculus implies that U, is continuously differentiable with
derivative U} on [fo,1) for fo € [0,1) for all p > p,. Moreover, as H, ! is monotonically
increasing with limit —7,"'(m) = 0 as f — 1 by Theorem 7.1, we have U} < 0 so that U, is
montonically decreasing on [fy, 1) for all p > p,,. Moreover, if U}(f) = 0 for some f € [fo, 1),
f # 0, then H;l’l(f) = 0 and hence by Theorem 7.1 (M, g, f) is isometric to a suitable piece
of the Schwarzschild manifold (M, g,,) of mass m and f corresponds to the corresponding
restriction of f,, under this isometry. Finally, if fo = 0, U;(0) = 0 is automatic from (7.13)
and one finds

" ) U,(f) Hp 1,1 _ Hp 4,11
(7.14) Up(0) = f1—>0+ f T2 fliglJr ) = 2 7 (0)
. —_ n—1)(p—1 — 2
= _<p—1)(2m)(n)—(2)/ IV f][P2 |:R8M Al =DV ds,
2 oM n—2

where we have used continuity of H, L1 the expression for the mean curvature in terms of the
Hessian of the harmonic function f, the static vacuum equation (2.1), the Gauf} equation,
and Remark 2.8. Also, it follows that U}'(0) < 0 because we have already established above
that #, ' < 0. Finally, U] (0) = 0 if and only if H,"'(0) = 0 if and only if (M, g, f)
is isometric to a suitable piece of the Schwarzschild manifold (M), g,,) of mass m and f

corresponds to the corresponding restriction of f,, under this isometry by Theorem 7.1.
This can be re-expressed as follows.

Corollary 7.3 (Monotonicity-Rigidity a la Agostiniani-Mazzieri). Items (i) and (iii) of the
Monotonicity-Rigidity Theorem [AM17, Theorem 1.1] hold for p > p,,.

Let us now discuss the case fy € (1,00). To do so, let us extend (7.10) as the definition
of U, also to (1, fo] \ Crit f for any f, € (1,00) and any p > p,, noting that the pre-factor
of the integral is well-defined as m < 0 and f > 1 in this case. One directly computes that

(7.12) gets replaced by
o Hp f2 - f2
(7.15) 01 = s |2

)(P D)

Hy () = H, ()

with p, == (p— 1)(2\m\) > 0. Next, using our above results, we can show continuous
differentiability of U, for f; € (1,00) and p > p,, and compute its derivative U} as follows:
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Recall from Section 5 that

div (IV APV ) = (0 = DIVFIP V2F(VE V)

on M \ Crit f. Exploiting (7.3) and arguing as in Sections 5 and 6, in particular using the
coarea formula and the adapted divergence theorem, we get

fo
(h—1) / IV FP H dS dr = / IVl ds — / IVl ds
f1 P

=5, S
for any fo > fo > f1 > 1. Taking the limit f; — 1, this reduces to

(n=1)(p—1)

B f bt _ » B (1_f2) n—2)
(v 1>/1 /ETHVfH HdSd —/EfHVfH a5 = U,(f)

2m

for every f € (1, fo] by continuity of U,. This can be re-expressed as

(n=)(p-1)
2™m (n—2) ! B
Up(f)=m-1) (—2) / IV fI|P~ H dS dr
1—f 1 s,
for all f € (1, fo]. Now, arguing as in Section 7.1, the function f — fzf IVFIIPLH dS is

continuous on (1, fo] which gives continuous differentiability of U, and
2(n = DfIIV/]
(n—2)(1-f?)

for all f € (1, fo] by the fundamental theorem of calculus. In particular, U, is continuously
differentiable on (1, fo] for all fy € (1,00) and all p > p,, and (7.13) gets replaced by

(n=1)(p—1)
2m

710 on=e-0 (7)) [ renr 4 as

o 1,-1
7.17 Uf) = == H>
as can be seen by a direct computation. Moreover, by (7.17) and H, "' (f) — —F) "' (m) =
as f — 1 by (1.18) and in view of Remark 7.2, we have U, > 0 on (1, fo]. Again, just as in
Remark 7.2, this means that U, is monotonically decreasing from 90M to infinity. In analogy
with Corollary 7.3, we can summarize our findings as follows.

Corollary 7.4 (Monotonicity-Rigidity a la Agostiniani-Mazzieri for f, € (1,00)). Item (ii)
of the Monotonicity-Rigidity Theorem [AM17, Theorem 1.1] holds for U, given by (7.10) on
(1, fo] with derivative U, given by (7.16) for all fo € (1,00) and all p > p,, with the opposite
inequality U, > 0 on (1, fo].

Last but not least, we would like to point out that we have computed U, and U, only
from H5? using only the extremal values of (¢, d) (normalized to |¢| = 1) as in the proofs of
Theorems 1.1 and 1.3, see also Figures 1 and 2. All other functions ’H;’d are related to the
extremal ones by
cf¢+d
1-f3

-1,1 C"‘d 17*f2
HoW o S g

1-f§
C’d_Cfg—f—d - c+d _1,p2
(7.19) Hp = fg— 1 Hzl) 1—1—%7‘%1}%
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(7.18) Ho! =




for fo € [0,1) and fy € (1, 00), respectively. These relations allow us to express all functions
'H;’d by U, and U}, obtaining

c 2 Cf2 + d)(1— f2 /

(7.20) () = X DC )~ age v o)

for all f € [fo,1) U (1,00), in consistency with (7.12), (7.13) and (7.15), (7.17), respectively.
As a consequence, for fo = 0, one has

(7.21) 1 HE(0) = 24U (0) — 4(c + d)U,(0),

in consistency with (7.14).

To summarize, our comparison of the monotone functions H;’d and U, shows that our
divergence theorem approach leads to (an extension of) the results of the monotone function
approach by Agostiniani and Mazzieri [AM17], in some sense lifting the monotonicity from a
derivative to the function itself. This circumvents the conformal change to an asymptotically
cylindrical picture as introduced in [AM17]. In particular, working directly with the diver-
gence theorem in the static system makes the analysis of the equality case simpler, avoiding
the need to appeal to a splitting theorem.

Corollary 7.5 (Relation between governing functionals). Let (M", g, f), n > 3, be an
asymptotically flat static vacuum system of mass m with connected boundary OM . Let p > p,
and c¢,d € R, and suppose that flons = fo for some fo € [0,1) U (1,00). Then the functions
HE? given by (7.2) and U, given by (7.10) are related by (7.20) as well as by (7.12), (7.13)

(n=1)(p—1)

when fo € [0,1) and by (7.15), (7.17) when fy € (1,00). Here, p, = (p — 1)(2|/m|) =2
Moreover, if fo = 0, they satisfy the relation (7.21).

Consequently, our approach gives new proofs for all geometric inequalities for black hole
horizons described in [AM17, Section 2.2] and for the Willmore-type inequalities for black
hole horizons and other level sets of the lapse function f described in [AM17, Section 2.3]. It
also extends their results to p > p,, to weaker asymptotic assumptions, and to fy € (1,00).
In particular, we would like to point out that the right-hand side inequality in (1.3) is the
Riemannian Penrose inequality. We hence in particular reprove the Riemannian Penrose
inequality for asymptotically flat static vacuum systems with connected black hole inner
boundary (but with the extra assumption (1.4) necessary to conclude rigidity) under very
weak asymptotic assumptions.

Last but not least, we would like to mention that it should be possible to extend the
methods used in [AM17] from p > 3 to p > p, for fy € [0,1) like it is successfully done by
Agostiniani and Mazzieri in a different context in [AM20]. Furthermore, it may be possible
to modify the methods used in [AM17] to handle the case fy € (1, 00), performing a different,
but likely similar conformal transformation. Finally, it is conceivable that the methods used
in [AM17] may be extended to weaker asymptotic assumptions.

7.3. Comparison with the proof by Nozawa, Shiromizu, Izumi, and Yamada. In
[INSIY18, Section 5|, Nozawa, Shiromizu, Izumi, and Yamada devise a strategy to proving a
black hole uniqueness theorem which turns out to coincide with Theorem 1.1. To do so, they
devise a Robinson style strategy of proof including a parameter ¢ arising as a power which
should be understood as ¢ =: p—1, see below. In this section, we will first identify that their

strategy of proof almost coincides with our strategy of proving Theorem 1.1. After that, we
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will discuss which new insights our proof gives and which hurdles we overcame to make this
strategy a rigorous proof. We will restrict to fo = 0 as [NSIY18] only addresses black holes.

The strategy followed by Nozawa, Shiromizu, Izumi, and Yamada is to introduce a diver-
gence identity just like (1.10) based on a vector field J. They then show that the divergence
of J is non-negative and can be related to the pointwise tensor norm of certain expres-
sions related to a (0,2)-tensor H, in analogy with the proof of Theorem 1.5, see below.
They then discuss why the vanishing of the H-tensor should imply isometry to a suitable
Schwarzschild system, see below; their approach is somewhat reminiscent of parts of our
proof of Theorem 1.9 but bears some issues, see below. To obtain the black hole uniqueness
result Theorem 1.1, they then suggest to apply the divergence theorem to J on the static
manifold M and use the properties of the static black hole horizon and the asymptotic decay
assumptions (g and f are assumed to be asymptotic to g,, and f,, for some m € R, including
at least two derivatives) and then conclude as we do.

First, let us note that the vector field Z from (7.1) used in our approach in fact coincides
with the vector field J that was used in [NSIY18] up to a constant factor — despite its
seemingly different definition. To see this, recall that m > 0 and 0 < f < 1 on M in
the black hole case. Then, adjusting to our notation, in particular choosing their exponent

¢ =:p — 1, their vector field J can be computed to be the %—multiple of
= B _ _
(7.22) Jﬁ:-%%lHVfW’1VHVTH2+C%(ﬂHVfW)1Vf

on M, where

a+b(1—t?)
Fy(t) = CED TP
(1 _ t2) (n—2)
An-l) (a+b(1 £2)) - -t
G,y(t) = DG—D -
(1 _ t2) ('n,72)

for parameters a,b,p € R with p > p, and variables 0 < t < 1. Choosing our parameters
c:=—=b,d:=a+b, we find that F; = F and G; = G with F and G from (1.12), (1.13) and
hence J = Z. Moreover, the conditions for positivity of F; identified in [NSIY18], @ > 0 and
a+b >0, exactly coincide with our (black hole case) conditions ¢ 4+ d > 0 and d > 0.

This of course informs us that the divergences of J and Z must also coincide. To relate the
divergence identity [NSIY18, (5.12)] to (1.10), we spell out [NSIY18, (5.12)] in our notation,
obtaining

729 awd= v S gy A= D= == e
for parameters a,b € R, where S is given by
S(X.Y.2) = o (X(DH(Y.2) =Y () H(X. 2)
(7.24) )
— —(9(H, X)g(Y, 2) — g(H,Y)g(X, Z))
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away from Crit f for X|Y,Z € T'(T'M) in terms of the H-tensor

w2 2 VIR 2n  f
(7.25) H = Vif n_21_f29+n_21_f2(df®df)

and the vector field H given by

—  VIVSfITY 2(n-1 \Y H(Vf,)*
IVl (n—2) (1-/?) IVf]]
away from Crit f. Knowing already that F; = F, let us now relate H to (3.35) and compare
the tensor S with the T-tensor, obtaining

_ , | A(n—1) VAV
(7.27) "= =37 (V”W P+ 1o p )
(n - 2)f
7.28 S=——+—2__T
(7.28) CESNiE

away from Crit f. To find (7.28), we have used (3.5) and the corresponding identity [NSIY18,
(5.16)]. This confirms that, away from Crit f, the two divergence identities are in fact
identical and only expressed differently, with [NSIY 18] building upon the H-tensor and our
approach working directly with the T-tensor. However, we would like to point out that T’
and (3.35) are well-defined on Crit f while S and H are not.

Before we suggest geometric interpretations of the two different viewpoints of the identical
divergence identity expressed as (7.23) and (1.10), respectively, let us quickly delve into the
strategies of asserting rigidity. Our proof of Theorem 1.9 heavily relies on the local analysis
of solutions of T = 0 in Section 3 in combination with our asymptotic assumptions. It does
not exploit (3.35) which is not available when p = p,,, see also Remark 4.1. In contrast,
Nozawa, Shiromizu, Izumi, and Yamada [NSIY18] first use H = 0 to obtain the functional
relationship [NSIY18, (5.11)] which is equivalent to (3.35) away from Crit f. Using this
functional relationship and H = 0, they then suggest to proceed very similarly in spirit as
we do in the proof of Theorem 3.4 with strong simplifications as most cases we study are
excluded by the functional relationship [NSIY18, (5.11)], see again Remark 4.1. However,
as we pointed out before, H = 0 is not readily explicitly deducible when p = p,,, a case also
included in [NSIY18]. Also, it is not discussed explicitly in [NSIY18] how H = 0 follows
from S = 0 and H = 0. It is thus worthwhile to investigate the relationship between S, H,
and H more closely. To see that the H-tensor vanishes when S = 0 and H = 0, we compute

1
=V FII2(H,Y)=0

for all vector fields X,Y € I'(T'M) to conclude that H = 0 when S = 0, away from Crit f.
We would like to point out that this argument is very similar to the one given in the proof
of Lemma 3.3. In fact, it turns out that
f AV 2 nA )
177

H = 2Ri
A (HVfH Ric+= —df @ df

49



follows from 7' = 0 via (3.35), with A denoting the eigenvalue for the eigenvector V f of Ric
with the right hand side coming from (3.6) as can be seen by computing A via (3.35). This
is another way of seeing that S = 0 implies H = 0 when assuming H = 0 (or equivalently
(3.35)). This is a purely local result. However, it does not locally follow from S = 0 that
H = 0 without assuming H = 0 — not even for n = 3 — which can be seen as follows.
From Theorem 3.4, we know that S = T" = 0 implies that each regular point p € M has an
open neighborhood p € V- C M such that (V, g|v, f|v) has Type 1, 2, 3, or 4. In particular,

Corollary 3.6 gives a full characterization of Ay, Thus, supposing that H = 0 and thus

2(n—1)|Vf|?
A= =G e
can be restated as saying that the vanishing of H implies that a system (V,g|y, f|v) as in
Theorem 3.4 has to be a suitable piece of a quasi-Schwarzschild manifold, see Remarks 3.5
and 4.1. Note furthermore that even the systems of Type 4 with @ = 1 are not spherically
symmetric unless the Einstein manifold (3, o) is the standard round sphere, see Remark 3.5.
In other words, any system of Types 1-3 or of Type 4 with a # 1 is a counter-example to
concluding vanishing of H and thus of H from vanishing of S.

As discussed above, this insight becomes relevant when choosing the threshold parameter
valuep—1=c=1— ﬁ = p,— 1, included in the analysis in [NSIY18], when the divergence
(7.23) vanishes as one can then not conclude that H = 0. The threshold case thus needs
some more careful treatment as we have given it in Sections 3 and 4. Note that for n = 3,
the rigidity for the treshold value ¢ = p — 1 = 1 was already handled in [MzHRS73].

Let us now turn to some geometric considerations regarding the various tensor and vector
fields discussed in this section. First, from (7.28) and the second part of (7.26), we learn that
T is fully determined by H, as was already implicitly observed and exploited in [NSTY18].
However, as argued above, in order to recover (vanishing of ) H from (vanishing of) 7', we need
the functional relationship (3.35) which takes the form H = 0 in [NSIY18]. The geometric
interpretation of 7" and thus of S is given by the definition (1.14) of 7. The geometric
interpretation of H can be understood in multiple ways: First (see also [NSIY18, (5.9)]), H
can be derived from knowing that, in spherical symmetry with radial direction V f, one can
express

(7.29) V3f = ag + pdf ® df

for suitable a, 8 € C°°(M) because V? J will vanish in tangential-normal directions along
level sets of f. Next, assuming (3.35) or H = 0 and plugging V f into (7.29), we obtain

on M, excludes Types 1-3 and enforces Type 4 with a = 1. Note that this

2(n—1)f
7.30 a+p= :
(730 o)
On the other hand, using the static equation (2.2), we find
(7.31) na + ||[Vf|°8 = 0.
Taken together, this gives

2fIV I 2n f

7.32 Vif = + Bdf @ df — df ®d
(732 I aaa-p/ e ey

which explains the definition of H as measuring the deviation from spherical symmetry,
subject to (3.35) or H = 0. The second interpretation of H (see also [NSIY18, (2.50)])

is exploiting the fact that rf,,(r)0, is a conformal Killing vector field in the Schwarzschild
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system (or in other words in a spherically symmetric system satisfying (3.35) or H = 0.
Thus,

i
(1 _ f2)n/(n—2)
is a conformal Killing vector field in the Schwarzschild case, with
2
—nH
(1= 2=
as can be seen from a straightforward computation. Hence, H = 0 if and only if { as defined

in (7.33) is a conformal Killing vector field in (M, g). Yet another geometric interpretation
of H (see [NSIY18, page 22]) is that

(7.33) =

(7.34) Leg— %(div Q)=

1—f
f<1+f)H’

where Ric denotes the Ricci curvature tensor of the conformally transformed metric

(7.36) g= (#) "

(7.35) Ric =

appearing in the Bunting-Masood-ul-Alam proof [BMuAS87] and its higher dimensional ver-
sions [GIS02, Hwa98|. In summary, no matter which strategy of proof we follow (i.e., via T
as in this paper or via H as in [NSIY18]), we are heavily exploiting conformal flatness — with
the conformal factor expressed as a function of f — of Schwarzschild as well as its spherical
symmetry made explicit in the functional relationship (1.10) or in the vanishing of H.

Let us close by highlighting that despite the similarities in the proofs of static vacuum
black hole uniqueness subject to the scalar curvature bound (1.4) presented here and in
[NSIY18], this paper adds the necessary and subtle analytic details needed to handle critical
points of f, notably when asserting integrability of the divergence D and applicability of the
divergence theorem in this weak regularity scenario, see Section 6. This particularly applies
to the case p € [p,,3) when D is not continuous across Crit f. We also demonstrate that
much lower decay assumptions (namely asymptotic flatness with decay rate 7 = 0) suffice
to conclude. And of course, we add the equipotential photon surface uniqueness results of
Theorem 1.3 with f, € (0,1) U (1, 00).

REFERENCES

[AM17] Virginia Agostiniani and Lorenzo Mazzieri, On the geometry of the level sets of bounded static
potentials, Communications in Mathematical Physics 355 (2017), no. 1, 261-301.

, Monotonicity formulas in potential theory, Calculus of Variations and Partial Differ-
ential Equations 59 (2020), no. 1.

[BMuAS7] Gary L. Bunting and Abdul K. M. Masood-ul Alam, Nonezistence of multiple black holes in
asymptotically Fuclidean static vacuum space-time, General Relativity and Gravitation 19
(1987), no. 2, 147-154.

[CC12] Huai-Dong Cao and Qiang Chen, On Locally Conformally Flat Gradient Steady Ricci Solitons,
Transactions of the American Mathematical Society 364 (2012), no. 5, 2377-2391.

, On Bach-flat gradient shrinking Ricci solitons, Duke Mathematical Journal 162

(2013), no. 6, 1149-1169.

[AM20]

[CC13]

51



[CCF24]

[CCLPdS24]

[Ced]
[Ced12]

[Ced14]

[CedlT]

[CG17]
[CG21]
[CGM]
[Chr05]
[CIVM23]
[CM24]
[CNV15]
[CVEO1]
[Eva22]

[GIS02]

[Heu96]

[HHOHON99)]

[HI12]
[HW24]
[Hwa9s]
[Isr67]

[KOMOY5]

Carla Cederbaum, Albachiara Cogo, and Axel Fehrenbach, Uniqueness of equipotential photon
surfaces in 4-dimensional static vacuum asymptotically flat spacetimes for positive, negative,
and zero mass — and a new partial proof of the Willmore inequality, 2024, arXiv:2407.21522v1.
Carla Cederbaum, Albachiara Cogo, Benedito Leandro, and Jodo Paulo dos Santos, Unique-
ness of static vacuum asymptotically flat black holes and equipotential photon surfaces in n+1
dimensions a la Robinson, 2024, arXiv:2403.14422v1.

Carla Cederbaum, Rigidity properties of the Schwarzschild manifold in all dimensions, in
preparation.

, The Newtonian Limit of Geometrostatics, Ph.D. thesis, FU Berlin, 2012, arXiv:
1201.5433v1.

, Uniqueness of photon spheres in static vacuum asymptotically flat spacetimes, Com-
plex Analysis and Dynamical Systems VI, Contemporary Mathematics, American Mathemat-
ical Society, Providence, RI, 2014.

, A geometric boundary value problem related to the static equations in General Rela-
tivity, Analysis, Geometry and Topology of Positive Scalar Curvature Metrics, Oberwolfach
report, no. 36/2017, EMS Press, 2017.

Carla Cederbaum and Gregory J. Galloway, Uniqueness of photon spheres via positive mass
rigidity, Communications in Analysis and Geometry 25 (2017), no. 2, 303-320.

, Photon surfaces with equipotential time slices, Journal of Mathematical Physics 62
(2021), no. 3, Paper No. 032504, 22. MR 4236797

Carla Cederbaum, Melanie Graf, and Jan Metzger, Initial data sets that do not satisfy the
Regge—Teitelboim conditions, in preparation.

Piotr T. Chrusciel, On analyticity of static vacuum metrics at non-degenerate killing horizons,
Acta Physica Polonica B36 (2005), 17-26.

Carla Cederbaum, Sophia Jahns, and Olivia Vicdnek Martinez, On equipotential photon sur-
faces in (electro-)static spacetimes of arbitrary dimension, 2023, arXiv:2311.17509v1.

Carla Cederbaum and Anabel Miehe, A new proof of the Willmore inequality via a divergence
inequality, 2024, arXiv:2401.11939v2.

Jeff Cheeger, Aaron Naber, and Daniele Valtorta, Critical sets of elliptic equations, Commu-
nications on Pure and Applied Mathematics 68 (2015), no. 2, 173-209.

Clarissa-Marie Claudel, Kumar Shwetketu Virbhadra, and George F. R. Ellis, The Geometry
of Photon Surfaces, J. Math. Phys. 42 (2001), no. 2, 818-839.

Lawrence C. Evans, Partial differential equations, second edition ed., Graduate studies in
mathematics, vol. 19, American Mathematical Society, Providence, Rhode Island, 2022.
Gary W. Gibbons, Daisuke Ida, and Tetsuya Shiromizu, Uniqueness and Non-Uniqueness of
Static Vacuum Black Holes in Higher Dimensions, Progress of Theoretical Physics Supple-
ment 148 (2002), 284-290.

Markus Heusler, Black Hole Uniqueness Theorems, Cambridge Lecture Notes in Physics,
Cambridge University Press, Cambridge, 1996.

Robert M. Hardt, Maria Hoffmann-Ostenhof, Thomas Hoffmann-Ostenhof, and Nikolai S.
Nadirashvili, Critical sets of solutions to elliptic equations, Journal of Differential Geometry
51 (1999), no. 2, 359-373.

Stefan Hollands and Akihiro Ishibashi, Black hole uniqueness theorems in higher dimensional
spacetimes, Classical and Quantum Gravity 29 (2012), 163001.

Brian Harvie and Ye-Kai Wang, Quasi-spherical metrics and the static minkowski inequality,
2024, arXiv:2403.06216v1.

Seungsu Hwang, A Rigidity Theorem for Ricci Flat Metrics, Geometriae Dedicata 71 (1998),
no. 1, 5-17.

Werner Israel, Event Horizons in Static Vacuum Space-Times, Physical Review 164 (1967),
no. 5, 1776-1779.

Daniel Kennefick and Niall O Murchadha, Weakly decaying asymptotically flat static and
stationary solutions to the Einstein equations, Class. Quantum Grav. 12 (1995), no. 1, 149.

52



[Loh16]
[Med24]
[Mia05]
[MOS10]
[MzHRS73]

[NSIY18]

[Per05]
[Rau21]
[Rob77]
[Rob12]
[SS72]
[SSY75]

[SY79a]

[SY79D)
[SY17]

[Wit81]

Joachim Lohkamp, The Higher Dimensional Positive Mass Theorem I, 2016,
arXiv:math/0608795v2.

Vladimir Medvedev, Static manifolds with boundary: Their geometry and some uniqueness
theorems, 2024, arXiv:2410.15347v1.

Pengzi Miao, A remark on boundary effects in static vacuum initial data sets, Classical and
Quantum Gravity 22 (2005), no. 11, L53-L59.

Ryosuke Mizuno, Seiju Ohashi, and Tetsuya Shiromizu, Static black hole uniqueness and
Penrose inequality, Physical Reviews D 81 (2010), 044030.

Henning Miiller zum Hagen, David C. Robinson, and Hans Jiirgen Seifert, Black holes in
static vacuum space-times, General Relativity and Gravitation 4 (1973), no. 1, 53-78.
Masato Nozawa, Tetsuya Shiromizu, Keisuke Izumi, and Sumio Yamada, Divergence equations
and uniqueness theorem of static black holes, Classical and Quantum Gravity 35 (2018),
no. 17, 175009.

Volker Perlick, On totally umbilic submanifolds of semi-Riemannian manifolds, Nonlinear
Analysis 63 (2005), no. 5-7, e511-e518.

Simon Raulot, A spinorial proof of the rigidity of the Riemannian Schwarzschild manifold,
Classical and Quantum Gravity 38 (2021), no. 8, 085015.

David C. Robinson, A simple proof of the generalization of Israel’s theorem, General Relativity
and Gravitation 8 (1977), no. 8, 695-698.

, Four decades of black hole uniqueness theorems, Classical and Quantum Gravity 38
(2012), no. 8, 115-143.

Jif{ Soucek and Vladimir Soucek, Morse-Sard theorem for real-analytic functions, Commen-
tationes Mathematicae Universitatis Carolinae 013 (1972), no. 1, 45-51.

Richard M. Schoen, Leon Simon, and Shing-Tung Yau, Curvature estimates for minimal
hypersurfaces, Acta Mathematica 134 (1975), 275-288.

Richard M. Schoen and Shing-Tung Yau, Complete manifolds with nonnegative scalar cur-
vature and the positive action conjecture in general relativity, Proceedings of the National
Academy of Sciences in the U.S.A. 76 (1979), no. 3, 1024-1025.

, On the Proof of the Positive Mass Conjecture in General Relativity, Communications
in Mathematical Physics 65 (1979), no. 1, 45-76.

, Positive Scalar Curvature and Minimal Hypersurface Singularities, 2017,
arxiv:1704.05490.

Edward Witten, A new proof of the positive energy theorem, Communications in Mathematical
Physics 80 (1981), no. 3, 381-402.

53



arXiv:2310.08301v2 [math.DG] 5 Feb 2024

ROTATIONAL SYMMETRY OF ANCIENT SOLUTIONS TO FULLY

1.

1.1.
1.2.

2.

2.1.
2.2.
2.3.
2.4.
2.5.
2.6.

3.
4

4.1.
4.2.
4.3.

5

o.1.
0.2

6.
7.
8.

NONLINEAR CURVATURE FLOWS
A. COGO, S. LYNCH, AND O. VICANEK MARTINEZ

ABSTRACT. We address the classification of ancient solutions to fully nonlinear
curvature flows for hypersurfaces. Under natural conditions on the speed of motion
we classify ancient solutions which are convex, noncollapsing, uniformly two-convex
and noncompact. There are exactly two possibilities—every such solution is either
a self-similarly shrinking cylinder, or else is a rotationally symmetric translating
soliton. For a large class of flows this yields a complete classification of the blow-up
limits that can arise at a singularity of a solution which is compact, embedded and
two-convex.
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1. INTRODUCTION

The study of singularity formation in geometric flows began with the fundamental
work of Hamilton [Ham82|. There it was shown that positively curved three-manifolds
become singular in finite time under the Ricci flow, and are deformed to a constant
curvature space in the process. This is an example of a phenomenon which has
since been observed in many other situations—close to a singularity, solutions to
geometric flows tend to become highly symmetric. This allows for a very precise
description of the geometric structure of singularities; an essentially complete picture
has now been established e.g. for the three-dimensional Ricci flow and for two-convex
mean curvature flow. In these settings it has been possible to extend the flow in
question beyond singularities using a surgery procedure (see |Per02a, Per02b| and
[HS09, BH16, HK17b]), enabling profound insights into questions in geometry and
topology.

A solution of a geometric flow is called ancient if it exists on a time interval of
the form (—oo,7T]. Ancient solutions arise as dilations of singularities, so their clas-
sification is of central importance in understanding singularity formation. In this
paper we are concerned with the classification of ancient solutions to fully nonlinear
geometric flows. Consider a family of hypersurfaces M; C R"*! ¢t € (—oo, T], which
move with pointwise normal speed equal to a symmetric function of their principal
curvatures. Under natural assumptions on the speed function, we show that if M, is
convex, noncollapsing, uniformly two-convex and noncompact then it is rotationally
symmetric. Moreover, M, is either a self-similarly shrinking round R x S™~!, or else
moves by translation in a constant direction (i.e. it is a ‘bowl soliton’).

Brendle and Choi proved the corresponding statement for ancient solutions of
the mean curvature flow [BC19, BC21| (see also [ADS19, ADS20| and [CHH21a,
CHHW?22]). One principal difficulty in our more general setting is that we may not
appeal to Huisken’s monotonicity formula. Huisken’s formula asserts that, up to a
certain nonlinear change of variables, the mean curvature flow is the gradient flow
for the Gaussian area functional. The vast majority of the flows with which we are
concerned lack an analogous interpretation. One of our main contributions is to rein-
terpret a number of deep phenomena, usually derived from the monotonicity formula,
as consequences of mild concavity properties for the speed of motion.

In certain situations our results yield a complete classification of the possible ancient
solutions that can arise by dilating a singularity. A key example we have in mind is
the flow which moves M; with speed

0 ) = (Z )

where the \; are the principal curvatures. This flow was first considered by Brendle
and Huisken |[BH17|. They developed a surgery procedure for continuing the flow
past singularities, and thereby proved a remarkable classification result for compact
Riemannian manifolds. Namely, if (X, g) has boundary satisfying A\; + Ay > 2k and
its curvature satisfies Rjpir + Rjkjx > —k?, then X is diffeomorphic to a standard ball
or 1-handlebody.

The surgery procedure implemented by Brendle-Huisken relies on a priori cylindri-
cal and gradient estimates (cf. [HS09]), which yield a detailed picture of regions of
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large curvature in the solution. Our results go further, showing that any blow-up at a
singularity of the flow is rotationally symmetric, and either a round sphere, cylinder
or bowl soliton (see Corollary 1.3 for a precise statement).

A key point in [BH17] is that the flow with speed (1) preserves two-convexity
in an arbitrary ambient space. This is not true of the mean curvature flow, for
example. Fully nonlinear flows were also employed to study the global geometry of
Riemannian manifolds in the earlier works [And94b, And03]. Each of the papers we
have mentioned employs a flow which is tailored to the specific geometric problem
at hand. This highlights the necessity of developing a theory for the widest possible
range of flows, in order to enable a range of geometric applications in the future.

1.1. Main results. Let I' C R"™ denote an open, symmetric (under permutations),
convex cone. Fix a function v : I' = R which is smooth, positive, symmetric, strictly
increasing in each argument, and homogeneous of degree one. We assume 7 is either
convex or concave.

We also assume that I' contains the positive cone R} := {X : min; \; > 0} and
the cone {0} x R, and that both V|rr and 7| (o7t are strictly inverse-concave

functions. (These conditions ensure that we have a splitting theorem [Lyn22b] and a
differential Harnack inequality [Lyn|.) Note that strict inverse-concavity is automatic
if v is convex.

For a hypersurface M with principal curvatures A = (Aq,..., ;) in T' we write
G = 7(A\). The principal curvatures are the eigenvalues of the second fundamental
form A with respect to the induced metric g. We label these so that Ay < .-+ < A,,.
The outward unit normal to M is denoted v.

A G-flow is a smooth one-parameter family of embedded hypersurfaces M, in R*!
which move inwards with pointwise velocity —Gr. We say that a G-flow is:

(1) convex if M; = 0§, where ) is convex;

(2) uniformly two-convex if there is a constant § > 0 such that A\ + \y > SH,
where H is the mean curvature;

(3) noncollapsing if there is a constant « > 0 such that every point = € M, admits
an inscribed ball of radius at least aG(z,1).

We can now state our main result.

Theorem 1.1. Let My, t € (—00,T], be a convex ancient G-flow which is noncol-
lapsing and uniformly two-convex. Suppose also that M, is noncompact. Then M, is
either a self-similarly shrinking round R x S™1, or else is a rotationally symmetric
translating soliton.

We say that M;, t € (—oo, T, is a translating soliton if there is a constant vector
V € R™! such that M; = My + (t — T)V. Up to rigid motions of the ambient space
and parabolic rescalings, there is a unique rotationally symmetric translating G-flow
(the ‘bowl” soliton). This solution was constructed rigorously in [Ren21].

As we mentioned above, Theorem 1.1 applies when ~ is the speed (1) introduced
in [BH17|. It also applies to the speeds introduced in [Lyn22al|, and when + is a ratio
of elementary symmetric polynomials oy /o1 such that n > k + 2.

Under some further conditions on v, Theorem 1.1 provides a complete classification
of the possible limits that can arise when we blow up a singularity of a compact G-flow.
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Corollary 1.2. Suppose v is concave. Suppose also that I' is contained in the two-
positive cone {\ : min;.; \; + \; > 0}, and that v admits a continuous extension
to I which vanishes on OU. Consider a compact embedded hypersurface My in R !
whose principal curvatures lie in T' (this implies strict two-convexity). Let M, denote
the mazximal evolution of My which moves inwards with pointwise velocity —Gv. The
hypersurfaces M; form a singularity in finite time, and every blow-up of M, at the
singular time is a self-similarly shrinking round S™ or R x S"~1, or else is the bowl
soliton.

Corollary 1.2 applies, for example, when n > 3, v is the speed (1), and T is the
two-positive cone.

Let us indicate how Corollary 1.2 is proven. We write C' for positive constant
depending on M,. Assuming 7 is concave, the parabolic maximum principle implies
that miny, G > C~! and max,;, H/G < C. Assuming that T sits inside the two-
positive cone and 7 vanishes on OI', the bound H/G < C implies uniform two-
convexity, and also allows us to estimate

9 %l Mk L s

~ _ V.V, |G = A7 ARG > =G".
(at DA, J) 9A; MY =@

Therefore, by the maximum principle, a singularity must form in finite time. The

flow M, is noncollapsing by [ALM13|, and satisfies a convexity estimate (implying

that blow-ups are convex) by [BH17| (see also [LL20]). The gradient estimates in

[BH17| (see also [Lyn20|) imply that if G(p,tx) — oo then the sequence

G(pka tk)(Mt/G’(pk,tk)Q-i-tk - pk)

subconverges in CY. to an ancient G-flow. This ancient flow is either compact, in
which case it is a sphere by [And07, And94a], or else is noncompact and satisfies the
hypotheses of Theorem 1.1. The claim follows.

Corollary 1.2 also applies when M; is the boundary of a region of a compact Rie-
mannian (n + 1)-manifold, provided the ambient space satisfies a natural curvature
condition. In particular, it applies in the setting of [BH17|.

Corollary 1.3. Let v : ' — R be as in the statement of Corollary 1.2. Additionally,
we require that supp |%| < 00 foreach1 <i <mn. Let N**! be a compact Riemannian
manifold, and suppose the curvature tensor R of N satisfies

(R(elu €n+1, €1, en-‘rl) + /{27 sy R(enu €n+1, €En, en—i-l) + H2) S F

for every orthonormal frame {e; 71!, where k > 0 is a constant. Let My = 0 be a

smooth hypersurface in N whose principal curvatures satisfy
(M —K,...y Ny —R) €T,

and let My denote the mazximal evolution of My which moves inwards with pointwise
velocity —Gv, where G, = v(A\; — K,...,\y — k). The hypersurfaces M, form a
singularity in finite time, and (after pulling back by the exponential map) every blow-
up of My at the singular time is a self-similarly shrinking round S™ or R x S™~!, or
else is the bowl soliton, in R" 1.

The proof of Corollary 1.3 is very similar to that of Corollary 1.2. All of the
adjustments that need to be made can be readily extracted from [BH17].
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Based on Theorem 1 and the works [ADS19, ADS20]|, we are led to the following

Conjecture 1.4. Up to parabolic rescalings and rigid motions of the ambient space,
there is a unique convex ancient G-flow which is noncollapsing, uniformly two-convex
and compact. This solution is the ancient ‘oval’ constructed in |LZ21| (see also
[RS23b] ).

We note that there is an ongoing program [Zhu22, CHH21b, DH21, DH22, CDD*22]
aimed at classifying noncollapsing convex ancient solutions to mean curvature flow
which lie in R*, or are uniformly three-convex in R"*!. The present work initiates a
corresponding program for fully nonlinear flows.

While all of our results concern noncollapsing ancient solutions, we would like to
point out that there are many interesting phenomena to be studied in the collaps-
ing case. Collapsing ancient solutions to curvature flows appear to exhibit far less
symmetry, in general, than their noncollapsing cousins [BLT22|. A first step towards
understanding this rich class of solutions was recently taken in [RL23|, which con-
structed collapsing ancient ‘pancake’ solutions in great generality.

1.2. Overview of the proof. Let M; denote a noncompact, convex ancient G-flow
which is noncollapsing and uniformly two-convex. We write M, for the rescaled family
of hypersurfaces e”/?M_,--, which move with velocity —(G — (z,v))v.

In Section 2 we collect preliminary results to be used throughout the paper. We
argue in particular that, unless M, is strictly convex, it splits off a line and hence is
a shrinking cylinder by a result in [LL20|. So for the remainder of this discussion let
us assume M, is strictly convex. The claim is that M; must then be the bowl soliton.

In Section 3 we begin studying the behaviour of the hypersurfaces M; at very early
times. We show that as 7 — —o0, up to a choice of ambient Euclidean coordinates,
the family M, converges in C2° to the cylinder ¥ = R x S"~((2v(0,1,...,1))/?). In
the case of mean curvature flow, this property would typically be established using
Huisken’s monotonicity formula, but no such tool is available for fully nonlinear flows;
the majority of these certainly lack any kind of variational structure. In [Wanll],
Wang found another approach which does not rely on the monotonicity formula. The
idea is to extract a (subsequential) blow-down limit, and then translate it infinitely far
along its asymptotic cone. The limit of the translated solutions is again an ancient
solution, which splits off a line and encloses the blow-down. Moreover, both the
translated solution and the blow-down form a singularity at the origin at the same
time. Wang then exploits the fact that lower-dimensional slices through a convex
mean curvature flow satisfy an avoidance principle to conclude that the translated
solution actually coincides with the blow-down. In particular, the blow-down splits
off a line. Since it is also uniformly two-convex, the blow-down is a cylinder by [Hui84|
(this also follows from [HS15, HH16]).

Unfortunately, for flows by other curvature functions, there is no avoidance prin-
ciple for lower-dimensional slices. The validity of such a principle for the mean cur-
vature flow traces back to the fact that the graphical mean curvature operator is the
Laplacian (and in particular is isotropic in the Hessian) at points with horizontal
tangent planes. This does not turn out to be a major issue—the translated solution
and blow-down can still be shown to coincide via a barrier argument (this argument
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appeared in [Lyn22b|, where it was used by the second author to classify Type I con-
vex ancient solutions to a large class of fully nonlinear flows). In short, we are able
to adapt Xu-Jia Wang’s approach to prove subsequential convergence of the family
M, to a cylinder of radius (27(0,1,...,1))!/? whose axis passes through the origin.
This leaves open the possibility that M, might slowly rotate, so that along different
subsequences we might see cylinders with different axes arising in the limit. We rule
out this possibility by showing that the asymptotic cone of M, is independent of 7.
The subsequential convergence can then be upgraded to full convergence to X.

The next step is to prove a sharp asymptotic estimate for the rate at which M,
converges to X. For this we make use of certain barrier solutions, which are con-
structed in Section 4. For each sufficiently large a > 0 we construct an embedded
disc Y, which is strictly convex, rotationally symmetric, and generates a self-similarly
shrinking G-flow. Equivalently, each ¥, is a stationary solution of the rescaled flow.
We also establish rather precise asymptotics for these solutions as a — oo, which
allow us to use them as barriers for M.. To describe these asymptotics let us express
Y, as the set of points of the form

(2,0,(2)0), z € [Lo,a], 0 € S™ 1,

where ¥, is a nonnegative concave function. We show that Ly can be fixed indepen-
dently of a. The tip of 3, is located at (a,0), and we have ¥,(z)* < 2v(0,1,...,1),
meaning >, lies inside the region bounded by 3. In addition, there is a constant
C' = C(n,~) such that, for every bounded L, when « is sufficiently large we have

U, (2)? < 29(0,1,...,1) (1 - <1 - Cloga) e O).

a? a?

for Ly < z < L. We also have the lower bound

2
B 2 201,01 (1- )
for Ly < z < a. Analogous self-similarly shrinking solutions to the mean curvature
flow were constructed in [ADS19| and played a central role in [BC19, BC21, ADS20].
Our construction is similar to that in [ADS19], but is made substantially more difficult
by the fact that the profile function ¥, now solves a fully nonlinear ODE.
By the results of Section 3, we may express M, as the graph of a function u(z, 8, 7)
over the z-axis, and we have u — 0 in C7° as 7 — —oo. In Section 5 we prove the

loc
following sharp asymptotic estimate for u: for each L < oo, we have

(2) sup [u(-,7)| < O(e/?).

|2|<L
This is achieved by performing a spectral decomposition of u with respect to the
linearised rescaled G-flow about the cylinder ¥, and determining that this decompo-
sition is dominated by unstable modes as 7 — —oo. The argument is one of the key

steps in our analysis, so let us describe it in more detail.
We show that u satisfies
ou 0*u 1

1 Ou
— = Agn-1u — —z— E
) or ‘o= T 2n—1)"°% TR T
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where a := 4(0,1,...,1) and E = O(Ju|? + |Vu|? + |V?u|?). For each large —7
this holds in a large but bounded subset of space. The linear elliptic operator on
the right-hand side of (3) admits a complete set of L*-eigenfunctions with respect to
the measure e=*"/4 d2df, and its eigenvalues are 1 — g — ﬁl(l +n — 2), where
k,l > 0 are integers. After cutting off in space we decompose u into pieces lying in
the positive, neutral and negative eigenspaces. These evolve as one would expect for
a solution to the linearised equation, up to error terms depending on E and the cutoff
function. We show that all of these errors decay rapidly as 7 — —oo by employing
the hypersurfaces ¥, as barriers. Here the asymptotics for ¥, established in Section 4
play a decisive role. A standard argument (due to Merle and Zaag) shows that either
positive or neutral modes dominate as 7 — —oo. The latter possibility is ruled
out using the fact that M, is noncompact—this forces u(z, #, 7) to be monotone in z,
whereas no nonzero linear combination of zero modes has this property. The estimate
(2) follows.

The proof of (2) is broadly similar to the spectral analysis of convex ancient solu-
tions to the mean curvature flow carried out in [BC19, BC21] and [ADS19, ADS20|. In
these works sufficient decay of errors could be proven by using Huisken’s monotonic-
ity formula to derive a powerful reverse-Poincaré inequality for the profile function
u. Our approach using barriers is instead informed by Brendle’s work on ancient x-
solutions to the 3-dimensional Ricci flow [Bre20]. We note however that error terms
involving the Hessian |V?u| do not arise when considering the mean curvature flow
or Ricci flow, as these equations are quasilinear, whereas for fully nonlinear equations
such higher-order errors are inevitable.

In our setting we are able to control these higher-order errors, roughly speaking, as
follows. Using a gradient bound furnished by the barriers, we can appeal to the inte-
rior C?-estimate for radial graph solutions due to Brendle-Huisken [BH17|, followed
by Krylov’s C%*“-estimate for convex parabolic PDE [Kry82|, and then use Schauder
estimates to get uniform bounds on higher derivatives. Next we use interpolation in-
equalities and interior estimates for linear parabolic equations to obtain an improved
bound for the supremum of |u| + |Vu| + |V?u|. Crucially, this bound is only slightly
worse than linear in the L%norm of u with respect to the measure e *"/4dzdf (see
Lemma 5.8). This is sufficient to carry out the Merle-Zaag argument. Note that all
of the estimates just described hold in a subset of space which grows at a definite rate
as T — —00.

With the sharp asymptotic (2) in hand, the remainder of the proof of Theorem 1.1
is quite similar to its counterpart for solutions of mean curvature flow [BC19, BC21].
In Section 6 we prove the Neck Improvement Theorem for G-flows (cf. [BC19, The-
orem 4.4] and [BC21, Theorem 4.4]). Using this, we show that M, is rotationally
symmetric (Section 7) and is therefore a translating soliton (Section 8). This com-
pletes the proof of Theorem 1.1.

The arguments in Section 7 and Section 8 make use of a differential Harnack in-
equality for noncompact convex solutions to fully nonlinear flows, which was recently
proven in |Lyn|. For solutions of mean curvature flow this inequality is due to Hamil-
ton [Ham95]|, and for compact convex solutions to fully nonlinear flows it is due to
Andrews [And94c|. The Harnack inequality lets us show that near its ‘tip’, our solu-
tion looks like a bowl soliton. This step also relies on work of Bourni-Langford [BL16],
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who showed that every convex, noncollapsing, uniformly two-convex G-translator is
the bowl soliton.

2. PRELIMINARIES

In this section we collect auxhiliary results which will be needed in the proof of
Theorem 1.1.

We may view v as a symmetric function defined in I, or as an O(n)-invariant
function on the space of symmetric matrices with eigenvalues in I'.  We alternate
between these viewpoints. We write 4*(A) and 5% (\) for derivatives with respect to
eigenvalues, so that

d : d , g
L N Y B 15N — 5 (N,
7 8:07( +sp) =3 (M 7 8:07( +sp) =AY (A)uy
and write 49 (A) and 9" (A) for derivatives with respect to matrix entries, so that
A At =By L] At eB) = 5B
ds s=0 ds s=0

If Ais a diagonal matrix with entries A, 4% (A) is also diagonal, with entries 4*()).
Recall that we assume v is convex or concave. We also assume

(4) the functions y[gr and 7| {071 are strictly inverse-concave.

That is,
A= —y(ATh A

n

is strictly concave for A € R"}, and

o =0, gt g ty)
is strictly concave for u € Rﬁ_l. When 7 is convex the hypotheses (4) are redundant.
We often use the notation

FOWp) =t 1),
2.1. Uniform ellipticity. Let M;,t € I, denote a G-flow. We say that v is uniformly
elliptic on M, if there is a constant 6 > 0, independent of time, such that

(5) inf dist (ﬁ,ar) > 4.

This implies that for any symmetric (0, 2)-tensor B we have
CYB| <47(A)B;; < C|B]

and
[ A) Bi;B| < CG™|BJ?,
where C' is a positive constant depending only on n, v and 4.

Recall that we assume I' contains the cones R and {0} x R} ™". Given these hy-
potheses, weak convexity and uniform two-convexity imply uniform ellipticity. That
is, if Ay > 0 and \; + \y > SH at every point on a G-flow, then there is a constant
d = d(n,~, ) such that (5) holds for ¢t € I.

Lemma 2.1. Let M; be a convex, uniformly two-convex G-flow. Then v is uniformly
elliptic on M.
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Proof. If not, let (xy,tx) be a sequence such that \(xy,tx)/|\(zk, t)| — OI. Given
that I contains R? and {0} x R’", it must be the case that both A;(zy,t) and
Ao (2, tr) tend to zero. But convexity implies

1
EH(-Tkatk)2 < Mg, tr) > < H (g, )%,

so we have \j(xy,tx) + Ao(xg, tr)/H(xy, tx) — 0, which contradicts uniform two-
convexity:. 0

2.2. Compactness of noncollapsing convex ancient solutions. The following
interior curvature estimate was proven in |[BH17, Proposition 5.1] for the speed
YA) = (X, (Ai + ;)71 ~!. However the same proof works for any v satisfying
our hypotheses (see [Lyn22b| for further discussion).

Lemma 2.2. Let My = 04, t € [=T,0], be a convex G-flow which is §-uniformly
parabolic. If B(0,71) is contained in gy, then

sup |A| < CrR? (?"71 + T’1/2>,
B(0,R)x[—T/2,0]

where C' depends only on n, v, § and R/r.

As a consequence of Lemma 2.2 and the avoidance principle, noncollapsing G-flows
satisfy the following curvature estimate (cf. |[HK17a|). For the proof we refer to
[Lyn20, Theorem 4.17] (note however that the argument there simplifies considerably
when M, is convex).

Here and throughout the paper we only consider ancient G-flows which exist for
t € (—o0,0]. This is purely for convenience, and can always be arranged by shifting
the time variable.

Proposition 2.3. Let M, = 0, t € (—00,0], be a conver ancient G-flow which is
d-uniformly parabolic and a-noncollapsing. Suppose xq € My,. We then have

C'G(wo,t9) < G(x,t) < CG(w0,10),

for (z,t) € B(xo, LG(x0,t0) ") X [to— L*G(z0, o) "2, to], where the constant C' depends
only onn, v, 6, a and L.

As a consequence of the curvature estimate we have the following compactness
theorem for sequences of convex ancient G-flows which are uniformly parabolic and
noncollapsing.

Proposition 2.4. Let M}, t € (—00,0], be a sequence of conver ancient G-flows.
Suppose each MF is 6-uniformly parabolic and a-noncollapsing, where 6 and a are
independent of k. Suppose in addition that there exists an R < oo such that M} N
B(0, R) is nonempty for every k and

liminf sup (Gp+G') > 0.
k=00 MEAB(0,R)
Then there is a convezr ancient G-flow My, t € (—00,0], such that after passing to a
subsequence
MF — M, in C2(R™™ x (—o0,0)).

loc
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Proof. The assumptions imply that, for each k, there is a point py, satisfying |px| < R
and a ball
B(py,r) C QF,

where r > 0 is independent of k. We may therefore apply the interior curvature
bound of Lemma 2.2 to conclude that, in every compact subset of spacetime, |A| is
bounded independently of k. Moreover, by Proposition 2.3, in every compact subset
of spacetime G, is bounded from below by a positive constant which is independent
of k.

With the uniform upper bound for |A;|, we can deduce uniform C*®-estimates
in compact subsets of spacetime by expressing M} locally as a graph and (since 7 is
convex or concave) appealing to the Holder estimate for for concave/convex parabolic
PDE proven in [Kry82|. Using the upper bound for |A;| and the uniform lower bound
for GGy, we can bootstrap using the Schauder estimates to get uniform derivative
bounds up to any order in compact subsets of spacetime. Since the hypersurfaces MF
are radial graphs over OB (py, r), a standard application of the Arzela—Ascoli Theorem
shows that the flows subconverge in C}.. O

2.3. Neck-cap decomposition. We have the following consequence of the splitting
theorem in [Lyn22b|.

Lemma 2.5. Let M, t € (—o0,0], be a convex, noncollapsing, uniformly two-convex
ancient G-flow. If there is a time t < 0 and a point in M, at which \y = 0, then M,
is a self-similarly shrinking R x S"~1.

Proof. Suppose A; vanishes at some point in spacetime. By the splitting theorem
[Lyn22b, Proposition A.2|,
M, =R x M-

for t < 0, where M is a family of hypersurfaces in R™. If n — 1 > 2 then M;" is
uniformly convex, and hence compact by [Ham94|, so Theorem 1.7 in [LL20] (see also
[RS19]) implies that M is a self-similarly shrinking sphere. If n — 1 = 1, since we
are assuming noncollapsing, the classification result in [BLT20] implies that M7 is a
self-similarly shrinking circle. This completes the proof. 0

Let M; be a G-flow. For & € M; we define

A

P(z,T,L,0) = {(95,15) 12 € By (#(t),7(0,1,... . 1)LG(z, D)),

tef=7(01,.... %G D %1,
where Z(t) is the unique curve satisfying

d T T 7 — _
ST = —G(@(0), (@)1,  2() ==

Definition 2.6. A point (Z,t) is said to lie at the center of an e-neck if, after shift-
ing (z,t) to (0,0), parabolically rescaling to arrange G(0,0) = (v(0,1,...,1)/2)Y2,
and applying a rigid motion, the region 75(92’,2?, 100,100) is a normal graph over
R x S™1((27(0,1,...,1)(1 — t))¥/2), and the C°-norm of the height function is at
most €.
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Let M; be a noncompact, strictly convex ancient G-flow. Then M, has a single
end at each time. The following result asserts that if M, is also noncollapsing and
uniformly two-convex, then this end consists of necks. For solutions of the mean
curvature flow this was proven in [HK17b, Proposition 3.4].

Lemma 2.7. Let My, t € (—00,0], be a convez ancient G-flow which is a-noncollapsing
and B-uniformly two-convexr. For every €1, €9 > 0 there is a positive constant

R = R(n,~,«, ,e1,2) with the following property. If x1 and zy are points in M,

neither of which lies at the center of an £1-neck, then one of the following holds:

(1) max{G(x1,0), G(x2,0)}z1 — z2] < R.

(2) M, is compact and bounds a region of diameter at most (1 4 9)|x1 — 4]

Proof. Suppose the claim is false for some £; and 5. Then there is a sequence of
convex ancient G-flows MF = 0QF t € (—o0,0], which are a-noncollapsing and [-
uniformly two-convex, and have the following property. There are points 2% and 2}
in M}, neither of which lies at the center of an e;-neck, such that

max{G(z1,0), G(x2,0)}z1 — 22| — o0

and
dlam(ng) Z (1 + 62)|l’1 — JZQl.

After performing a parabolic rescaling, we may assume that |z — 25| = 1. We then
have max{G(z¥,0),G(z5,0)} — oo. Consequently, after passing to a subsequence,
the sets QF Hausdorff-converge to a closed convex set of dimension at most n (this
follows from Lemma 2.2). Let us denote this set by K.

We claim that the dimension of K is 1. If K has dimension at least 2 then there
is a ‘cross’ in K consisting of intervals 77y and 73y; which intersect transversally
at a point 3. Approximate the points y; by sequences y* in M, and let T} denote
the convex hull of the set {y*}. We have T}, C QF. After performing a parabolic
rescaling to arrange G(y%,0) = 1, we may apply Proposition 2.4 to extract a limiting
G-flow which is uniformly two-convex for ¢ € (—oo,0]. But after rescaling the sets
0T}, converge to a 2-plane which makes interior contact with the limiting flow at time
t = 0. This contradicts uniform two-convexity. So we conclude that K has dimension
at most 1. Moreover, since |2} — 25| = 1, K is not a point. Therefore, the dimension
of K is 1.

If 2% and 2§ converge to the endpoints of K then for sufficiently large k we have
diam(Qf) < 1 + &9, which is impossible by hypothesis. Therefore, we may assume
without loss of generality that x% converges to an interior point of K. Let us now
parabolically rescale so that G(z5,0) = 1 and extract a limiting G-flow using Propo-
sition 2.4. Arguing as above, we see that the limit makes interior contact with a line
at time ¢t = 0. Therefore, by Lemma 2.5, 2§ lies at the center of an e;-neck for all
large k. This is a contradiction. 0

Lemma 2.7 implies that we have bounded curvature on bounded time intervals.

Lemma 2.8. Let M, = 0, t € (—00,0], be a noncompact, conver ancient G-flow
which is noncollapsing and uniformly two-convex. Then for each T' < 0o, sup,,, G is
bounded from above independently of t € [—T,0].
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Proof. Let B be an open ball in 5. Then B is contained in §2; for all £ < 0. Suppose
there is a sequence of times ¢, € [T, 0] and points x; € M, such that G(xy, tx) — oo.
Then |zg| — o0, so for any € > 0 we may apply Lemma 2.7 to conclude that (zy, ) lies
at the center of an e-neck for all large k. Since G(xy, t;) — oo, the radius of the neck
must tend to zero as k — oco. On the other hand, by convexity and noncompactness,
(), contains a ray emanating from the center of B. As we slide B along this ray it
must remain inside €2;, and eventually pass through the neck containing xj. This is
impossible if the neck is too thin, so we have reached a contradiction. [l

2.4. Differential Harnack inequality. Every strictly convex ancient G-flow which
is noncollapsing and uniformly two-convex satisfies the following differential Harnack
inequality. In addition, if equality is ever attained then the G-flow is a translating
soliton. These results require the inverse-concavity hypotheses (4).

Proposition 2.9. Let M; be a strictly convexr ancient G-flow which is uniformly
two-convex and noncollapsing. We then have

(6) 0G4+ 2(VG, V) +A(V,V) >0
at every point x € M, and for every V € T, M,. Equivalently,
(7) 0,G — AH(VG,VG) >0

for every x € M. The last inequality is strict at every point in spacetime unless My
1S a translating soliton.

Proof. We first observe that (6) is equivalent to (7); indeed, we have
2(VG, V) + AV, V) > -A VG, VQ)

with equality exactly when V = —A~1(VG). When M, is compact, (7) was proven
in [And94c|. When M, is noncompact we have bounded curvature on bounded time
intervals by Lemma 2.8. Therefore, Theorem 1.2 in [Lyn| gives the inequality (6). If
equality is attained in (7) then M, is a translating soliton by [Lyn, Corollary 1.3]. O

As a consequence of the Harnack inequality we obtain a curvature bound which is
valid for all times.

Lemma 2.10. Let M, be a strictly convex ancient G-flow which is uniformly two-
convexr and noncollapsing. Then sup,, G is bounded from above independently of t.

Proof. If A\; vanishes somewhere then M, is a shrinking cylinder by Lemma 2.5, in
which case the claim is immediate, so assume A > 0.

We have sup,, G < oo. This is immediate if My is compact, and follows from
Lemma 2.8 if M, is noncompact. On the other hand, the Harnack inequality says that
(G is nondecreasing at each point in spacetime. With this the claim is proven. O

2.5. Expansions for hypersurfaces close to a cylinder. Let
Y =R xS r)
and consider a smooth function v : ¥ — R. We study the hypersurface

M = graphu = {zx + u(z)vg(z) : v € X},
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where vs; is the outward unit normal to . We assume M is close to X in the sense
that

sup (r~Yu| + |[VZu| + r|Viu|)
5

is small, and compute expansions for certain geometric quantities on M in terms of
their counterparts on 3. We write a = b + O(c) when |a — b] < K]c| for a positive
constant K depending only on n and ~.

Let g and A denote the induced metric and second fundamental form of M. Let
gs and Ay, denote the induced metric and second fundamental form of . We will
not distinguish between tensors on M and their pullbacks to ¥ via the map x —
z + u(z)vs(x).

The proof of the following lemma is straightforward, so we omit it.

Lemma 2.11. We have the expansions
g = gs +2uAs + O(r ?|ul® + |V>ul?)
v=uvs — VZu+ O ?ul* + |V¥u?)
A= Ay — Vau+uAL + O 2 lul® + 1 VZul?).

From now on we work with a fixed orthonormal frame of eigenvectors for Ay, with
respect to the metric gs,, denoted {e;}. Moreover, we assume e; is orthogonal to S™~1.
This frame will typically fail to be orthonormal with respect to g. The following
lemma establishes that we can, in a controlled fashion, smoothly transform {e;} to

a frame which is g-orthonormal. We will find it convenient to use this transformed
frame when we expand G in Lemma 2.13 below.

Lemma 2.12. There is a smooth field of endomorphisms a : T — T such that
{a(e;)} is orthonormal with respect to g, and

a =1 —uls+ O 2ul® + |VZul?),
where I : ' TY — T is the identity.
Proof. With respect to {e;}, g has entries
9ij = 0ij + 2u(As)ij + u*(A3)i; + ViuViu.
For s € [0, 1] we define
hij(s) i= i + 2u(As)y; + u?(A%)i; + SV?UV?U.

We then define af(s) to be the solution of the initial value problem

d ., i i i
hjk(s)gaf(s) = —50% (S)anuV?u, (6, + u(Ag)k)af(O) = 0;.
This ensures that
d
%(hkl(s)af(s)aé(s)) =0 and hkl(O)af(O)aé(O) = 0ij,
k

and hence «; (1) a smooth field of matrices on ¥ satisfying

0ij = hu(1)af (1)af(1) = gy (1)aj(1).

i J J

%
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That is, the frame {a(1)(e;)} is g-orthonormal. Straightforward computations show

that
af (1) = af(0) + O(IV>ul?) = 6] — u(As)} + O(r~?[ul? + [VZul?).

2

Therefore, a(1) is a smooth field of endomorphisms with the properties claimed. [

Let A and Ay, denote the principal curvatures of M and ¥, respectively. Recall that
we assume I' contains {0} x R?™!, and hence Ay € I'. We define Gx(z) = y(As(z)).
We may also write Gy, = y(Ay), where on the right we evaluate vy at the matrix with
entries (Ay);; = As(ei, ;). Suppose A lies in I' and define G(z) = y(A(x)). We also
define flij = Aklafaé-, so that flij is the matrix representation of A with respect to

the g-orthonormal frame {«(e;)}. We may then express G = y(A).
Lemma 2.13. We have
G = Gy = 37(As)(Viu)yy — 47 (A)(AD)iu + O [uf® + 17 [VEul? + 7| Viu/?).

This may also be written as

o*u 1 ~(0,1,...,1) , ~v(0,1,...,1)
’1)822 -1 r2 rAgpmiu = r? Y
+ O ?|ul* + 7“_1|V2u|2 + 7| Viul?),

where z denotes a Fuclidean coordinate on the x1-axis.

G =Gy —40,1,...

Proof. The function )
h(t) = 7y(As + t(A - Ax))
is well defined and smooth in ¢t. Performing a Taylor expansion at ¢t = 0 yields
yr = 1
(0) = G = 390453~ sy < 5 (sup (0701 )
t€[0,1]
for t € [0,1]. Evaluating at t = 1, and estimating the right-hand side, we obtain
|G = Gs = §9(As)(A = Ag)y| < O(r|A = AP).
Now we use Lemma 2.11 and Lemma 2.12 to deduce that
A—A=-Viu— AZu+ O 3> +r V3?4 r|Viu?),
and so obtain
|G = G5 +57(As)(Viu)y + (A2)iw)| = O0 P Jul? + 7 VZul® + r|Viul).

This proves the first claim.
Since Ay is diagonal with respect to {e;}, 7 (Ay) is also diagonal, and we have

. iq . _ _ 32u
VJ(AE)(V%U)ijzvl(()?T 1,...,7’ 1)@
1 .,
+— S TA0,r7 e Agemu+ O(IVELP).
=2

Here we have also used the symmetry of v in its arguments to express

1

PO ) = — 3 40T
=2
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for j > 2. Since v is homogeneous of degree one we have

A0, 77 T = 440,10, 1),

and hence
D A0, ) = (0,1, 1),
i=2

The same reasoning yields
9 (As)(A3)iju = r2 Z 0,77 e Dy =r729(0,1, ..., D
i=2

The second claim follows. O

Let S be a symmetric (0,2)-tensor on M. After fixing a g-orthonormal frame, so
that A and S can be identified with symmetric matrices, we define

d
(8) = S (A +15)
t=0

The right-hand side is independent of the chosen frame, so tr,(S) is a well defined
smooth function on M.

Lemma 2.14. Given a symmetric (0,2)-tensor S on M, we have
tr,(S) = 47(Ax) Sy + O ul| + [VZul + 7[VEul)[S].
In particular, when S = V2f for some smooth function f we have

, 2f 1 ~4(0,1,...,1
(V2 ) =501, oL ¢ L0 D

+ O ul + |Vl + 7| VEu])| V2 f| + O(|VZu|) |V £|

TQAS;V‘Lfl f

where z denotes a FEuclidean coordinate on the x1-axis.

Proof. We let S'ij = Sklafaé, so that S'Z-]- is the matrix representation of S with respect
to the g-orthonormal frame {«a(e;)}. We may then compute

V(A +1t8) =59(A)Sy.

t=0

tr, (5) = dt

We define an auxiliary function
h(t) := 4" (As + t(A — Ax))Sij,
which is smooth in £. We have

[ tr,(S) = 47(As)Sy| = (1) = h(0)] < sup [I'(t)] = O(r|A — A])|S],

t€[0,1]
and hence, by Lemma 2.12,
| t1,(S) = 47 (As) Syl < O™ Hul + [V¥u| + 7[Viul])|S].

The proves the first claim. The second follows as in the proof of Lemma 2.13. OJ
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2.6. Asymptotic cones. Let 2 be an open convex subset of R"™!. We define the
asymptotic cone C'(9) of Q to be the Hausdorff-limit of the sequence £~!Q). When
Q2 is bounded, C(2) = {0}. When Q is unbounded, C(Q2) is a closed cone. If we
translate €2 so that it contains the origin, then C(2) is precisely the union of all the
rays emanating from the origin which are contained in €.

Lemma 2.15. Let M, = 0y, t € (—00,0], be a noncompact, convexr ancient G-flow.
The asymptotic cone C(Q;) is independent of t.

Proof. Since the hypersurfaces M; evolve inwards, we have ; C )y whenever s < t.
It follows that C'(€2;) C C(€2,). In particular, C(Qy) C C(€) for t < 0.

Now consider an arbitrary time ¢ < 0, and an arbitrary ray R contained in C(€}).
We may assume without loss of generality that 0 € 5. We then have C(Q) C €,
and hence R C Q. Let t denote the supremum of all the times ¢ for which R C Q.
Let B be an open ball with center at 0 such that B C )y. Sliding B along R and
appealing to the avoidance principle, we see that unless ¢ = 0, there is a short time
period following ¢ in which R C €. So ¢ = 0, and hence R C Q. It follows that
R C C(€). Since R was arbitrary, we conclude that C(€;) C .

We have shown that

C() C C(Q) C C()

for every ¢t < 0. This proves the claim. 0J

3. THE PARABOLIC BLOW-DOWN LIMIT

Let M; = 0, t € (—o0,0], be a convex ancient G-flow which is noncollapsing
and uniformly two-convex. In this section we study the possible parabolic blow-down
limits of M;. We show that the only possibilities are self-similarly shrinking sphere
and cylinder solutions.

We first prove that the region €2; contains a shrinking ball with radius on the order
of (—t)'/? (cf. [Wanll, Theorem 2.2] and [BLL21, Proposition 4.3]). Without loss of
generality we may assume 0 € M.

Lemma 3.1. There is a constant > 0 such that B(0,n(—t)"/?) C Q; whenever —t
15 sufficiently large.

Proof. Supposing the claim is false, we can find a sequence of times t;, — —oo such
that the rescaled flows .
M = (=) P M( gy

satisfy dist(0, M*,) — 0. The function fi(t) := dist(0, M}) is locally Lipschitz, and
for almost every t we have

df, ~

d—:(t) < —sup{Gy(z,t) : 2| = fi(t)}.
Therefore, since

0 dsz “rk

—/ E(t) dt = dist(0, M*,) — 0,
1

there are sequences s, € [—1,0] and z € ]\;[Skk such that |zx| = fr(sx) — 0 and

é’k(zk, sk) — 0. By the noncollapsing property, M fk admits an inscribed ball at
whose radius becomes arbitrarily large as k — oo. In particular, given any R > 0,
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Mskk encloses the ball B(yy, R) for all large k, where y, := xp — Rig(xy, s;) and
7, is the outward unit normal to MF. By the avoidance principle, M} encloses
B(yg, (R? — 2y(1,...,1))Y/?) for all large k. Choosing R?> = 1 + 2v(1,...,1), we
conclude that B(yg, 1) is contained in the region bounded by M} for all + < 0 and
large k. This contradicts Lemma 2.2, since

Gk(O, 0) = (—tk)1/2G(0, 0) — OQ.
0J

Let us fix an arbitrary sequence ay — 0. We show that the rescaled flows M} :=
akMa,;Qt converge smoothly along a subequence.

Lemma 3.2. Possibly after passing to a subsequence, the rescaled flows MF converge
in C2° (R™ x (—00,0)) to a limiting flow M; = 0);.

loc

Proof. Consider a fixed s < 0. As a consequence of Lemma 3.1, we have B(0, n(—t)'/?) C
QF when t < s and k is sufficiently large depending on s.

Using this fact we will show that
(8) Bl(glﬁ%) Gr(-,s) >0
for every R < oo. If this is not the case then, by Proposition 2.3, Gy — 0 uniformly
in every compact subset of R"™! x (—o0, s]. Using the noncollapsing assumption we
see that QF converges to a halfspace in the Hausdorff topology. But since G}, — 0
locally uniformly in R"™ x (—oco, s], QF converges to the same halfspace for every
t < s. This contradicts B(0, n(—t)/2) C QF.

To complete the argument we use (8) and Proposition 2.4 to establish subconver-
gence in C2 (R"™ x (—oo, s]) for each s < 0. The claim follows by sending s — 0
and passing to a diagonal subsequence. 0

We have the following characterisation of M; in case it is compact. (We do not
make use of this result, it is only included for the sake of completeness.)

Lemma 3.3. Suppose M, is compact. Then M, is a self-similarly shrinking sphere.
In particular, M, is a self-similarly shrinking sphere.

Proof. Since M, is compact, the splitting theorem [Lyn22b, Proposition A.2| implies
A > 0 on M, for every t € (—00,0). In particular, there is a positive constant
¢ such that 5\1 > eH on M_l. Therefore, for every sufficiently large k, Ay > SH
on the hypersurface M*G;ZQ' If v is concave and inverse-concave, this inequality is
preserved by the flow [And07|, and hence A\; > SH on M, for all t < 0. Using [LL20,
Theorem 1.7] (see also [RS19]) we conclude that M, is a shrinking sphere solution.
We proceed similarly if « is convex rather than concave, but work with A\;/G in
place of \;/H. A maximum principle argument shows that positive lower bounds for
this ratio are preserved by the flow (see |[Lanl4]). O

Suppose now that M, is noncompact. Applied to the solution Mt, Proposition 4.5
in [Lyn22b| yields the following statement.



18 A. COGO, S. LYNCH, AND O. VICANEK MARTINEZ

Lemma 3.4. Suppose that, possibly after applying a rotation, M, satisfies
M, C{z e R"™ 1?4422 < —29(0,1,..., 1)t}
for every t < 0. We then have
= {zeR"™ 22+ 422 = —29(0,1,... 1)t}
fort <0.
Using this result, we show that M, is a self-similarly shrinking cylinder.
Lemma 3.5. Suppose Mt 1s noncompact. Up to a rotation, we have
={r e R"™ ol +. 4+ 22 =-29(0,1,..., 1)t}
fort <O0.

Proof. Each of the asymptotic cones C(Qt) is equal to C' := C(Q,l) by Lemma 2.15.
Since M, is noncompact, C' is noncompact. Moreover, Lemma 2.7 implies that the
dimension of C' is one, so C'is either a ray or a line. If C' is a line then M, splits off a
line, and the claim follows from Lemma 2.5. Suppose then that C is a ray. Applying
a rotation if necessary, we may assume (' is contained in the x,-axis.

Consider the set M := ﬂt<0§2t This set is closed and convex. A straightforward
argument using Lemma 2.2 and the avoidance principle shows that

sup G — o0
M;NB(0,1)
as t — 0. Therefore, using Lemma 2.7, we conclude that the dimension of M, is at
most one. On the other hand C' C , for t < 0. It follows that C C M. From this
we conclude that the dimension of M, is equal to one, and that every point in C is
reached by M, ast—0

Let ; € C be a sequence of points going to oo, and consider the shifted flows
M, — xj. We know that M, — x; reaches the origin as t — 0. Therefore, by the
avoidance principle, for each ¢ < 0 there is a point in M, — x; whose distance to the
origin is at most /—2v(1,...,1)t. Moreover, the ball B(0,7(—t)/?) is contained in
Qt, and hence in O, — xj, for every t < 0. This is due to Lemma 3.1.

Using these facts, we can appeal to Proposition 2.4 to extract a smooth limit of
the shifted flows in C2°(R"! x (—00,0)). Denote the limiting flow by M,. By
construction, M, encloses the line through the origin parallel to C'. Therefore, M,
splits off a line and (since we rotated to align C' with the x,,;-axis) Lemma 2.5 1mphes
that

My={zcR"™ 22+ . 422 =—-29(0,1,...,1)t}.
But Mt also encloses Mt, so using Lemma 3.4 we conclude that
My={zeR" 22+ ... 422 =—29(0,1,...,1)t}.
This completes the proof. O

Let M. denote the rescaled family of hypersurfaces e”/2M_.—-. These move with

velocity —(G — 3(z,v))v. We now prove the main result of this section, which asserts

that in case M; is noncompact we have full (as opposed to subsequential) convergence
of M, to a cylinder of radius (27(0,1,...,1))"/2 as 7 — —oo.
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Proposition 3.6. Suppose M; is noncompact. Up to a rotation, the rescaled hyper-

surfaces M, converge in C:2(R™1) to the cylinder

E:{.TGRn—i_lx%‘i‘+xi:27(071a71)}
as T — —0OQ.

Proof. Each of the asymptotic cones C(€);) is equal to C' := C(£y) by Lemma 2.15.
Moreover, Lemma 2.7 implies that the dimension of C is one. After rotating if
necessary, we may assume C' lies in the x,,-axis.

It suffices to show that, for every sequence 7, — oo, M,, admits a subsequence
which converges in C{°(R™!) to ¥. Lemma 3.5 guarantees subconvergence to a

cylinder of radius 1/27(0,1,...,1) with axis through the origin. But since C' C €, for
t <0, the axis of every such limiting cylinder is the x,,-axis. The claim follows. [J

4. A BARRIER CONSTRUCTION
In this section we prove the following statement.

Proposition 4.1. There is a positive constant Ly = Lo(n,7y) such that, for each
sufficiently large a > 0, there exists a function U, : [Lg,a] — R with the following
properties:
(i) Wu(2) > 0 with equality at z = a and ¥,(2)* < 2v(0,1,...,1) for z € [Ly, al.
(ii) W, is strictly decreasing and strictly concave.
(iii) The set of points

{(2,V,(2)0) : z € (Lg,a], 0 € S}

18 a smooth hypersurface which solves the G-shrinker equation, G = %(z, V).
(iv) For each z € [Ly, a] we have

W, (2)* >29(0,1,...,1) (1 - a—z)

(v) There is a positive constant C' = C(n,~) with the following property. For any
giwen L > Lg, the inequality

U, (2)2 < 29(0,1,...,1) (1 - (1 - Clog“) <o C).

a? a?
holds for z € [Ly, L], provided that a is sufficiently large depending on L.
Consider a strictly concave smooth function A : (0, R) — R. The hypersurface
{(h(r),r0) : 7 € (0, R), § € S" '}
solves G = $(z,v) if and only if & solves the ODE

h h h 1
=) = S (h—rhy).

For a given a > 0, consider the function v : (0, Ra) — R defined by

h(r) = o~ —(ar),
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and set p = ar. Then h solves (4) if and only if ¢ solves

Yoo Yy Vo 1 1
9 —~ ., =4+ = — ).
) (72 ) = g gt =0

As a first step towards proving Proposition 4.1, for each a > 0 we will construct a
solution of (9) which satisfies the initial conditions ¢(0) = 0 and ,(0) = 0.

Proposition 4.2. For each a > 0 there is a strictly convex function

Y e C*([0,1/2F(0,1)a))

which solves (9) with the initial conditions

$(0) =0,  ¥,(0)=0.
Moreover, there is a constant C' > 0 depending only on n and «y such that ¢, > Cp

for every p € (0,1/2F(0,1)a), and v, < Ce™'p for every p € (0,4/(2 —e)F(0,1)a).

The solution ¢ in Proposition 4.2 is constructed as a limit of solutions to a sequence
of initial value problems, in which we pose carefully chosen initial conditions at p,
where pi is a sequence of positive numbers tending to 0. Some of our arguments
take inspiration from [Ren2l1|, where (9) was studied in the case a = oo (which
corresponds to translating, rather than shrinking, G-flows). To be able to take a
limit of the approximating solutions using the Arzela—Ascoli theorem, we need to
establish uniform derivative estimates. We first prove a priori estimates showing
that, for a convex solution of (11), appropriate control on the gradient implies a
(?-estimate and hence higher derivative bounds via bootstrapping. This reduces
the entire construction to the derivation of gradient bounds for the approximating
solutions, which we achieve using sub- and supersolutions and a comparison principle.

It will be convenient to rewrite (9). Consider the function F': R — R, given by

F(z,y) =(z,y,...,9).
Since 7 is increasing in each argument we have %—5 > 0, and consequently the set
[Play)—2=0: (2,9,2) € RY)

is a smooth hypersurface. Moreover, by the implicit function theorem there is an
open set U C R? and a smooth function f: U — R such that F(z,y) — z =0 if and
only if (y,2) € U and x = f(y, 2). In particular, F'(f(y,z),y) = 2z for all (y, z) € U.
We have

S(f(y,2).y)  of 1

T Y _(y7 Z) = ‘—7
E(fly.2)y)’ 02 S (f(y2).y)

so f is strictly decreasing in its first argument and strictly increasing in its second.

If 4 is such that

0
a—i(y,fé) =

1

v, 1
(10) (2.5 + pualovo—0) €

then 1) solves (9) if and only if

1 1
(1) o= ) (25 + o= 0)).
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Let @ € (0,00] denote lim, o, F(z,1). For example, when v(\) = A\ + -+ A\,
we have () = oo, whereas for the speed v(A) = (32, _;(\i +X;)7") ™" we have Q =
m. Observe that f(y,z) < oo if and only if z/y = F(f(1,z/y),1) < Q.
Moreover, f(y,z) > 0 if and only if z/y = F(f(1,z/y),1) > F(0,1). Therefore, U is
the open cone

U={(y,2) ERL: F(0,1) < z/y < Q}.
If ¢ is a C? solution of (9) such that ¢, > 0 and 1,, > 0 then

&>:ﬁ<¢pp% %):ﬁci _)
F(wp(1+¢g)’l 1/);77 1+1/),2,7 p’ T p U, 2+2a2<p¢p V) ),

and the left-hand side takes values in (F'(0,1),@Q), so (10) holds, and hence we are
free to pass between the two forms of the equation (9) and (11).

4.1. A priori estimates. The possibility that () < oo is one reason why the con-
struction we carry out in this section is more subtle than its counterpart for the mean
curvature flow. Geometrically, if v is such that () < oo, a convex hypersurface on
which G is bounded can have principal curvatures which are arbitrarily large. This
cannot happen if v is uniformly elliptic on the hypersurface. The following lemma
provides conditions under which 7 is uniformly elliptic on a strictly convex solution
of (9). Given a solution, let us define

A= PVop .
Up(1+¢7)
Thinking of v as the profile of a surface of rotation, A is equal to the radial principal
curvature divided by the principal curvature in the direction of rotation.

Lemma 4.3. Let ¢ be a solution of (9) on the interval [py, p1] such that 1, > 0 and

Yo > 0. Suppose p1 < \/2F(0,1)a. There is a constant C depending only on n and
v such that
A(p) < max{C, A(po)}

for each p € [po, ).
Proof. Let B(p) := pib, (5 + 50 (pt, — 10)). Writing (9) in the form (11) gives
A = f(1,B).

We compute

2a?

Let us define 2g5 :=1 — %. If p < /2F(0,1)a is such that

pB, = (p—2 — B) (1+¢2)f(1,B) + B.

B(p) > max{£C, F(1/20,1)}
then f(1, B(p)) > 1/eo, and hence
pB, < (F(0,1) = (1 —&9)B —&B)(1+42)f(1,B) + B < 0.
It follows that

max B(p) < max{B(po), L&Y F(1/e0,1)}.

po<p<p1 1=eo
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Since &’O) and F(1/go,1) are both less than @), we may define a finite constant

1—¢
€ i= max { (1,592, (1, F(1/e0,1)) b
Since f is increasing in its second argument,

max (L, B(p)) < max{C. (1, B(p))}.

po<p<p1

The claim follows. O

In addition to the upper bound in Lemma 4.3, we have the following lower bound
for A.

Lemma 4.4. Let ¢ be a solution of (9) on the interval [py, p1] such that 1, > 0 and
Ypp > 0. There is a constant ¢ depending only on n and 7y such that

A(p) > min{c(1 4+ ¥,(p1)?) ", Alpo)},
for each p € [po, p1].

Proof. We have
2

o8, = (45~ B) (14 G)FLB) + B > (L- MI(.B)B,
where M := (1 + v,(p1)?). This implies that B, > 0 whenever B < F(M™' 1).
Therefore,

min B > min{B(py), F(M ', 1)}

po<p<p1

and hence
min f(17 B) > min{f(lv B(Po))a f(lv F(M_17 1))}

Po<p<p1

There is a constant ¢ depending only on n and ~ such that
fLF(M 1) > eM ™
which gives the claim when we insert A = f(1, B). O

Lemma 4.3 can be employed to prove higher derivative bounds for solutions to (9),
via the following result. For our purposes a C3-estimate will suffice, but a bound on
the C*-norm can be proven along the same lines.

Lemma 4.5. Let 1) be a solution of (9) on the interval [py, p1] such that 1, > 0 and
Ypp > 0. Define

A= sup A(p) < 0.

Po<p<p1

We then have

SUp  |Uppp(p)] < Ca™py + C(1+ ,051) (1 + sup %)

po<p<p1 po<p<pr P

where C' depends only onn, v, A, and ||[¢||c2(jpe,p])-
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Proof. Differentiating 11, we obtain

1 1
¢ppp = 2¢p ¢pp / (ip 5 2—<P¢p 1/’))

of (b, 1 (0 (0
+(1+92) y(p +2—a2(0¢p—¢))<%—p—5)
1 1
+(1+14;) f(zi 2—( P — @D))ﬁpww

Recalling the notation B := pto'(5 + 55 (pth, — ¥)), and given that
F(A 1) =F(f(1,B),1) = B,

1
'2

1
'2

our hypotheses ensure that

Y, 1 1 ,

= -+ — — U

(p72+22(pw,0 w) e )
where U’ = {(y,2) € U : F(0,1) < z/y < F(A,1)}. Using the fact that f is
homogeneous of degree one, it is straightforward to show that its first derivatives

are bounded by some constant C' in the cone U’, where C' = C(n,~,A). The claim
follows. 0

4.2. Local existence. As mentioned above, to prove Proposition 4.2, we will solve a
sequence of initial value problems and take a limit. To do so we will need appropriate
sub- and supersolutions.

The following two lemmas establish that w =

of (11) when 0 € (51, 1),

0 2 . )
Fan P s a lower barrier for solutions

Lemma 4.6. Fiz a constant 220 < 0 < 1 and let w = —2—p?. We then have

0
Q 4F(L1)

1
1 2 Wp 2
Wy, < ( +wﬂ)f(p’2)
for all p > 0.

Proof. Since
F (0,1

) 1. @ _u
2F(L,1) 2 T 2R ¢ )
we have (%, %) € U for all p > 0. Observe that

((52)%) -

F( Zer %): ’ F( ! 1).
L+w?’ p 2F(1,1) \1+4w?

Since F'is increasing in each of its arguments, we see that

w, 1
wpp < (14 wz)f(jp, 5)

w
F(0,1)—2 =
( )p

and
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if and only if

0 1 1
F 1) < =
2F(1,1) (1+wg’> 2’

1
Fl——. 1) <67'F(1,1).
(1) <oran

The last inequality is always true when 6 < 1. O

or equivalently

Lemma 4.7. Let1/) € C?%([po, p1)) be a solution of (11) satisfying v, > 0 and ),, > 0.

Let w = p? for some constant 6 € (F%l 1). If at p = py we have

¢Zw> wpzwpa P¢p—¢20>
then each of these inequalities also holds for p € (po, p1)-

0
1F(1,1)

Proof. Let s :=sup{p € (po, p1) : ¥p(p) > w,(p)}. At p = py we have

wp < () F(22,5) < @) (M2 4 guslot, = 0)) = v

so since ¥,(pg) > w,(po), we deduce that s > py. With the aim of deriving a
contradiction, suppose s < p;. We then have

1/);)(9) > wp(P)
for p < s, and
Up(s) = wp(s),  Upp(s) < wpp(s).
In addition, since

(pwp - w)p = P%p >0
for p € [po,s), and pyy, — 1 > 0 at p = py, we have

p@/Jp - ¢p Z 0
for all p € [po, p1). We conclude that, at p = s,
(0 1 w, 1
oo = (U001 (22,5 4 sty = 0)) 2 0+ 0df (“25) > wip
This is a contradiction, so s = p;. The claim follows. U

Next we identify upper barriers for solutions of (11).

Lemma 4.8. Let ) € C*([py, p1)) be a solution of (11) satisfying 1, > 0 and ,, > 0.

F(1,1)
FoD- We assume

Fix a constant © >
PP < 2a*(F(0,1) — F(1,1)071),
and define W = ,0 If at p = py we have
p=W, Y, <W,
then these inequalities also hold for p € (po, p1).
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Proof. First observe that

s :=sup{p € [po, p1) : W,(p) > ¥,(p)}

satisfies s > py. With the aim of deriving a contradiction, suppose that s < p;. We
then have

W,() — y(p) > 0
for p € (po, s), and
Wo(s) = 1p(s).
Since 1, > 0 we have (%, % + ﬁ(p@bp - w)) € U and, in particular,

1 1
ot ﬁ(ﬂ% =) > F(0, 1)%-
At p = s this yields
1 1 w
5+ g (s1W(s) — () > F0.1) 2

which we rearrange to obtain
s> >2a*(F(0,1) — F(1,1)071).

This contradicts our assumption that p? < 2¢*(F(0,1) — F(1,1)©71). The claim
follows. O

We now have all the tools needed to prove Proposition 4.2.

FAL 1) and set w = —=2—p2. Let py

Proof of Proposition 4.2. Fix a constant 6 € ( 3 IF)

be a decreasing sequence of positive numbers such that p, — 0 as & — oo. By the
Picard—Lindel6f theorem, for each k there exists some maximal Rj > p; such that
(11) admits a solution ¥* € C?([px, Ry)) which is strictly convex and satisfies the

initial conditions

W (oe) = wlpr),  Vh(pr) = wolpr)-
By Lemma 4.7 we have

0
ks 2 ks E_ ok >0
2 ra TR A
for every p € [pk, Ri). Moreover, by Lemma 4.8, given a constant © > ?Eég we have
S}
k< 2 ko<
S Ira »=oR, )"
for every p € [pk, Ry) such that p? < 2a*(F(0,1) — F(1,1)071).
At p = pr. we have
1 1 F(,1)  p? F(1,1)
FAF 1) = 2 (20 ok — b)) = ) e I
@) = L (G4 gtont — o) = T 25 20

as k — oo. Since F(1,1) < @ < @, we conclude that limy_,., A*(py) is some finite

number in (1, 00) which depends only on n, v and . Therefore, for sufficiently large
k, Lemma 4.3 yields the bound
Atp) < C
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for every p € [pg, Ry) satisfying p < 1/2F(0, 1)a, where C' = C(n,~, ). Consequently,
we have

(N ) 02
b < O+ E < O (14 2p )

for every p € [pk, Ry) such that p2 < 2a*(F(0,1) — F(1,1)©7!). In addition,
Lemma 4.4 gives

k 32 2 '
> .
A¥(p) c<1+ (171)2p ) ,

and hence

—1
& cl ©? 9
> (14—
po = 2F(1,1)( * 4F(1,1)2p)

for every p € [pr, Ri,) such that p? < 2a?(F(0,1) — F(1,1)©71), where ¢ depends only
on n and 7.

Suppose Ry < 1/2F (0, 1)a. By the estimates above, when £ is sufficiently large we
have

sup  |[¢F| + |wk| + W | < o0, sup AF < oo, inf w
pr<p<Ry PrSp<Ry Pr<p<Ry

Therefore, the Picard-Lindeldf theorem can be used to extend ¥* beyond R; so that
it is still a strictly convex C? solution of (11). This contradicts maximality, so we
must have Ry > 1/2F (0, 1)a.

We now take a limit of the solutions ¢* as k — co. We have shown that [|¢*||c2(
is bounded independently of k for every compact subinterval I C (0,+/2F(0,1)a),
and using Lemma 4.5 we can bound |[[¢*||cs(y in terms of [[¢*||c2(r). Therefore,
by a standard diagonal argument, ¥* subconverges to some limiting function v in
C2.((0,4/2F(0,1)a)). The function v is strictly convex, and solves (11), so it is
smooth. Moreover, we have

0 0
> 2 >
L= AF(1L, 1) Vo 2 2F(1,1)"
for p € (0,4/2F(0,1)a), and
o o
< 2 <
YSaEan” Y S aEmn”

for p € (0,4/2(F(0,1) — F(1,1)0 ")a). In particular, (¢,,) — 0 as p — 0.
It remains to show that ¢ can be extended smoothly to p = 0. Let 3(p) = %. We
have

PBoo = (PB)pp — 285 = Yppp — 25,
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and hence

v, 1
(1+¢) y(?§+ﬁ(m/}p—¢))ﬁp
9 1 1
) (U5 4 50— ) ezpti — 26,

The right-hand side is positive at any point where 8, < 0. Therefore, 3, is either
negative for all sufficiently small p or positive for all sufficiently small p. In partic-
ular, S converges as p —> 0, and hence 1 extends to a C? function on the interval

[0,/2F(0,1)a). Using (9) we conclude that v,,(0) = m
We thus have that the function

u() = a — a”"$(ala])

is of class C? in B”’;F(O 1)(O). Moreover, u solves the shrinker equation,

( ((Vk DiuD* ) DyuDju )) 1 (2, u) (—Du, 1)

— — =—(r,u)  —=—.

7 1+ [Dul®) /1 [Duf? 2 S+t [DuP?

Standard theory for fully nonlinear elliptic PDE now implies that u is of class C'™

(see for example Lemma 17.16 in [GTO01]). In particular, ¢ extends to a function in
C*([0,4/2F(0,1)a)). This completes the proof. O

Next we extend the solutions constructed in Proposition 4.2 to the origin.

4.3. Global behaviour. For each a > 0, let ¢, be a solution to (9) as in Proposi-

tion 4.2. We will typically suppress the dependence on a and simply write ¥ = 1,.
We define

h(r) :=a —a "4 (ar)
and write v(z) for the inverse of h, so that r = v(h(r)). Note that since 1 is defined

for p € [0,4/2F(0,1)a) we have 0 < v < /2F(0,1). For each a > 0 the function v is
positive, strictly decreasing, strictly concave, and satisfies

Vyy 1 1 vz
_— .= :___27 :0
(-t =5t @

We are interested in the asymptotic behaviour of v as a — oo. Following [ADS19],
we prove upper and lower bounds for the quantity

—2zv0,

d
‘= z—log(2F(0,1) — v?) = ————=

and then integrate to obtain estimates for v.

Lemma 4.9. We have w(z) > 2.
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Proof. We first show that w(z) — 2281 ag 2 — 4. Observe that when z = h(p/a)

F(0,1)
we have
¥(p)
we)  (7%)
w(z) == o(2)2 52 .
F(0,1) — Y25 F(0,1) — £; ¥p(p)
Using 1,,(0) = m, we conclude that
, 1 i P 1 1 2F(1, 1)
mw=——-1im— = = .
z—a F(0> 1) p—0 wp F(0> 1) wpp(o) F(0> 1)
Since 2FE1’1§ > 2, if the claim is false then there is a value z; such that w(z) = 2

F(0,1
and w,(z,) > 0. But we have

zwzzw—w2(%+F(0271))—(1—1—1}3) 22 f(%,%(u—zvz))

v v,(2)
and w(z) = 2 implies that (v — zv,) = @, which in turn gives
11 1
f(;a 5(7} - Z/UZ)) = ;f(la F<07 1)) =0
at z = z;. It follows that
4F (0,1
w, = — ( 5 ) <0
20
at z = 21, which is a contradiction. ([l

Lemma 4.9 immediately implies the following estimate for v.

Lemma 4.10. We have
2

z
v(2)? > 2F(0,1) (1 - @) .
Proof. The estimate w > 2 says exactly that
d 2
—log(2F(0,1) —v?) > =,
" log(2F(0,1) — v?) >
Integrating this inequality from z to a gives the claim. 0

Next we derive an upper bound for w, using the following inequality.

Lemma 4.11. There is a constant ¢ > 0 depending only on n and v such that

1 F(0,1
(12) zszw—wQ(i—i- ©.1)

~ ) + 2 (1 +v2)(w — 2).

Proof. We first note that

wz (11 B 222 2F(0,1) —v* [w
_v—zf <;,§(v—zvz)> = 2F(O,1)—v2f<1’ 5 <§—1> + F(0, 1)>

To estimate the right-hand side we write

b af
F(Lb+ F(0,1)) = F(1,b+ F(0,1)) — £(1, F(0, 1)) :/0 L (1Lt F(0,1)) de
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and observe that since 7 is one-homogeneous,

inf a—f(l,tJrF(O,l)): inf A'(t,1,...,1)7"

te[0,00) Oz t€[0,00)

. t 1 1 !
= inf % , ey )
t€[0,00) n—14+t n—1+1¢ n—1+t
The last infimum is over a compact subset of I' (the segment connecting (0
with (1,0,...,0)), so

_1 L)
Yn—1°"" " p—1

of
= inf —(1,t4+ F(0,1
ci= dnf 5 (Lt+F(0.1)
is a positive constant depending only on n and ~, and we have

f<1, —QF(O’;) —v <% . 1) + F(0, 1)) > c—ZF(O’;) — v (% - 1).

Therefore,

_%f (%, %(v — zvz)) > ez (w - 2),

and the claim follows when we combine this inequality with
1 F(0,1) 22 (1 1
2 , 2
W, =W — W (54— o2 ) _(1+UZ)v_zf(;’§<v_sz))

and w > 2. O

By [RS23a], there is a unique strictly convex solution ¢ : R, — R, to the equation

_ oy S0 1
o=+ (%2.5)
which satisfies ((,(,) — 0 as p — 0. This is the profile function of the bowl soli-

ton which translates with speed 1/2. We will make use of the following asymptotic
expansions for ¢ and (,, which are derived in Appendix A:

(M) = 4F(107 {7 M = 28(0,1)log M + oflog(M)
and )
¢, (M) = mM —2FY0,1)M~t + o(M™Y)

as M — oo, where F1(0,1) = 4'(0,1,...,1).

Lemma 4.12. As a — oo we have ¥ — ¢ in CX.(Ry). In particular, if M is
sufficiently large,

YM) = 1 (107 M = F1(0.1)log M +oflog (1)
and .
V(M) — mM —2FY0, )Mt +o(M™Y)

as a — Q.
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Proof. The claim follows if we can show that every sequence a;, — oo admits a

subsequence ay, along which v,, — ¢ in C2.(R; ). So consider an arbitrary sequence

ay — 00. Recall that there is a i)ositive constant C' depending only on n and ~ such

that C~'p < (¢g,), < Cp holds in (0,/F(0,1)a;). Moreover, as in the proof of
1

Proposition 4.2, we have (1, ),,(p) = sy 8 p — 0 for every k. Using Lemma 4.3,

Lemma 4.4 and Lemma 4.5, we conclude that
sUp [Yay llca(ry < 00

for every compact interval I C R, . Therefore, after passing to a subsequence, we have
that ,, converges to some limit v in 0120’3(]1&). The function ¥ is strictly convex by
Lemma 4.4, and satisfies B

T 72 Yp 1

b=+ (32:5)
In particular, ¢ is smooth. Moreover, 1) satisfies the initial conditions (¥, @Zp) — 0 as
p — 0. But ¢ is the unique function with these properties, so ¥ = (, as required. [

Let us fix a large positive constant M and set 257, = a—a"'9(M). By Lemma 4.12,
if M is sufficiently large we have a™'zpr, — 1 as a — oo. The following lemma
concerns the asymptotic behaviour of w(zys,) as a — co. (Note that since zp, ~ a,
this is really a statement about the behaviour of our self-shrinking solutions near their

tips.)

Lemma 4.13. If M is sufficiently large then we have
1

F(0,1) ¢, (M)

w(zn,a) — =2+8F(0,1)*M 2 +0O(M™*)

as a — Q.

Proof. We first note that z5;, = h(M/a) and hence v(zpr,) = M/a. It follows that
200 V(20a) = M, v(2pr0)? — 0

as a — 00. Also,
U (2Ma) = _@Z)p(M)_l - _CP(M)_I

as a — oo. Combining these facts we see that

—2201.aV(201,0) V2 (200,0) . 1 M

2F(0,1) — v(znra)? F(0,1) ¢,(M)
as a — oo. We conclude using the expansion

1 1 2F(0,1) 3773 —4
= : = +8F(0,1)°M > +0O(M™*).
Co(M) sronM — 2F(0,1) M~ + O(M~?) M 1) (M)

w(zne) =

O

We define
w (Z) — i + #
1 2 g2 _ 2
and set w = 2 + Kw;, where K := max{1,6F(0,1),17¢"'} and c is the constant
appearing in Lemma 4.11.
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Lemma 4.14. If M is sufficiently large, and a is sufficiently large depending on M,
then we have

w(zma) < W(2pra)-
Proof. Recalling that zy;, = a — a™ (M), we observe that
CL2 - Z%J,a — 2C<M)

as a — 00, and hence

U_)(ZM,a) — 2+ % =2+ 2F(0, 1)KM_2 + O(M_4) log(M)

as a — oo. On the other hand,
w(2pra) — 2+ 8F(0,1)2M 2 + O(M™4).
Since K > 4F(0,1), the claim follows. O

Proposition 4.15. If M is sufficiently large, and a is sufficiently large depending on
M, then we have

w(z) < w(z)
for VK < 2z < M-
Proof. We claim that
1 F(0,1
W, < W— W (54— ( 5 )) + cv*(1 4 v2) (W — 2)
v

for VK <2z < 2.
If a is sufficiently large then we have

2K | 2K2 2K, - 2K
— Z W —Z Wj.
2 (@=-2P =, )

If M is large enough then we have 2K < ((M), and so conclude that

2W, = —

W, < z2w1,

for z < zj1, and all sufficiently large a.
Next we use w = 2 + Kw; to obtain

c22(1+v3)(w — 2) > cK2%wy,
and use v? > 2F(0,1)(1 — 2%/a?) to obtain
1 F(0,1)

2 V2

Together these inequalities give

w_(1+F@D

CL2

2(a% — 22)

1 2
§§—|— < z7w;.

2 v?
and so since, for large M, we have
K K K

K
1=24+—+ ———- <24+ =+ —-<14
w +z+a2—z2_ +22+C(M)_

)w2 + (1 +v)) (W — 2) > —2*ww; + cK 22wy,
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for VK < 2z < zp4, we may conclude that

1 F(0,1
w — (5 + %)EQ +c22(1+03) (W — 2) > —162%w; + cK 22w, > 22w,

v
for VK <2z < zpg,.

Putting all of this together, we see that

1 F(0,1
W, < W— W (§+ ( 2’ )) + cv?(1 4 v2) (W — 2)
v

for VK < z < zp1,4. In the previous lemma we showed that, if a is sufficiently large,
we have

w(zaa) < W(2pa)-

The claim now follows from a simple comparison principle argument. 0

Proposition 4.16. If M is sufficiently large, and a is sufficiently large depending on

M, then we have
1 2 _K/2
v2§2F(0,1)(1—<1—00ga)2 2/)

a? a

for VK < z < ZMa, Where C' depends only on K and M.
Proof. We use w = z-L log(2F(0,1) — v?) and the estimate in Lemma 4.15 to obtain

log(2F(0,1) = M?/a?) _ [* w(n)
log(2F(0,1) —v(2)?) /z o

2 2 (2 L2
M K K Ziala” — 2°)
<1 ’ S | “Mar\ T "
=08 ( 22 ) T T oz 8 (,22(a2 — Zra)
2,
K C K 9, 9 9
< log ( > ) + 2.2 + —loga ~ 52 log(2°(a” — 237,4)),
where C' depends only on K and M. If M is so large that (M) > 1/2 then we have
@’ — 23y, =20(M) —a*P(M)* > 1

for all sufficiently large a, and hence the last term on the right is negative for z >
VK > 1. We thus have

log(2F(0,1) — M?/a?) Ma
logRF(0.1) —0(z)?) ~ % ( 2 )

K C
—l—ﬁ—l——loga

for VK < z < zjr, whenever a is sufficiently large. We rearrange and use e™ > 1—x

to obtain
log a) 22— K/2

2F(0,1) — v* > (QF(O, 1)-C = >
for VK < z < Zn,q; Where C' depends only on M and K. This implies the claim. [
We can finally prove the main result of this section, Proposition 4.1.

Proof of Proposition 4.1. Let M be large enough and fixed so that Proposition 4.16
applies. It then suffices to take ¥,(2) = v(z) and Ly = VK + 1. O
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5. SHARP ASYMPTOTICS FOR THE RESCALED FLOW

Let My = 0y, t € (—o0,0], be a strictly convex ancient G-flow which is noncol-
lapsing and uniformly two-convex. In addition, we assume that M; noncompact. We
define a family of rescaled hypersurfaces M, = e”/?M_.—-. These move with point-
wise normal speed —(G — 3(z,v)). Proposition 3.6 implies that, as 7 — —o0, M,
converges in C°(R"™!) to a cylinder 3 of radius o := /27(0,1,...,1) whose axis

passes through the origin. Without loss of generality we may assume the axis of ¥ is
the zq-axis, which we equip with the coordinate z. That is,

Yi={(z,00): z€R, § € S}

Recall that the asymptotic cone of M, (and hence of M, ) is constant, by Lemma 2.15,
and of dimension 1, by Lemma 2.7. Given that M, — X, the asymptotic cone is a
subset of the xi-axis. Since M, is strictly convex, we may assume without loss of
generality that the asymptotic cone is {(2,0) : z < 0}. For each 7 we define

Z(r) :=sup{z € R: (2,0) € 7/?Q_, - }.

Observe that z(7) — 0o as 7 — —oo. We may define a function u(z, 0, 7) such that
M coincides with the set of points (z,00) + u(z,0,7)f in the region of space where
z < Z(7). Since M., is strictly convex and noncompact we have

ou o*u

— <0, — < 0.

0z 022

In this section we establish the following sharp asymptotic estimate for w.

u > 0,

Proposition 5.1. For every L < oo we have

sup |u(-, )| < O(e?)
<L

as T — —OQ.

In other words, there is a positive constant K such that
M0 {]2] < L=} € {(z,9) = Iyl = (=27(0,1,... )))"*| < K}

whenever —t is sufficiently large.

We first prove that the maximum of |u| for |z| < L controls u and its derivatives
in a subset which grows as 7 — —oo. To obtain these ‘inner-outer’ estimates, we
employ the hypersurfaces >, constructed in Section 4 as barriers. We then use the
inner-outer estimates to conduct a spectral analysis of the linearised equation for u
about 0 as 7 — —oo. To do so we must cut off in space. Both linearising and cutting
off introduce error terms, but we are be able to show that these decay rapidly as
T — —o00. Proposition 5.1 is then proven by showing that the spectral decomposition
is dominated by unstable modes.

We take inspiration from [ADS19, BC19, BC21]|, which concern ancient solutions
to the mean curvature flow, and Brendle’s work on ancient solutions to the Ricci flow
[Bre20] (see also [BN23]). Similar ideas also played a role in Colding and Minicozzi’s
work on uniqueness of cylindrical tangent flows [CM12]. Our analysis is the first of
its kind for a fully nonlinear geometric flow. The main new difficulty which we need
to overcome in this setting is the presence of error terms depending on the Hessian
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of u. For an overview of the analysis in this section we refer back to the introduction
of the paper.

5.1. Inner-outer estimates. For each sufficiently large a > 0 we write
U, : [Lo,a] = R

for the function referred to in Proposition 4.1. Since u(-,7) — 0 on compact subsets
as T — —oo, for every a > 0 the inequality

U, (2) < /29(0,1,...,1) +u(z,0,7)

holds for Ly < z < a and sufficiently large —7. Since V¥, is the profile of a self-
similarly shrinking G-flow, which is a stationary solution to the rescaled flow, the
parabolic maximum principle implies the following statement.

Lemma 5.2. Suppose zy > Lo and 19 < 0 are such that
U, (z0) < v/27(0,1,...,1) + u(20,6,7)
for every T < 19. We then have
U, (2) < /29(0,1,...,1) +u(z,0,7)
for z € [z0,a] and T < 7.
Let L > Ly be an arbitrary large constant. For each integer £ > 0 we define

Ok := sup sup |u(-, 7).
T<—k|2|<L

Since M, is strictly convex we have &, > 0. Since 6, — 0 as k — oo, after passing to
a subsequence we may assume 6, < 107¢. We fix a small constant r» > 0. Choosing
r = 10~* will prove to be sufficient.

In this section we write V for the Levi-Civita connection on R x S"~1. We use C
to denote a positive constant which is independent of k. The value of C' may increase
as we proceed.

Lemma 5.3. When k s sufficiently large we have the estimates
0 e oy
|ul + '—“’ <ol VST < 087
0z
for |z| <85." and T < —k. Moreover, we have
ou
—| <06
ul + [52| < b

for|z| < L+2 and 7 < —k.

Proof. Recall from Proposition 4.1 that when a is large we have

V,(z) < \/27(0, 1,..., 1)(1 _ (1 _ Clocia) ch; 0)

for z € [Ly, L], where C' = C(n,v). Let 2o = Lo ++/C and a = A(S,;l/z, where

0,1,...,1
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We may assume without loss of generality that L > z;. The definition of zy ensures

that
\/ 07 17 ) 51{ > \Ij

whenever £ is sufficiently large Since |u| < 0 for |z] < L and 7 < —F,

29(0,1,...,1) +u(z0,0,7) > /27(0,1,.. — 0 > U, (

for 7 < —k. Using Lemma 5.2 and Proposition 4.1 we obtaln

29(0,1, ..., 1) +u(z,0,7) > U,(z) > \/27(0,1,...,1)(1 - f)

for z € [29,a] and 7 < —k. In particular, for all sufficiently large k, we have

u>—C6, %
for z € [20,96, "] and 7 < —k. Moreover,
(% Z —O(Sk

for z € [L+2 L+ 3] and 7 < —k.
Slnce = < 0 we conclude that
_06]1 2r S U(Z,Q,T) S U(O, 6)77—) S 514:
for z € [0,9,"] and 7 < —k. The mean value theorem then gives

inf Ou (297)> —C6, "

86, <z<95 r
for 7 < —k, and so since ‘9“ <0and‘9;‘ <0,

ou
0z

for = < 86," and 7 < —k. Using this inequality and the fundamental theorem of
calculus we obtain

<051r

ul < Co
for |2] < 8, " and T < —k.

Similarly, since u > —C§y, for z € [L + 2, L + 3|, we have
ou
0z
for z < L+ 2 and 7 < —k. It follows that

< Coy,

|u|+]§—’:\ < Co

for |z| <L +2and 7 < —k.
Since M, is convex, a straightforward geometric argument using the bound |u| <
C6.7*" gives
IV | < 06T
for |z] <86, " and 7 < —k. This completes the proof. O

Next we obtain a stronger bound for Vsn_lu, and establish an estimate for the
Hessian of u, in the region where |z| <50, " and 7 < —k.
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Lemma 5.4. When k is sufficiently large we have |Vu| < C6.7%" and |V?u| < €65,
for |z| <58, and T < —k.

Proof. Consider a time 79 < —k, and set t) = —e™ ™. Lemma 5.3 implies that
My, N {l2] <867 (—t0)'*} € {(z,9) : [ly] = (=27(0,1,..., 1)to) /| < 8,7 (—t0)'/*}.
In particular, if k is large and |z| < 76, (—to)'/2, then

B((2,0), 22(~21(0,1,..., 1)t6)"/%) C .

Using the interior curvature estimate of Proposition 2.2, we conclude that
(—t0)"?|Apg, | < C

at every point in My, N {|z| < 76,"/=lo}. Moreover, the noncollapsing property
implies
1
(—to)l/QGMto > 5
at every point in My, N {[z| < 76;"(—t)"/*} Tt follows that [Ay, | < C and Gy, >
1/C on M, N{|z| < 75,."}. Since 79 < —k was chosen arbitrarily we conclude that
|Ajr.| < C and Gy, > 1/C for |z| < 76" and 7 < —k whenever k is sufficiently
large.

Using |A| < O, a straightforward computation shows that when k is sufficiently
large we have

V2u| < C

for |z| < 76," and 7 < —k. Recall that the hypersurfaces M, move with normal speed
—(G(z,7) — 5{x,v(z,7)). This implies that u solves a fully nonlinear parabolic PDE
which is convex or concave in V?u (depending on whether 7 is convex or concave)
and uniformly parabolic by Lemma 2.1. We also have

lur| + | V2ul + |Vu| + Jul < C

for |z2| < 76," and 7 < —k. Therefore, the parabolic Holder estimate for con-
vex/concave fully nonlinear parabolic equations due to [Kry82| and the parabolic
Schauder estimates imply that

V™ ul < C(m)

for each integer m > 2 in the region where 2| < 76, —m and 7 < —k. In this step
we also need the bound G > 1/C since this implies bounds on the higher derivatives
of .

Given a smooth function ¢(z, 0) which is compactly supported in the region |z —
2p| < 2, we have the interpolation inequality

1-1/m 1/m
sp Vel < Cm) s fol) (s (97l
|z—20|<2 |z—20]<2 |z—20]<2

We apply this with ¢(z,0) = n(z)u(z, 8, 7), where 7 is an appropriate cutoff function,
and use |V/u| < C(m) for j < m to obtain

1-1/m 1/m
sup |Vu| < C(m) sup |u|+C(m)( sup |u|) < sup |Vmu|) .

|z—2z0|<1 |z—20|<3 |z—20|<3 |z—20|<3
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Fix an integer mgy > 1/r. Consider a point |z| < 76, — mo — 3 and a time 7 < —k.
Applying the last inequality with m = my, and using Lemma 5.3 and |V7u| < C'(my)
for 7 < myg, we obtain
sup |Vul(z,0,7) < C6L7F 4 0o U < ol
|z—20|<1

It follows that for & sufficiently large we have |Vu| < 0(5,1_4’” for |z| < 60, ".

Now consider a point |zg| < 60, —mo — 3 and a time 7 < —k. The same kind
argument as above yields

sup |V2u|(z, 0,7)

‘Z—zo‘gl
1—1/mg 1/mo
< sup |Vu|+ < sup |Vu|) ( sup |Vm°+1u|) .
|z—20|<3 |z—20|<3 |z—20]<4
Inserting |Vu| < C,~*" on the right-hand side, we conclude that when k is sufficiently
large, |V2u| < C6,7% for |2| < 55, and 7 < —k. O

We have shown that u and its first two spatial derivatives are small in the region
where |z| <56, " and 7 < —k. It follows that u solves a linear parabolic equation in
this region, up to quadratic error terms.

Lemma 5.5. When k is sufficiently large we have
lu; — Lu| < C(Jul® + |[Vul* + |Vul?)
for |z| <58, and T < —k, where
o*u 1 1 Ou

E = A n—1 — X
" a8z2+2(n—1) sr 2282+u

and a :=4*(0,1,...,1).

Proof. Recall the notation o = 1/27v(0,1,...,1). Given (z,0) € R x 8" ! let us
write © = (z,0f) for the corresponding point in ¥ and y = x + u(z,0,7)0 for the
corresponding point in M,. We have
1 1 1
—— Gy, 1)+ = ————y - v(y).
ve@ o) T @) Y
For 7 < —k and |z| <54, ", Lemma 2.11 gives

v(y) = vs(x) — Vu(z,0,7) + O(Jul]* + |Vul?).

ur(2,0,7) = —

We thus have
1 1
UT(Z7 97 T) = _G(y7 T) - Q'r ’ VU(Z7 07 T) + 5“(2:7 6)7 T)

1
+ 3% vs(x) + O(|u* + |Vul?).
Lemma 2.13 now gives
0*u N 1
022 2(n—1)

1
+ 5T Ve~ Gs(z) + O(Jul* 4+ |Vu* + |V2ul?),

1
Ur = @ ASnflu—il"VU—f—U
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for 7 < —k and |z| <56, ". The claim follows upon insertion of the identities

ou 1
x-Vu:za and §$'VE—GEZO.

O

Using Lemma 5.5, we obtain the following improved estimate for Vu in the region
|z| < L +1.

Lemma 5.6. When k is sufficiently large we have |Vu| < Céy for |z| < L+ 1 and
T < —k.

Proof. Let us define

. d%u 1
£ = A n— .
R T B
We then have
5 1| Ou 2 2 2 12
lu, — Lu| < =|z—| + |u| + C(|u]* + |Vul” + |V-ul?)
2| 0z
for |z] <56, " and 7 < —k. Using Lemma 5.3 and Lemma 5.4 we conclude that
lu, — Lu| < Co

for |2] < L+2 and 7 < —k. Given any (2o, 0o, 70) such that |zy] < L+1 and 7 < —Fk,
there exists a small d = d(n) such that
|Vul(20,00,70) < Cd™' sup sup |u|+ Cd  sup sup  |u, — Lul.
T0—d2<7<10 |2—20|<d T0—d2<7<79 |2—20|<d
This is a standard estimate in the theory of linear parabolic PDE. Since d depends
only on n, we obtain
|VU|(ZO7 90, To) S 05143

Since zg was chosen arbitrarily in the region |z| < L+ 1, we conclude that |Vu| < Coy
for |z| < L +1and 7 < —k. O

5.2. Spectral analysis. Let us denote by H the space of functions v : Rx S"~! — R
such that

lvl% = / e %? d2df < oo,
RxSn—1

The operator £ is symmetric with respect to the inner product (-,-)%. Therefore,
there exists an orthogonal basis for H consisting of eigenfunctions of £. Let us write
Hj, for the k-th Hermite polynomial, and fix a basis Y, of eigenfunctions for Agn-1
such that

Agn1Y)" = =l(l+n—-2)Y™.
A basis of eigenfunctions for £ is then given by Hy(z/2v/a)Y;"(0), where k and [
range over the nonnegative integers. We have

O 1O, (2 _ Fk
927 2% )"\ ova) T T2

k I(l4+n—2)
2 7 2(n-1)
nonnegative integers. Up to scaling, the eigenfunctions with positive eigenvalues are

of the form 1, z/y/a and 6%, 1 < i < n. The eigenfunctions with eigenvalue equal to

Therefore, the eigenvalues of L are given by 1 — where k and [ are
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zero are of the form 22/a — 1 and 260°/\/a, 1 < i < n. Let Py, Py and P_ denote
the orthogonal projection operators onto the positive, zero and negative eigenspaces.
These projections satisfy

1
<£P+UaP+U> _HP+UHH>

<£P0U, POU>H = 0,

\)

1
(13) (LP-o, Pv)w <~ Polf,

We are going to show that P, u dominates Pyu and P_u in the region where |z| < 0, "
and 7 < —k. To this end, let £ : R — R be a smooth cutoff function such that
£(s)=1for s € [—1/2,1/2], &(s) = 0 for |s| > 1, and s&¢'(s) < 0 for s € R. We define

v = Te[is;lipl’ ]]/Rxsn 1 _22/4a|u(z,Q,T)X(5;z)|2dzd6’

V5= Te[_sju_pL j]/RxS" 1 e #1 Py (ulz, 0,7)x(052))? dzdf
’y;-) = Te[is;lipL ]]/ s ’Z2/4“|P0(u(z,H,T)X((S;z))|2dzd9
vy = Te[s;lpl,j]/RxSn 16_‘22/4‘1|P_(u(z, H,T)X(5;z))|2dzd6’.

We have C7'y; < 4 + 99 +v; < Cv;, and Lemma 5.3 gives v; < C6; ", In
particular, v; — 0 as j — oo.
The following result is similar to [Bre20, Lemma 3.12].

Lemma 5.7. We have
Vi <e +Cly + %+1)1/2 ?+ Cexp(—0; " /64a),

Vi1 =251 < C(%- +750) %) + Cexp( 0;*" /64a),
")/j_+1 2 67]_ - C(’y] + 7j+1)1/2 CeXp( 5]‘_2T/64a)7

where

N —22/4a 2
gji= sup / e |u, — Lu|.
Te[-j-2,—j] J|z|<é; "

Proof. Let us write (2,0, 7) = u(z,0,7) x(672). We first note that

_ 2 N
sup / e ? /4“|u|2 <+ Vit
re[—j—2,—j] JRx g1
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Combining this with (13) and using Holder’s inequality we obtain
1
d —22/4a ~12 —22/4a ~12 1/2 —22/4a| 5 ~12 :
e mpap s e pap — oty (e, - i)
d 2
& [ nmal| <20 ([ la, - ca)

1
d 2
E/e—z2/4a|P_a|2 < —/6_22/4a|P_ﬂ|2 +2('7j +’Yj+1)1/2</6_22/4a|ﬂ7 —£ﬁ|2>

for 7 € [—j —2,—]].
Since x(s) is constant for |s| < 1/2 and |s| > 1, and |x(s)| < 1 for s € R, we have

/e‘*“‘llm — Lu]* <C e =y, — Lu + C e (uf* + |Vul?)
jol<d; ™ 5" /2<)e1<8;

< Cej 4 Cexp(—6; 7 /32a)

for 7 € [—j — 2, —j]. It follows that

d —2%/4a S —22/4a A 1/2 —2r
E/e /e pal? > /e e PLal? — C(y; +7j+1)1/28j/ — Cexp(—6; " /64a),

d 2
‘E/e_z /4a|P0@|2

d 7 - - —4r
p /6_32/4“|Pu|2 < —/e Z/Map_af? + C(v; + 7j+1)1/2€;/2 + C exp(—6; " /64a)

< 2035+ 7541) e} + Cexp(=0;7 [64a),

for 7 € [—j — 2, —j]. Integrating over [T — 1, 7] we obtain

[ e repat.r - v

<e / e P, ) + Cly; + %‘+1)1/25;/2 + Cexp(—0; 7" /64a),

\ [ et =P = [e =Rt
< C(v; + '7j+1)1/2€;/2 + Cexp(—(5]72r/64a),
/e—zz/4a|Pa(-,T ~ 1)

> / e P, )2 = O3 + ) el — Cexp(—6; [64a).

J

forr e [—j—1,—j].

Define (2, 7) = u(2, 7)x(0},,2). Observing that

/ e =Mz, 7 — 1) — (2,7 — 1)[* < Cexp(—0; 2" /64a)
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for all 7 € [—j — 1, j], we conclude that
[Tt =P et [P
1/2 —2r
< C(’)/j + '}/j+1)1/2€j/ + Cexp(—éj 2 /64&),
' [t =P - [ e =R,
g C(’)/j + '}/j+1)1/2€;/2 + Cexp(—éj_zr/64a),
/e—z2/4a|Pa(-,¢ — P - e/e—zz/4a|Pa(-,¢)|2

> —C(’}/j + ’}/j+1)1/2€;/2 - C’exp(—5]72r/64a).

for 7 € [-j — 1, —1]. Taking the supremum over 7 € [—j — 1, —j], we arrive at the
claim. ]

We now define

Iy, := sup;, F: ‘= sup 7;7, .= supv?, Iy :==supy;.
>k >k >k >k
We have C7'T, < T} + T + T, <CT)and I'y, — 0 as k — oco. Since
gj = sup / e~ #y, — Luf?
rel-j—2,-4)J sl <oy

<C sup < sup |ul* + |Vu|* + |V2u|4>,

TE[=j=2,—j] " |z|<8;"
as a consequence of Lemma 5.3 and Lemma 5.4 we have
e <C 5;1—247"
whenever j is sufficiently large. In particular,

Ey :=supg;
Jj>k

satisfies B, < CD;’MT, where Dy, 1= sup,y 0;. Note that D, — 0 as k — oo.
Lemma 5.7 immediately implies

Tf, < e 'Tf + CTY2EY? + Cexp(—6; 7 /64a),
09, —T9 < CT*EY? + C exp(—0;, %" /64a),
Tiyy > el — CTY2EY? — Cexp(—0;% /64a).
In the next lemma we improve our estimate for the error term Ej.
Lemma 5.8. For sufficiently large k we have §;, < CT,IC/2 and
Ey < CD; "'y

Proof. Since

sup |u(z,6,7)] =0
|z|<L
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as T — —oo, for each k there is a point (2, 0y, 7o) such that |z9| < L, 79 < —k, and

|u(20,00,70)| = sup sup |u(z,0,7)| = .
T7<—k |z|<L

Lemma 5.6 provides a constant Cy such that |Vu| < Cydy, for |2| < L+1and 7 < —k.
Using this estimate we obtain

1
inf{|U(z,9,To)| s distgxgn-1((2,0), (20, 00)) < ul)_omin{l,C’O‘l}} > E(S’f'

It follows that
6 < C’/ |ul?(+, 7o) dzdb.
|z|<L+1

There exists an integer j > k such that 7o € [—j — 1, —j]. For this j, as a result of
the last inequality we have

6p<C  sup / ey (2, 0, T)x(652)]? dzdf = C;,
re[—j—1,—j] JRx§n1
at least if k is sufficiently large. Therefore,

67 < C'supry; < CTy
i>k

for every sufficiently large k. Combining this inequality with Fj < C’fof%", and
assuming k is sufficiently large, we obtain

E, <CD*r =CDE 2 sup 5. < CD* sup I; < CD; Ty
JZ JZ

Here we have used the fact that 'y, is nonincreasing in k. This completes the proof. [

Lemma 5.8 tells us that 9, < C’F,lc/ % and E, < CDyI'y. Moreover, for sufficiently
large k we have

exp(—0; 2 /64a) < 62/* < C6,°Ty < CD}/*Ty.
Consequently, for large k£ we have
Ui, <e 'Y +CDY*Ty
T%,, — T9] < CD/°Ty
Tyyy > ey — CD/Ty,
and in particular
Il <e 'Tio(1)Ty,
Thy — IRl < o(1)L,
Iiy > ey — o(L)T

as k — oo. This system of inequalities implies that the decomposition I'y, = '} +T9 +
[ is dominated either by T’} or I'} as k — oo. For the proof of this statement, which
is a variation on an argument by Merle and Zaag [MZ98|, we refer to Lemma 3.1 in
[Bre20].

Lemma 5.9. As k — 0o we either have I') + 'y, < o(1)T{ or '} + T} < o(1)T.
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~ We now establish that I') + T'; < o(1)Ty. The argument makes use of the fact that

M. is noncompact—recall that this allowed us to assume g—’; < 0.

Proposition 5.10. As k — oo we have I') + T, < o(1)T}.

Proof. By Lemma 5.9, if the claim is false then I’} + ', < o(1)I'}. Suppose this is
the case. Fix a sequence 7, < —k such that

Ug(z,0) == x(0p2)u(z, 0, 1)

satisfies
N 1/2
[kl = T3
Since I'} + T, < o(1)T'Y, the sequence 1y, /||i|[3 converges to a limit 4(z, 0) with
respect to the norm || - ||. Passing to a further subsequence, we may assume that
/|||l — @ pointwise almost everywhere in R x S"~!. Since 2 < 0 we conclude
that for each fixed 6 the function z — 4(z,#) is nonincreasing. On the other hand,

the limit @ lies in the zero-eigenspace of £, which is to say that
22 z .

w(z,0)=a ——2) 4+ 5,—=0",

=0 < a ) § va

for some constants a and ;. The right-hand side is monotone in z if and only if
a =0 and §; = 0 for each 1 < i < n. With this we have reached a contradiction,
since ||al|y = 1. O

We are now able to prove Proposition 5.1.

Proof of Proposition 5.1. Using Proposition 5.10 we conclude that

F+

Lo <e'lTf +CDT) < eV

whenever k is sufficiently large. Iterating this estimate we find that T} < O(e™*/2),
and hence 'y, < O(e7*/2). Using the estimate

Dy =supd; < C’supr2 < C’F,lc/Q
Jjzk Jjzk

we obtain Dy < O(e™*/%) and hence

+
FkJrl

Iterating this estimate we obtain I} < O(e™*) and hence I’y < O(e™*).
We have

<e '} +CePry

sup sup |u| = 0.
7<-k|z|<L

Using 6, < C’F,lc/ % we conclude that

sup sup |u| < O(e™*/?).
T<—k|2|<L

The claim follows. 0
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We conclude this section with an important consequence of Proposition 5.1—
namely, that max,,, G is bounded from below by a positive constant which is in-
dependent of time.

A straightforward computation using Proposition 4.1 shows that if L > Lg is suffi-
ciently large depending on n and =, and a is sufficiently large depending on L, then
we have

(14) U, (L) =W, (L—1) < —a 2

Moreover, Proposition 5.1 implies there is a positive constant K = K (L) such that
My N {l2] < L(=0)"*} € {(z.9) : Iyl = (=27(0, 1,... 1)1)/?| < K}

whenever —t is sufficiently large.

Proposition 5.11. For K as above we have maxy;, G > —1/8K for every t < 0.

Proof. The proof is a direct adaptation of [BC19, Proposition 3.3]. We make use of
the hypersurfaces

Yo={(y,2) 1 y=Vy(2)0,0€ S Ly<z<a}
constructed in Section 4. The hypersurfaces
Sar = (—1)?%, — (0, Ka?)
= {(y,2) sy = (=)W, ((—t) (2 + Ka®))b, 6 € S,
(—t)2Ly — Ka® < z < (—=t)Y?a — Kd?}

form a G-flow. As t — —oo the rescaled hypersurfaces (—t)~"/2M; converge in O,
to the cylinder {|y|* = 27(0,1,...,1)}, and the hypersurfaces

(=072 (Sae N {2 = (1) Lo})

converge to a compact subset of {|y|* < 27(0,1,...,1)}. So when —¢ is sufficiently
large depending on a we have

Za,t N {Z Z (—t)l/QL()} C Qt,

where €); is the open region bounded by M.
Since W, (z) is concave, as a consequence of (14) we have

WL+ Ka®(=)7%) < W, (L) + (Va(L) — o(L — 1)) Ka?(—t) 712
< (29(0,1,..., 1)Y? — K(—t)"1/?
for —t > 4K?a? and a sufficiently large. On the other hand,
{52) 9] < (<290, 1., )02 — K, = = (—)V2L} € 01 {o = (—0) 1)

when —t is sufficiently large. It follows that for —t > 4K?2a? and a sufficiently large
we have

Sue N {e = (620} € 0,0 {z = (—0)1).
Therefore, the parabolic maximum principle implies that

YorN{z> (—)"2L} C
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for —t > 4K?a? and a sufficiently large. When t = —4K2a? the tip of 3, is located at
(0, Ka*) = (0, —t/4K). From this we conclude that M; N {z > —¢/4K} is nonempty
for all sufficiently large —t.

It follows that sup,, G > —1/8K at some sequence of times tending to —oco. On
the other hand, the differential Harnack inequality implies that G is strictly increasing
in time at every point. The claim follows. 0

6. THE NECK IMPROVEMENT THEOREM

In this section we generalise the Neck Improvement Theorem for solutions of mean
curvature flow [BC21] to hypersurfaces moving with speed G.
To begin with we recall the following definition from [BC21|.

Definition 6.1. A set of vector fields K = {Ko : 1 < a < in(n—1)} on R™™ is a
normalised set of rotation vector fields if there exists an orthonormal basis {J, 1 1 <
a < gn(n —1)} of so(n) C so(n + 1), a matriz S € O(n+ 1) and a point ¢ € R™™
such that

K, (z) = 81,8z — q).
Next we define a notion of quantitative almost-rotational symmetry.

Definition 6.2. Consider a G-flow M;. A point & € My is called e-symmetric if there

exists a normalised set of rotation vector fields K = {Kq : 1 < a < sn(n — 1)} such
that

max |K,|G < 10v(0,1,...,1)

at the point (Z,t) and
max |[(K,,v)|G < ¢

in the neighbourhood P(z,1, 10, 100).

We now establish the Neck Improvement Theorem for G-flows. In fact, the proof
reduces to the proof for mean curvature flow, since up to a change of variables the
linearised G-flow over a shrinking neck is identical to the linearised mean curvature
flow over a shrinking neck. We compute the linearisation and then refer to [BC21]
for the rest of the argument.

Theorem 6.3. Let M; be a uniformly parabolic G-flow. There exists a large constant
L (depending on n, v and dist(A/|\|,0T") ), and a small constant €, depending on L,
with the following property. Let (Z,t) be a point in spacetime such that every point

wn the parabolic neighbourhood 75(55,7?, L, L?) lies at the center of an ey-neck and is
e-symmetric for some e < e1. Then (1) is 5-symmetric.

Proof. Without loss of generality, we assume ¢ = —1. After parabolically rescaling we
can arrange that G(7, —1) = (v(0,1,...,1)/2)"2. Since every point in the parabolic
neighbourhood 75(3_:, t, L, L?) lies at the center of an 1-neck, we can then approximate
M; by the cylinder

S"H(=29(0,1,..., DY) x R

in P(z,t, L, L?), up to errors which are bounded by C/(L)e; in the C1%-norm.
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For every (xo,ty) € 75(3?", —1, L, L?) there exists a normalised set of rotation vector
fields {K{™) 01 < a < sn(n — 1)} such that max, |K,|G < 107(0,1,...,1) at
(xo,to) and

max (K@) )G < e

o

in ﬁ(mo,to, 10,100). As in |[BC21, Theorem 4.4], we may assume without loss of
generality that

(15) sup max | K&~ — @0t < O(L)e
B(0,10v(0,1...,1)L) ¢

for each (xg,ty) € 75(3_3, —1, L, L?). This implies that
(K@Y 0)| < C(L)e

at each point in 75(;7:, —1,L,L*). We may also assume that the common axis of

rotation of the vector fields K,Sf”’*” is the xz,1-axis (that is, K, = J,x for some
orthonormal basis {J, : 1 < a < gn(n — 1)} of so(n) C so(n + 1)) and that Z lies in
the hyperplane {z,,; = 0}. Let us define K, := @1,
Consider M, as a graph over the z,,-axis, which we equip with the coordinate z,
so that
{(r(@,z,t)@,z) :0e St ze 21,31 } C M,.

4

Exactly as in [BC21], we have

(16) (Ko, v) +divgn1(r(0, 2,t)J.0)| < O(L)e1e
in P(z,—1, L, L?).
Fix a and set u, := (K,,v). With respect to any orthonormal frame on M;, i,
satisfies 5
% = 49 (V;V o + AF Apiis).

Define a := 4'(0,1,...,1). By Lemma 2.14 we have

YV — ol LA < O (V] + V)

Vi, —a - n1lly| < g Uql).
7 ! 922 (=2(n—1t)" " ' !

Standard interior estimates for parabolic equations imply |Vi,| + |V?u.| < C(L)e,
and hence

G — e L Al <o)
T ViVita 022 (=2(n—1t) % = !
for |z <L and t € [—%, —1]. Lemma 2.11 and Lemma 2.14 imply
/.}/’LJAfAkjaa — maa < C(L)€1€.

Putting this all together, we obtain

Qg 0*q 1 Anr 1
—a — n-1lUgq — ———

ot 922 (=2(n—1)t)"°

for || <L andt e [—%,— .
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Let us define u, (6, z,t) := (0, a="/?2,t). We then have

ou,  OPu, 1 1
- — n—1 — <
(17) G0 (2l T [Ty te| S Clb)ae

for |z| < %L and t € [—’i—;, —1]. In addition, (16) gives

(18) [ua (8, z,t) + divgn-1(r(0, 2,t)J,0)| < C(L)ere

for || < a'/?L and t € [-L?, —1].

Notice that the linear operator on the left-hand side of (17) is completely indepen-
dent of the speed 7. We may therefore appeal to Step 5 of [BC21, Theorem 4.4] to
conclude that, for each 1 < a < %n(n — 1), there are vectors A, and B, such that

|Aq| < C(L)e, |By| < C(L)e and
[ua (0, 2,t) — (Aq, 0) — (B, 0)z| < CL™Y Ve 4+ O(L)ee

for |z| < 20v(0,1,...,1)a"/? and ¢ € [-400~(0, 1, ..., 1)?, —1]. Undoing the rescaling
2z — a2z and setting B, := a'/?B,, we obtain

|(I_(a, v) — (An,0) — (Bg,0)z| < CLV/(=Dg 4 C(L)ee

for |z] < 207(0,1,...,1) and t € [—4007(0,1,...,1)* —1]. Step 7 and Step 8 of
[BC21| show that if L is sufficiently large and ¢; is sufficiently small (depending on
L), then (7, —1) is 5-symmetric. This completes the proof. O

7. ROTATIONAL SYMMETRY

Let My = 0y, t € (—o0,0], be a strictly convex ancient G-flow which is noncol-
lapsing and uniformly two-convex. Suppose in addition that M; is noncompact. In
this section we prove that M, is rotationally symmetric. The arguments follow [BC19,
Section 5] and [BC21, Section 5|. We make use of the Neck Improvement Theorem
and the lower bound for the maximum of G over M; established in Proposition 5.11.

Throughout this section C' denotes some large constant which is independent of ¢.

Lemma 7.1. For sufficiently large —t the mazximum of G over M, is attained at some
unique point p;. The Hessian of G is negative-definite at p;, and hence p; is smooth
as a function of t.

Proof. When —t is sufficiently large, M, N B(0, (—107(0,1,...,1)t)'/2) is close to
the cylinder R x S"~1((—2v(0,1,...,1)t)"/2). As a consequence, in the complement
of B(0,(—107(0,1,...,1)t)"/?), M, consists of two connected components. One of
these is compact and the other is noncompact. By Lemma 2.7, on the noncompact
component we have G < C(—t)~/2. Since we have shown (in Proposition 5.11) that
maxy, G is bounded from below by a positive constant, it follows that max,, G is
attained by some p; in the compact component.

Now consider an arbitrary sequence t, — oo. After passing to a subsequence,
the sequence of shifted flows M, — p:, converges in C}. to an ancient G-flow.
Moreover, on the limit, the spacetime maximum of G is attained at (0, 0). Therefore,
by Proposition 2.9, the limit is a translating soliton, and hence is the bowl soliton by
[BL16] (cf. [Has15]). The claim follows. O
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Let €; and L be the constants in the Neck Improvement Theorem. Given that
maxy, G is bounded from below, Proposition 2.3 implies that G(z, )™ = o(|z — ps|)
uniformly in ¢. Therefore, by Lemma 2.7, there is a large constant A with the following
property: every point = € M, satisfying |z — p;| > A lies at the center of an £;-neck
and satisfies G(x, t)|z — ps| > 1059(0,1,...,1)L.

Lemma 7.2. There is a time T < 0 with the following property. Ift <T and T € M;
is such that |T — pg| > A, then |T — py| > |T — py| for all t < t.

Proof. We have seen that, when —t is large, M, is extremely close to the bowl soliton
near p;. In particular, %pt is almost parallel to —v(p;,t). It follows that there is a

time 7" < 0 such that
d
<$ — Pt %pt> >0

whenever t < T, x € M; UQ, and |x — p;| > A. Consequently,

d r—p d
Cle—p|=— Zp ) <0
at" i <|x—pt|’ dtpt>

whenever t < T, x € M; U and |x — p;| > A.
Consider a time ¢ < T and a point T € M; such that |z — pgl > A. We claim that
|T — ps| > |T — pg| for all ¢ < ¢. If this is not the case then

t=sup{t <1:[z—pl<|z—pil}

is finite. We have ¢ < £ and |z — p;| > |Z — pg| > A for t € [£,]. But our choice of T
ensures that 2|z —p;| < 0 for ¢ € [£, ], and hence |z — p;| > |Z — pz|. This contradicts
the definition of ¢, so T has the desired property. O

Next we employ the Neck Improvement Theorem to show that the end of M,
becomes increasingly symmetric at large distances.

Proposition 7.3. Ift < T, and x € M; satisfies |v — p;| > 2140 then (z,t) is
27 e -symmetric.

Proof. We argue by induction on j. The assertion is true for j = 0, by virtue of the
fact that if ¢t < T and |z —p;| > A, then (z,t) lies at the center of an e;-neck. Suppose
that j > 1 and the assertion is true for 7 — 1. If the assertion fails for j then there is
a time £ < T and a point & € M; such that |Z — pg| > 27/4°A and yet (z, f) fails to be
27Jg -symmetric. Appealing to the Neck Improvement Theorem, we conclude that
there is a point (z,t) € P(z,t, L, L?) such that either (z,t) is not 277+e;-symmetric,
or else (z,t) does not lie at the center of an e;-neck. In the former case the induction
hypothesis implies |z —p;| < 2%/\, and in the latter we have |z —p;| < A. So in both
cases |z — py| < 20 A. Since t < f < T, Lemma 7.2 implies that | — pi| < |7 — pi.
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Combining all of this we obtain
1T — pel <17 — pi
< |z —p| + |7 — 2|
< 2% A +107(0,1,...,1)LG(z, 1) "
< 27Tz — pi| + 107°)% — pyf
< |z — pl.
This is a contradiction, so the assertion holds for 7, and the claim follows by induction.
OJ
We now proceed with the main result of this section.
Theorem 7.4. For each t < 0 the hypersurface M; is rotationally symmetric.
Proof. Fix an arbitrary time ¢ < T'. For each j, let
Q0 = {(z,8) 1t <t, 2 € M, |v—p| < 200A}.

Let ) be a large constant to be chosen later. By Proposition 2.3, when j is sufficiently
we have
Gz, t) > QA|z — p| =t > 279/400Q
for each (x,t) € QU).
By Proposition 7.3, every point in dQU) is 277e;-symmetric. That is, for each
(z,t) € 9QY) there exists a normalised set of rotation vector fields

KeD = (KD 1 <a< sn(n—1)}
such that max, |[K"”|G < 10(0,1,...,1) at (z,¢) and max, (K&, 1)|G < 277¢,
in P(x,t,10,100). Arguing as in [BC21, Theorem 5.4], we find that for each j there

exists a normalised set of rotation vector fields KU = {Kéj) 1< a<in(n-1)}
with the following property. If (z,t) € 9QU) is such that  — 2//1%° < ¢ < £, then

Ln(n-1)
2

inf max [KY) — E waBK(x’t) < 02792
weO(gn(n—1)) B=1 g

at the point (z,t). It follows that if (x,t) € 90U is such that £ — 27/1% < ¢ < then
max [(KY) v)| < C279/2

at (z,t). Finally, for ¢ — 27/190 <t <t we have
Ipe — pi| < C'29/100,
and hence ‘ .
max [(KY), )| < €27/100
for every (z,t) € QU such that # — 2//1%0 < ¢ < 7.
For each 1 < a < %n(n — 1) we define a function fc(f) QU - R by
(K&, v)

() .— _9=3/200(F _
1) = exp(—2 (t t))G_Q—j/400'

«
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When j is large each of these functions satisfies
(e, 1) < 02794,

for every (x,t) € 00U such that £ — 2//1% <+ < ¢ and for every (z,t) € QY such
that t = ¢ — 27190, Moreover, we have

) . 2 . .
(at - ’quvpvq)fc(y]) - G o 2—j/400 ’ypququng])
. 2
_ 9=3/400 'ququ _ 9—i/400 f(j)
G — 2—3/400 o

We estimate the final term on the right by
:pq A2
sy S S G
G — 2-4/400 = O G —2-i/40
Choosing () > C' ensures that the right-hand side is positive when j is large. We may
then apply the the parabolic maximum principle to conclude that

[ (@, 0)] < 279

for every (z,t) € QU such that # — 2//1° < ¢ < ¢, )

As j — oo, KCU) converges to a normalised set of rotation vector fields IC such
that (K,,v) vanishes identically on M, for every 1 < a < In(n —1) and ¢ < &.
In particular, M is rotationally symmetric. Since ¢ < T was chosen arbitrarily, we
conclude that M, is rotationally symmetric for ¢ < T

It is now straightforward to show that M; is rotationally symmetric for all ¢ < 0.
The quantity u, := (K,, ) satisfies

&ua = Vjvivjua + ’.}/ijA?Akjuoz'
Moreover, the function h(z,t) = e*“!(|z|?> + 1) satisfies
Och = 49V, V;h 4+ 2Ch — 2e*t4Pg, > 49N, b + 49 AF Ay ik

for t > T if C is sufficiently large. By the maximum principle, sup,,, % is nonin-

creasing for ¢ < 0. Since (K,,v) = 0 vanishes at ¢t = T, we have (K,,v) = 0 on M,
for all t < 0. OJ

. 1 .
—9=i/400 5~y _ 9—j/400
- C

8. UNIQUENESS OF ANCIENT SOLUTIONS WITH ROTATIONAL SYMMETRY

Let M;, t € (—o0, 0], be a strictly convex ancient G-flow which is noncollapsing and
uniformly two-convex. We assume in addition that M; is noncompact and rotationally
symmetric about the z,,;-axis in R"*1. Therefore, there is a convex function f(r,t)
such that M; is the set of points (rf, f(r,t)) for § € S"~'. The function f satisfies

fi = G<—€n+1> ’/>71

_ frr fr fr
ft_7(1+f3,7,,7>

We can also express M, in terms of the radius function r(z,t), which is determined
by

and hence

f(r(z,t),t) = =
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., 1 1
Ty = — — =, ..., .
t 7 1—{—7’2’7"’ ’7“

Since M, is strictly convex we may assume that

We have

r >0, r, > 0, e < 0 and 7., < 0.

Without loss of generality, we may assume r(0,0) = 0.
We adapt the arguments in Section 6 of [BC19] (see also Section 6 of [BC21]) to
prove that M; moves by translation. It follows that M; is the bowl soliton.

Proposition 8.1. The hypersurfaces M, move by translation.

Let ¢ = (0, f(0,t)) denote the tip of M, and set Gyp(t) = G(qi,t). As a conse-
quence of the differential Harnack inequality we know that Gy;, is nondecreasing with
time, and hence

G := lim Gyp

t——o00
is well defined. Proposition 5.11 implies that G > 0.
Next we establish that f,(r,t) is a nondecreasing function of time.

Lemma 8.2. We have fy(r,t) > 0 everywhere.

Proof. Proposition 2.9 asserts that
%G +2(V,VG) + AV, V) >0

for every vector field V' on M;. Setting V = G(—e,41, V)’le;q, where T denotes the
component tangent to M;, we obtain

<% + Vlvl) (G<—€n+1, l/>71) Z 0.
On the other hand

Fu = (% ; vivi) (Gl=ensr, 1)),

so this implies the claim. [l
We conclude that fi(r,t) is bounded from below by G.

Lemma 8.3. We have fi(r,t) > G everywhere. Moreover, for each ro > 0,
m sup (1) = G.

li
t——o0 r<ro
Proof. Fix a sequence t,, — —oo and consider the sequence of shifted solutions M} =
M+, — q1,- By Proposition 2.4 this sequence converges to a rotationally symmetric
limiting solution M; which is defined for all £ € (—o00,00) and is strictly convex.
Moreover, the speed of M; at its tip is constant in time and equal to G. Therefore,
by Proposition 2.9, the hypersurfaces M; move by translation. We conclude that
klim sup | fi(r,tx) — G| =0,

00 rlrg
and since fy(r,t) > 0, it follows that fi(r,t) > G at every point in spacetime. O

Next we show that f;(r,t) is nondecreasing as a function of r.
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Lemma 8.4. We have fy,.(r,t) > 0 everywhere.

Proof. Fix a time ty < 0 and a radius 7o > 0 at which f(ro, t) is defined. We consider
the parabolic region

Qr = {(z,t) ER" x [T, to) : 2 +---+22_, <r2}.
Using the evolution equations

0 g g
5.C = 1ViV;G + Y9 AF Ay, G

and

0 i i
§<_€n+la v) =49V, Vi{—en1,v) +7 ]AfAkj<—€n+1, v)

we conclude that
sup G(—epi1,v) " = max{ sup  G(—epi1,v)",  sup G<_€n+1aV>_1}'
Qr r<ro, t=T r=ro, T<t<to

Since f; = G{—epy1,v) " it follows that

sup f = max{ sup [, sup ft} < max{ sup ft, ft(TOatO)}>

Qr r<ro, t=T r=ro, T'<t<to r<rog, t=T

where we have made use of Lemma 8.2. Sending 7" — —oo and appealing to
Lemma 8.3 we obtain

f:(0,t9) <max{G, fi(ro,t0)} < fi(ro, to)-

Since oy was arbitrary this completes the proof. 0

There exists a small constant £q such that ¢; does not lie at the center of an y-neck.
Since G is at least G at the point ¢;, by Lemma 2.7, there exists a decreasing function
A : (0,e9] — R such that if x € M, satisfies |x — ¢;| > A(e) then z lies at the center
of an e-neck.

Recall the notation F'(0,1) = ~(0,1,...,1).

Lemma 8.5. On every eg-neck we have rr, = r/f, < 4(F(0,1) + Coe0)G ', where
Cy depends only on n and 7.

Proof. On an eg-neck we have % =r, < g9. Moreover, the principal curvature in the
radial direction is bounded from above by eq/r. This gives
frr 20
A+ =
and hence f
r Tr
sy, <o +ef)!/2.

Using Lemma 8.3 we obtain

_ frr fr fr o Tfrr ﬁ &
ggft_7(1+f377777) _’y<<1+fr2)fr’1”1> r S(F<071)+0050)r'

O

The following lemma establishes scaling-invariant derivative bounds for r(z,t) on
any £o-neck.
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Lemma 8.6. There is a constant C'y > 1 such that on every eg-neck with r > 1 we
have rm|jz—mmr| <Ci,m=1,23.
Proof. For m = 1 we may appeal to Lemma 8.5.

Set u = (—e,11,v). Since f; = Gu™!, Lemma 8.3 implies u < GG~'. Suppose (z,t)
lies at the center of an ep-neck. We may then use the evolution equation

au =YYV, V u+ “'y”AfAij

and standard interior estimates for linear parabolic equations to conclude that
|vmu|2 S OG2m+2
at (z,t).
The claim follows from this estimate by writing the left-hand side in terms of r and
rearranging. Indeed, we have u = r,(1 4 72)~'/2 and the induced metric is

g=(1+72)dz* +r*ggn1.
Using these formulae the rest of the argument is straightforward. ([l

Next we prove a sharp estimate for r,,(z,t) which is valid when r(z, t) is sufficiently
large.

Lemma 8.7. Let Cy = 2+ 2A(go) + S (F(0,1) + Cogo)?G 2. If r(z,t) > Cs then
[(r7.).(2,1)] < Cgr(,z,t)’?’/2 and 0< —r..(zt) < Cr(z,t)"r’/?.

Proof. Let us fix a point (7,t) such that 7 > Cy and let z = f(7,¢). We then have
that every point z = (6, f(r,t)) in M; with r > 7 lies at the center of an ey-neck.

Using f, > (F(0,1) + Coeo) 'Gr we estimate

Z—f(g,f) = fr(r,t)dr > S(F(O, 1) + Cogo) ' G2
7/2

Since 7 > 8 (F(0,1) 4+ Coep)*G 2 this implies that f(%,1) < z— 7. In other words,
r(z,t) > 7/2 for z > Z — 7%/2. Since r(z,t) is nonincreasing in time it follows that
r(z,t) > 7/2 for t <t and z > z — 7/2. In particular, r > 7/2 holds in the set
Q= [z —7/% 24+ 7/% x [t — 7,1, and hence every point (x,t) with (2,41,t) € Q
lies at the center of an £g-neck.

We compute

(rr.) r,, 1 1 L r,, 1 1 TT s 2rr,r2,
L)y = —T, — T, Ty ey T - s Ty ey T -
¢ i 1+72'r r " 1+72"r r 1+72  (1+72)?
Tzn g Ty 1 1
2 ()

Inserting
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we obtain
(rr.) N r., 1 1 Tl s N TT s 2rr,r2,
rry) = — S, — —
6= L+7r2"r r L+72 1472 (1+41r2)?

1 r,, 1 1 (rr) (2+3r¥)r .. +rrir... 2rr,re,
= e Ty sy — — )
7 L+7r2'r r 1+72 (L+72)?

Let us define a smooth function a = a(z,t) by

a(z’t):%( r.2(2,t) 1 B 1 )

14202 (2 0)) T r(20)

so that we may write

(rr.) (rr) (2+3r3)rr., +rrir... 2rr,r2,
rry)e —a(rry),, = —a —a )
' 1472 (1472)?

We have C~! < a < C, so using Lemma 8.6 we find that

sup |rTz| S C and sSup |(rTz)t - a(rrz)zz| S 077173-
Q Q

Standard interior estimates for linear parabolic equations then give

|(r72).] < Cr3/? sup |rr.| + C7r/? sup |(rr.): — a(rrs) 22|
Q Q

at (z,t). So we conclude that

|r..| < CF5/?
at (Z,1). O
For each z < 0 we define 7 (z) such that r(z,¢) > 0 for ¢t < 7(z) and
li t)=0.
&)

Lemma 8.8. Whenever z <0 and t < T(z) we have
2F(0,1)(T(2) —t) < r(z, 1)
If in addition r(z,t) > 2Cy then we also have
r(z,t) < 2F(0,1)(T(2) — t) + C(T (2) — t)V/* + C2.
Proof. Let us fix a point (Z,¢) such that z < 0. Since r,, < 0 we have

d, r(Z,t)r..(Z, 1)
a(r(z, t)°+2F(0,1)t) = —27( -

and hence

ERS: ,1,...,1)+2F(0,1)<0,

K51 > 2F(0,1)(T(z) — 1),
From now on we assume r(z,t) > 2C,. Let < ¢ < T(2) denote the time at which
r(z,t) = Cy. We have

2F(0,1) > 27( _rE a3 1) 1) —Clr(z, ). (5, 1),

L+r.(z,t)2 7



ROTATIONAL SYMMETRY OF ANCIENT SOLUTIONS 55

and hence

d

priu )2+ 2F(0,1)t) = —27( _ &z 1) +2F(0,1)

L4+r. (2627
> —Clr(z,t)r,.(z,t)]
for £ <t < t. Lemma 8.7 now gives
d
dt
Integrating this inequality over ¢ < t < f gives

(r(2,1)% + 2F(0, 1)t) > —Cr(z, )73/,

r(z,1)? —r(z,1)* = 2F(0,1)(t — ) — /t %(r(f, t)? 4+ 2F(0,1)t) dt
< 2F(0,1)(f — 1) + O[r(z, )32 dt

< 2F(0,1)(t —1) + C/t(’T(z) — )3 ar
< 2F(0,1)(T(2) — 1) + C(T(2) — D).

Inserting r(Z,t)? = C2 gives the claim. O

Using the estimates for r(z, t) established in Lemma 8.8, we can now prove a sharp
lower bound for r(z,t)r,(z,t) at z = 0.

Lemma 8.9. Let us fix 6 > 0 arbitrarily. We have
H(0,0)r2(0,1) > F(0,1)(G" — )
whenever —t s sufficiently large.

Proof. In the following we assume —t is so large that R = r(0,¢) > 2C5. Recall that
Cy > A(eg). Consequently, every point (z,t) with z,41 = 0 lies at the center of an
go-neck. This implies |r(z,t) — R| < goR for |z| < 2R. Then we have R > C; for
|z| < 2R, so by Lemma 8.7 we have

|(r7,).] < CsR™3/2.

Lemma 8.8 implies 7(0,t) — oo as t — —00, so we may assume —t is so large that
RY? > 4C46~". The fundamental theorem of calculus then gives

Ir(z,t)r.(2,t) — r(0,8)r.(0,1)] < 205R™Y? < §/2
for |z] < 2R. Lemma 8.8 gives
r(=R,t)*>>2F(0,1)(T(-R) —t) and  r(—2R,t)*> > 2F(0,1)(T(-2R) —t).

Assuming —t is so large that r(—2R,t) > 2C5, the second of these inequalities and
Lemma 8.8 imply

r(—=2R,t)? < 2F(0,1)(T(=2R) —t) + C(T(—=2R) — t)/* + C?
< 2F(0,1)(T(=2R) —t) + Cr(—2R,t)"/? + C?
< 2F(0,1)(T(-2R) —t) + CRY? + C2.
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We thus have
r(—R,t)* = r(=2R,t)> > 2F(0,1)(T(—=R) — T(—2R)) — C,RY* — C%.

On the other hand, Lemma 8.3 implies

T(=R,t) — T(—-2R,t) > (G' - 6/4R
for sufficiently large —t. We may assume —t is so large that

C? + C4RY? < F(0,1)6R/2,
so that combining these estimates gives
r(—R,t)?> —r(=2R,t)* > 2F(0,1)(G' — §/2)R.

Therefore, if —t is sufficiently large,

sup  7(z,t)r.(z,t) > F(0,1)(G 1 —§/2).

z€[—2R,—R]
Recalling that r(0,t)r.(0,t) > r(z,t)r.(z,t) — /2 for |z| < 2R, we finally obtain
r(0,t)r.(0,t) > F(0,1)(G~" — )
for —t sufficiently large. O
We recall [BC19, Proposition 6.9].

Lemma 8.10. We define a smooth function v : (0,00) x (0,00) — R by

1 C_ew? (z4)?
z,t) = e A —e & )dy.
vt == [ )dy

Then v is a solution to the heat equation 1y = ... Moreover, for each z > 0 and
t > 0 we have ¥,,(z,t) <0, and

lgr})w(z,t) =0, Zlggo P(z,t) =1, gréw(z,t) =1, tlggo P(z,t) =0.

Using the function 1(z,t) to construct an appropriate barrier, we extend the lower
bound for r(0,t)r.(0,t) proven in Lemma 8.9 to z > 0.

Lemma 8.11. Given ¢ > 0 there is a time t dependig on § such that
r(z,t)r.(z,t) > F(0,1)(G" —6)
for all z >0 and t < t.
Proof. By Lemma 8.7, we have 1+ rr,, > 0 for r > C; + C5. This implies
2
(rr2)e = “<1TT+Z)7~Z§Z B GQTZTZZS j: :5; ) Y?rzzz
for r > C; + C5. By Lemma 8.11 we may choose ¢ so that
r(0,8)r.(0,¢) > F(0,1)(G"" —0)

for every ¢ < t. Moreover, for a suitable choice of ¢ we can arrange that r(z,t) >
C, + Cy for all z > 0 and t < . For each s < f we define a barrier function 1%(z,t)
by

Y (2, t) = F(0,1)(67" =20 = G7M(gz,t —5)),  (2,1) € (0,00) x (s,1],
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where ¢ is a positive constant. We claim that if ¢ is chosen correctly then rr, > %
for all z> 0 and ¢ € (s,1].
By our choice of t,

7(0,t)r,(0,t) > F(0,1)(G™" — ) > limsup ¢**(2, t)
z—0
for each ¢ € (s,t]. Moreover,
lim inf 7(z, t)r.(z,t) > 0 > limsup ¢**(z, )
Z—00 2—00
for each ¢ € (s,t]. Finally,
(2, 8)r.(z,5) > 0 > limsup ¢¥**(z, t).

t—s

Thus, if the inequality rr, > 1®* fails, then there is a point (2,) € (0, 00) X (s, ] such
that 7(Z,1)r.(2,1) = ¥>*(Z,1) and r(Z,t)r,(,t) > *5(Z,t) for t € (s,1). At (2,1) we

have )
(¢5’S)2z (Trz)zz 0,8 —2.0
< < < = s,
a 1 Tg a 1 r >~ (Trz)t >~ wt q 1/Jzz

Since a > C~' and r? < ¢, recalling that ¢%° > 0, we have a contradiction if
q > 100+ C.
We thus conclude that r(z,t)r.(z,t) > 1%(z,t) for all z > 0 and t € (s,], where
s can take any value such that s < {. Sending s — —oo, this gives
r(z,t)r.(z,t) > F(0,1)(G — 20)

for all z >0 and t < ¢. d

Lemma 8.11 lets us conclude that, at sufficiently early times, r(z,t)? grows at least
linearly in 2z as z — oo.

Lemma 8.12. We can find a time T € (—o00,0] such that r(z,t)* > G~'z whenever
z>0andt <T. In particular, if t < T then the function f(r,t) is defined for all
r>0.

Proof. By Lemma 8.11 we can choose T so that 7(z,¢)r.(z,t) > £G~! for all z > 0
and t < T'. The assertion then follows from the fundamental theorem of calculus. O

With these preparations out of the way, we can show that the limit of r(z,t)r.(z, )
as z — 00 is constant in time.

Lemma 8.13. For each t < T we have lim, o 7(z,t)r.(2,t) = F(0,1)G!.
Proof. Lemma 8.5 gives

limsupr(z,t)r.(z,t) = F(0,1)G*

Z—00

for ¢ < 0. So it suffices to show that
liminfr(z, t)r,(z,t) > F(0,1)G*

Z—00

for t <T. Given any §, Lemma 8.11 provides a t < T such that
liminfr(z, £)r.(z,t) > F(0,1)(G* — 26).
Z—00
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Moreover, Lemma 8.6 gives

Ty, TT4as 27’TZ7’§Z C

a JR—
1+7r2 1472 (1422~ r2

|(rr2)e] <
for r > (5. Using Lemma 8.12 we obtain
h;r_l)(i;lfT(Z, tr.(z,t) = lizrr_l)glfr(z, Dr.(z,t) > F(0,1)(G! — 20)
for t <T. Since § can be chosen arbitrarily small, this completes the proof. O
We finally conclude that the hypersurfaces M; move by translation.

Proof of Proposition 8.1. Since rr, = fL, Proposition 8.13 implies

lim b F(0,1)7'G

r—oo T

for t < T'. Using this fact, the evolution equation for f, and the fact that

. frr
iy =0
we obtain
lim fi(r,t) = F(0,1) - lim I g
r—00 rT—00 r

for t < T. Using Lemma 8.4 we find that f;(r,t) < G for r > 0 and ¢t < T. Therefore,
Lemma 8.3 implies that fi(r,t) = G for r > 0 and ¢ < T'. That is, the hypersurfaces
M, move by translation with velocity Ge, | for t < T.

It is now straightforward to show that M; moves by translation for all ¢ < 0. The
quantity v := G + (Gen41, V) satisfies

o 3 ~
EU = ﬁ”ViVjv + ’.}/WA?A]W‘U.

Moreover, the function h(z,t) = >“!(|z|?> + 1) satisfies

o - -
o> AUV A AL Ay

for ¢ > T if the constant C'is sufficiently large. By the maximum principle, sup,,, %

is nonincreasing for ¢ < 0. Since v vanishes at ¢ = 7', we have G = —(Ge,41,v) on
M, for all t < 0. That is, M; moves by translation with velocity Ge, 1 for t <0. [

We now have all the ingredients required to prove Theorem 1.1.

Proof of Theorem 1.1. Let My, t € (—00,0], be a convex ancient G-flow which is
noncollapsing and uniformly two-convex. Suppose also that M, is noncompact. If M,
fails to be strictly convex, then it is a self-similarly shrinking cylinder by Lemma 2.5.
If M, is strictly convex then it is rotationally symmetric by Theorem 7.4. Therefore,
M; is a translating soliton by Proposition 8.1. This completes the proof. 0
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APPENDIX A. ASYMPTOTICS FOR THE BOWL SOLITON

A G-flow M; moves by translation with velocity V' if and only if
G=—-(V,v).

Suppose V = %enﬂ and My = graphu. Then this equation can be expressed as

(19) 7((51‘1@ B DiuDku) DyuDju )) :1 1 '
L+[Dul> ) \/1 + |Duf? 2\/1+ |Dul?
In case u(z) = ((p) where p = |z|, we have
(20) 7< Cop ,@7,,,,&)21.
1+¢ p P 2
F

We use the notation F(z1,x3) = (1, 2, . .., 1) and Fi(z) = 5. (¢). As we explain
in Section 4, there is a function f : U — R such that F(z1,22) = x3 if and only if
x1 = f(x9,x3), where

U= {(.’EQ,.’ﬂg) € Ra_ 0 < .’13'3/.’13'2 < Q}
and @ := lim,, ,o F(x1,1). In case ( is strictly increasing and strictly convex we
may equivalently express (20) in the form

1) o=+ 7 (23).

Up to parabolic rescalings and rigid motions of the ambient space there is a unique
translating G-flow which is convex and rotationally symmetric. We refer to this
solution as the bowl soliton. Existence and uniqueness of the bowl soliton were
established in [Ren21|. We note that existence also follows from Proposition 4.2—
simply set @ = 0o in the statement and proof. Uniqueness is proven by a standard
argument—given two bowl solitons with velocity V' = %enﬂ, shift one of them verti-
cally until both agree at some p > 0. The maximum principle then ensures that the
two solutions coincide for p < p, and so by uniqueness of solutions to ODEs they also
coincide for p > 1.

Let us denote by M; the bowl soliton which translates with velocity V' = %enﬂ and
whose tip lies at the origin. Let ((p) denote the profile function of My. In [Ren21]| it
was shown that under the assumption (0,1,...,1) € T (which we impose throughout
this paper), the hypersurface My is an entire graph. That is, ((p) is defined for all
p > 0. This can also be deduced from Lemma 4.2, which implies the bounds

C™'p<¢, < Cp,

where C' = C(n,7y) is a positive constant. Our goal is to establish the following
asymptotic expansion for ((p) as p — co.

Proposition A.1. As p — oo, the function ( satisfies

1
=———p—2%0,1,...,1)p7" .
Co(p) 01 D" 0L, ) o ()
It follows that as p — oo we have
1 .
Cp) =" — 2710, 1,..., 1) log p+ o(log p).

47(0,1,...,1)
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For the mean curvature flow, Proposition A.1 was proven in [CSS07|. We refer also
to [RS23al, which contains an independent proof of Proposition A.1 (in addition to
bowl soliton asymptotics for some other classes of flows).

Proof of Proposition A.1. Let ¢ = >2. We compute
0 _! (14 p*9*) f( 0 ! -
P p p ) 2 .
Since f (2 Fo1) ;) =0 and f is strictly decreasing in its ﬁrst argument, we see that
v, <0 Whenever 9> SFOD) 0 ) On the other hand, if v < SFOD) 0 0 and p is large, we have
v, > 0. It follows that 19 — 3 ( Iy s p — 00. Equlvalently, we have
o = g+ o)
» = 9r(0,1)" "V

as p — oo.

Next we claim that ¢, = ( sFonP T o(1) as p — oo. Let us define £ := ¢, — (10 P
We have

1 1 ¢ 11 1
= (14624 — 2 | - —
S ( IR N) 'O€+4F(0,1)2p) f(p+ 2F(0,1)° 2) 270, 1)

Since % = o(1), we may perform a Taylor expansion of f about the point (1, F'(0, 1))

to obtain
0
f(mwan§+1jmqn):2FmgyleFmJ»§+qU§
p 0 p p
( ) p

and hence

1 9 F(0,1) S & 1
=(—— -— = — .
“ (4F(071)2p +O(p)) ( F1(0,1) p ol )p 2F(0,1)
We conclude that §, < 0 whenever { > 0 and p is large, and §, > 0 whenever { <0
and p is large. It follows that & — 0 as p — oc.

Now consider the function A := p¢. Since § = o(1) we have A = o(p) as p — oo.
We claim that A — —2F"(0,1) as p — oo. To begin with we compute

p A P A
= 14— 2F(0,1)5 + 1, F(0,1
& 2F(0, 1)( T2 TR0 T AR, 1)2 £ 280, >p2+ , F(0,1)
P /\

TR0 )

and so conclude that
2

P P 2 A P
Ao = 2F(0,1) (4];1(07 1)2 +o(p )) f (QF(O, 1)} + 1, F(0, 1)) — 2F(0.1) + o(1).
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as p — oo. Performing a Taylor expansion as above, we obtain

A, =

p P’ 2 2F(0,1)* A A p
2F(0,1) (4F(0, Ty ol )) <_ Fl0.1) 2 0(1)?) “ar,1 W

2
P 2 1 A A P
S (R C— S S AEPYS ) A — ) )
(4F(0,1)2 tole )) ( F10,1) p ol )p2> 2F(0,1) +ol)
From this we observe that A, < 0 whenever A > —2F"(0,1) and p is large, and A, > 0

whenever A < —2F(0,1) and p is large. It follows that A — —2F(0,1) as p — oo.
In summary, we have shown that

1 -1
as p — 0o. From this the claim follows. U
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