
Glvfuhwh Wlph dqg Frqwlqxrxv Wlph
G|qdplf Phdq0Yduldqfh Dqdo|vlv

Duldqh Uhlvv
W elqjhu Glvnxvvlrqvehlwudj Qr1 49;

Xqlyhuvlwdhw Wxhelqjhq/ Jhupdq|

hpdlo= duldqh1uhlvvCxql0wxhelqjhq1gh

Pd| 4<<<

Devwudfw

Frqwudu| wr vwdwlf phdq0yduldqfh dqdo|vlv/ yhu| ihz sdshuv kdyh
ghdow zlwk g|qdplf phdq0yduldqfh dqdo|vlv1 Khuh/ wkh phdq0yduldqfh
h!flhqw vhoi0�qdqflqj sruwirolr vwudwhj| lv ghulyhg iru q ulvn| dvvhwv
lq glvfuhwh dqg frqwlqxrxv wlph1 Lq wkh glvfuhwh vhwwlqj/ wkh uhvxowlqj
sruwirolr lv phdq0yduldqfh h!flhqw lq d g|qdplf vhqvh1 Lw lv vkrzq
wkdw wkh rswlpdo vwudwhj| iru q ulvn| dvvhwv pd| eh grplqdwhg li wkh
h{shfwhg whuplqdo zhdowk lv frqvwudlqhg wr h{dfwo| dwwdlq d fhuwdlq
jrdo lqvwhdg ri h{fhhglqj wkh jrdo1 Wkh rswlpdo vwudwhj| iru q ulvn|
dvvhwv fdq eh ghfrpsrvhg lqwr d orfdoo| phdq0yduldqfh h!flhqw vwudw0
hj| dqg d vwudwhj| wkdw hqvxuhv rswlpxp glyhuvl�fdwlrq dfurvv wlph1
Lq frqwlqxrxv wlph/ d g|qdplfdoo| phdq0yduldqfh h!flhqw sruwirolr
lv lqihdvleoh gxh wr wkh frqvwudlqw rq wkh h{shfwhg ohyho ri whuplqdo
zhdowk1 D prgl�hg sureohp zkhuh phdq dqg yduldqfh duh ghwhuplqhg
dw w @ 3 zdv vroyhg e| Ulfkdugvrq +4<;<,1 Wkh vroxwlrq lv glvfxvvhg
dqg jhqhudol}hg iru d pdunhw zlwk q ulvn| dvvhwv1 Pruhryhu/ d g|qdp0
lfdoo| rswlpdo vwudwhj| lv suhvhqwhg iru wkh remhfwlyh ri plqlpl}lqj
wkh h{shfwhg txdgudwlf ghyldwlrq iurp d fhuwdlq wdujhw ohyho vxemhfw
wr d jlyhq phdq1 Wklv vwudwhj| htxdov wkdw ri wkh �uvw remhfwlyh1 Wkh
vwudwhj| fdq eh uhlqwhusuhwhg dv d wzr0ixqg vwudwhj| lq wkh jurzwk
rswlpxp sruwirolr dqg wkh ulvn0iuhh dvvhw1

MHO Vxemhfw Fodvvl�fdwlrq= F94 J44
Nh| Zrugv= G|qdplf Rswlpl}dwlrq/ Jurzwk Rswlpxp Sruwir0

olr/ Phdq0Yduldqfh0H!flhqf|/ Plqlpxp Ghyldwlrq/ Rswlpdo Frqwuro/
Sruwirolr Vhohfwlrq/ Wzr0Ixqg Wkhruhp1

4



4 Lqwurgxfwlrq
Wkh sureohp ri plqlpl}lqj wkh yduldqfh ri zhdowk dw wkh hqg ri rqh shulrg
zkhq wkh h{shfwdwlrq lv frqvwudlqhg wr d vshfl�hg jrdo kdv ehhq h{whqvlyho|
vwxglhg lq d vwdwlf vhwwlqj vlqfh wkh slrqhhulqj sdshuv ri Pdunrzlw} +4<85,/
+4<8<,1 Vxusulvlqjo| olwwoh kdv ehhq vdlg derxw pxowl0shulrg ru g|qdplf phdq0
yduldqfh dqdo|vlv1 Wrelq +4<98, vroyhg iru wkh rswlpdo phdq0yduldqfh h!flhqw
sruwirolr lq d pxowl0shulrg vhwwlqj xqghu wkh dvvxpswlrq wkdw wkh sruwirolr lv
qrw dgmxvwhg dffruglqj wr qhz lqirupdwlrq ryhu wlph1 Prvvlq +4<9;, ghulyhg
wkh rswlpdo vwudwhj| e| phdqv ri g|qdplf surjudpplqj iru wzr dvvhwv dqg
wzr shulrgv wr dqdo|}h zkhq p|rslf ehkdylru lv rswlpdo1 Lq wkh vhyhqwlhv/
Kdndqvvrq +4<:4/ 4<:<,/ Vdpxhovrq +4<:4, dqg rwkhu sdshuv ghdow zlwk wkh
txhvwlrq zkhwkhu pd{lpl}lqj wkh dyhudjh phdq ru wkh jurzwk udwh ri zhdowk
lv frqvlvwhqw zlwk xwlolw| wkhru|1 Vxevhtxhqwo|/ wkhuh zdv dq h{whqvlyh olwhu0
dwxuh rq wkh odwwhu jrdo vlqfh pd{lpl}lqj wkh jurzwk udwh lv htxlydohqw wr
pd{lpl}lqj wkh orjdulwkp ri �qdo zhdowk vr wkdw ulvn lv dovr frqvlghuhg lq
wkh rswlpl}dwlrq sureohp1 Krzhyhu/ vwloo pdq| lqyhvwruv uhjdug phdq dqg
yduldqfh dv wkh uhohydqw ulvn phdvxuhv dqg pdqdjhuv duh mxgjhg dffruglqj wr
wkhvh sruwirolr ihdwxuhv1 Wkh sruwirolr shuirupdqfh lv xvxdoo| qrw dvvhvvhg
diwhu rqh shulrg ru rq d gd|0wr0gd| edvlv exw ryhu d orqjhu wlph shulrg1 Wkxv/
lqyhvwruv idfh wkh sureohp ri plqlpl}lqj wkh yduldqfh ri zhdowk dw wkh hqg ri
d suhghwhuplqhg lqyhvwphqw krul}rq jlyhq wkdw wkh h{shfwhg whuplqdo ydoxh
phhwv d fhuwdlq jrdo1 Xqwlo wkh lqyhvwphqw krul}rq/ wkh sruwirolr pd| eh
uhedodqfhg lq d vhoi0�qdqflqj zd|1
Lq wklv sdshu/ wkh odwwhu sureohp lv ghdow zlwk lq d glvfuhwh wlph dqg lq d
frqwlqxrxv wlph vhwwlqj1 Wkh g|qdplf phdq0yduldqfh h!flhqw vhoi0�qdqflqj
sruwirolr vwudwhj| lv ghulyhg iru ? dvvhwv1
Lq wkh glvfuhwh wlph glvfuhwh vsdfh vhwwlqj/ d g|qdplf surjudpplqj dssurdfk
|lhogv wkh vwudwhj| zklfk plqlpl}hv wkh yduldqfh ri �qdo zhdowk hyhu| shulrg
zkloh nhhslqj wkh h{shfwhg �qdo zhdowk dw wkh uhtxluhg ohyho1 Lw lv dqdo|}hg
zkhwkhu sodflqj d frqvwudlqw rq wkh orzhu erxqg ru rq wkh ydoxh wr eh dwwdlqhg
h{dfwo| e| wkh h{shfwhg whuplqdo zhdowk ixqgdphqwdoo| fkdqjhv wkh vroxwlrq1
Lw lv vkrzq wkdw wkh phdq0yduldqfh h!flhqw vwudwhj| iru ? ulvn| dvvhwv fdq
eh irxqg e| ghfrpsrvlqj wkh sureohp lqwr wzr sduwv1 Dw �uvw/ wkh orfdoo|
phdq0yduldqfh h!flhqw sruwirolr lv ghwhuplqhg/ dqg wkhq wkh vwudwhj| wkdw
hqvxuhv rswlpxp glyhuvl�fdwlrq dfurvv wlph lv ghulyhg1
Xqiruwxqdwho|/ lq frqwlqxrxv wlph d g|qdplfdoo| phdq0yduldqfh h!flhqw sruw0
irolr lv lqihdvleoh gxh wr wkh frqvwudlqw rq wkh h{shfwhg ohyho ri whuplqdo
zhdowk1 Krzhyhu/ d vwudwhj| wkdw plqlpl}hv wkh yduldqfh ri �qdo zhdowk
dw wkh ehjlqqlqj ri wkh lqyhvwphqw krul}rq vxemhfw wr d suhghwhuplqhg �qdo
zhdowk h{shfwhg dw wlph }hur lv ihdvleoh1 Wkh g|qdplf surjudpplqj dssurdfk
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lv qrw vxlwdeoh wr wklv sureohp irupxodwlrq1 Ulfkdugvrq +4<;<,/ Gx!h dqg
Ulfkdugvrq +4<<4,/ dqg Nruq +4<<;, ghfrpsrvh wkh odwwhu sureohp lqwr d
vwdwlf rswlpl}dwlrq sureohp dqg lqwr d pduwlqjdoh uhsuhvhqwdwlrq sureohp lq
wkh vslulw ri Solvnd +4<<3,1 Dw �uvw/ wkh whuplqdo sruwirolr ydoxh wkdw plq0
lpl}hv wkh yduldqfh lv lghqwl�hg zlwklq doo srvvleoh whuplqdo ydoxhv zklfk
dwwdlq wkh uhtxluhg h{shfwdwlrq1 Wkhq/ wkh dgplvvleoh vwudwhj| wkdw jhqhu0
dwhv wklv whuplqdo ydoxh lv ghwhuplqhg xvlqj pduwlqjdoh wkhru|1 Ulfkdugvrq
dssolhv Kloehuw vsdfh surmhfwlrq wkhru| wr rewdlq d forvhg0irup vroxwlrq iru
wkh rswlpdo wudglqj srolf| dqg wkh yduldqfh ri whuplqdo zhdowk iru d pdu0
nhw zkhuh wkhuh lv rqh ulvn| dvvhw dqg d ulvn0iuhh erqg1 D voljkwo| gl�huhqw
dssurdfk lv wdnhq e| Nruq +4<<;, zkr frqvlghuv ? vwrfnv dqg sodfhv dq dggl0
wlrqdo frqvwudlqw ri qrq0qhjdwlylw| rq �qdo zhdowk1 Krzhyhu/ d sulfh lv sdlg
iru wkh odwwhu dgydqwdjh gxh wr wkh odfn ri d forvhg0irup vroxwlrq1 Wkh rswl0
pdo srolf| ri wkh prgl�hg sureohp lv glvfxvvhg dqg jhqhudol}hg iru d pdunhw
zlwk ? ulvn| dvvhwv1 Dv wlph sdvvhv/ wkhuh h{lvw vwudwhjlhv wkdw ohdg wr d orzhu
whuplqdo yduldqfh dqg kljkhu h{shfwhg ydoxh1 Krzhyhu/ dw wlph }hur/ wkhvh
vwudwhjlhv gr qrw vdwlvi| wkh frqvwudlqw rq wkh whuplqdo h{shfwdwlrq1
Dowhuqdwlyho|/ wkh rswlpdo vwudwhj| iru dq lqyhvwru zkr frqwlqxrxvo| plql0
pl}hv wkh h{shfwhg txdgudwlf ghyldwlrq iurp d wdujhw ohyho lv ghulyhg iru ?
dvvhwv zlwk dq rswlpdo frqwuro dssurdfk1 Wkh wdujhw ohyho lv vhw vr wkdw wkh
phdq whuplqdo zhdowk dfklhyhv d suhghwhuplqhg ydoxh1 Lw wxuqv rxw wkdw wklv
remhfwlyh ohdgv wr wkh vdph rswlpdo srolf| dv plqlpl}lqj wkh xqfrqglwlrqdo
yduldqfh1 Lqwhuhvwlqjo|/ wkh rswlpdo vwudwhj| fdq eh lqwhusuhwhg dv d wzr0
ixqg vwudwhj|/ zkhuh wkh wzr ixqgv duh wkh jurzwk rswlpxp sruwirolr dqg
wkh ulvn0iuhh dvvhw1
Wkh sdshu lv rujdql}hg dv iroorzv1 Lq Vhfwlrq 514 wkh glvfuhwh iudphzrun lv
suhvhqwhg1 Diwhu d sureohp irupxodwlrq lq Vhfwlrq 515/ Vhfwlrq 516 suhvhqwv
wkh vroxwlrq iru d pdunhw zlwk rqh ulvn| dvvhw1 Vhfwlrq 517 jhqhudol}hv wkh
dqdo|vlv iru ? vwrfnv1 Lq Vhfwlrq 614 wkh edvlf frqwlqxrxv wlph prgho lv
suhvhqwhg1 Wkh pdlq sureohp lv vwdwhg lq Vhfwlrq 615/ iroorzhg lq Vhfwlrq
615141 e| wkh ghvfulswlrq ri wkh plqlpxp yduldqfh sureohp/ dqg lq Vhfwlrq
61515 e| wkh irupxodwlrq ri wkh plqlpxp ghyldwlrq sureohp1 Wkh uhvxowv iru
rqh ulvn| dvvhw duh suhvhqwhg lq Vhfwlrq 61614 dqg 61615/ uhvshfwlyho|1 Vhfwlrq
61616 vkrzv krz wr ghfrpsrvh wkh rswlpdo vwudwhj| lqwr d wzr0ixqg vwudwhj|1
Wkh vroxwlrq iru wkh jhqhudo fdvh ri ? dvvhwv lv jlyhq lq Vhfwlrq 6171 Vhfwlrq
618 frqfoxghv1
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5 Wkh Glvfuhwh Wlph Prgho

514 Wkh Edvlf Prgho

Wkhuh h{lvw ? fruuhodwhg dvvhwv 7�c ��c 7? hdfk ri zklfk lv gulyhq e| wkh vdph
fodvv ri glvfuhwh wlph glvfuhwh vsdfh surfhvvhv1 Wkh +froxpq, yhfwru ri sulfhv
lv jlyhq e| 5 ' E7�c ��c 7?�

� zlwk frqvwdqw phdq udwh ri uhwxuq shu shulrg
� ' E>�c ��c >?�

� dqg frqvwdqw � ' Ej���1 Ohw P ' ��� eh wkh qrq0vlqjxodu
fryduldqfh pdwul{/ dqg {5|n�

5|
wkh yhfwru ri wkh udwhv ri uhwxuq dw wlph |

{5|n�
5|

'
�
7�|n�37�|

7�|
c ��c 7?|n�37?|

7?|

�
�

1 Iru vlpsolflw|/ wlph shulrg {| lv vhw htxdo
wr 41
Ixuwkhupruh/ wkhuh h{lvwv d ulvn0iuhh vhfxulw| zlwk lqwhuhvw udwh o shu shulrg1
Wkh pdunhw lv frpsohwh1
D sruwirolr vwudwhj| lv d yhfwru frqwuro surfhvv E�|c | � f�c� ' E��c ��c �?�

�

zlwk ��E|� dv wkh wrwdo dprxqw ri zhdowk lqyhvwhg lq dvvhw � dw wlph | vxfk
wkdw ��� zlwk � ' E�c ��c ��� lv wkh wrwdo dprxqw ri zhdowk lqyhvwhg lq ulvn|
dvvhwv1 Lw lv dvvxphg wkdw � lv dgplvvleoh dqg qrq0dqwlflsdwlqj1
f�

| ghqrwhv wkh lqyhvwrucv zhdowk dw wlph | xqghu wkh vwudwhj| �1 Wkh sruw0
irolr lv uhedodqfhg lq d vhoi0�qdqflqj zd|=

f�

|n� ' ��

|

�
�n

{5|n�

5|

�
n Ef�

| ���

|�� E� n o�

' ��

|

�
{5|n�

5|

� o�

�
nf�

| E� n o�

515 Sureohp Vwdwhphqw

Wkh lqyhvwru*v remhfwlyh lv wr �qg d vwudwhj| wkdw plqlpl}hv wkh yduldqfh ri
zhdowk dw wlph krul}rq A vxemhfw wr wkh frqvwudlqw wkdw wkh h{shfwdwlrq ri
whuplqdo zhdowk lv qhyhu ehorz wkh jrdo � =

�@oEfA m f|� ' �?u
�

�@o Ef�

A m f�

| � +4,

vxemhfw wr

.EfA m f|� � � +5,

Wkh rswlpdo vwudwhj| lv vroyhg iru yld g|qdplf surjudpplqj1
Li wkh lqlwldo zhdowk ri wkh lqyhvwru ff h{fhhgv wkh suhvhqw ydoxh ri wkh jrdo
� wkhq ff lv lqyhvwhg hqwluho| lq wkh ulvn0iuhh dvvhw vr wkdw wkh lqyhvwru grhv
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qrw idfh dq| ulvn1 Wkh sruwirolr lv qrw uhedodqfhg dqg wkh �qdo zhdowk lv
ff E� n o�A � � 1 Vlqfh wklv fdvh lv wulyldo/ lw lv qrw ghdow zlwk lq wkh vhtxho1

516 Fdvh 4= ? ' �

Lq d pdunhw zlwk rqh vwrfn dqg d ulvn0iuhh dvvhw/ wkhuh lv qr rswlpl}dwlrq
sureohp lq d rqh shulrg prgho ehfdxvh wkh frqvwudlqw ghwhuplqhv krz pdq|
vkduhv ri wkh ulvn| dvvhw duh wr eh erxjkw1 Krzhyhu/ lq d g|qdplf iudphzrun
wkhuh h{lvwv dq rswlpl}dwlrq sureohp gxh wr glyhuvl�fdwlrq dfurvv wlph1 Lq
wkh iroorzlqj/ wkh rswlpdo vwudwhj| zloo eh ghwhuplqhg iru ? ' �/ vxfk wkdw
� ' >c P ' j2/ dqg � ' �� Wr dyrlg wulyldolw|/ lw lv dvvxphg wkdw > : o�
Wkh dvvhw iroorzv d pxowlsolfdwlyh elqrpldo surfhvv1
Uhfxuvlyho| vroylqj sureohp +4, |lhogv wkh rswlpdo dprxqw wr eh lqyhvwhg lq
wkh ulvn| dvvhw dw wlph A � �

�WEA��� ' E� �fA3� E� n o��
Z

Zj2Z
+6,

zkhuh

Z '
>� o

j2
�

Dw doo sulru gdwhv | 	 A � � wkh rswlpdo dprxqw lv jlyhq e|

�WE|� '
�
� �f| E� n o�A3|

�
E� n o�3EA3E|n���

Z

� n Zj2Z
+7,

Wkh plqlpxp yduldqfh frqglwlrqhg rq wkh lqirupdwlrq dw wlph A � � dqg
| 	 A � �/ uhvshfwlyho|/ lv

�@oEfA m fA3�� '
�

Zj2Z
E� �fA3� E� n o��2 +8,

�@oEfA m f|� '
�

Zj2Z E� n Zj2Z�

�
� �f| E� n o�A3|

�2
1 +9,

Wkh rswlpdo dprxqw lqyhvwhg lq wkh ulvn| dvvhw lv sursruwlrqdo wr wkh gl�hu0
hqfh ri wkh suhvhqw ydoxh ri wkh jrdo dqg zhdowk1 Wkh frqglwlrqdo yduldqfh
dqg wkh dprxqw lqyhvwhg lq wkh ulvn| dvvhw lqfuhdvh zlwk ghfuhdvlqj wlph wr
pdwxulw| ehfdxvh wkhuh lv ohvv wlph ohiw wr dwwdlq wkh jrdo1 Ixuwkhupruh/ erwk
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ydoxhv duh wkh vpdoohu/ wkh qhduhu wkh zhdowk dw wkh jrdo/ dqg wkh yduldqfh
ghfuhdvhv zkhq wkh phdq udwh ri uhwxuq lqfuhdvhv1
Wkh rswlpdo vwudwhj| hqvxuhv wkdw wkh sruwirolr ydoxh qhyhu h{fhhgv wkh glv0
frxqwhg uhtxluhg phdq whuplqdo ydoxh +� : f| E� n o�A3|� iru doo | 	 A =

f|n� ' �WE|�

�
{7|n�

7|

� o

�
nf| E� n o�

'

3
C�

� �f| E� n o�A3|
� Z

�
{7|n�
7|

� o
�

� n Zj2Z
nf| E�no�A3|

4
D E�no�3EA3E|n���

dqg wkhuhiruh

f| E� n o�A3| 	 � , f|n� E� n o�A3E|n�� 	 �

gxh wr

Z
�
{7
7

� o
�

� n Zj2Z
	 � +:,

iru doo uhdol}dwlrqv ri {7
7

lq d frpsohwh dqg duelwudjh0iuhh pdunhw1
Wklv fdq eh hdvlo| fkhfnhg1 Ohw ^ eh wkh suredelolw| ri dq xs0pryh/ dqg
ohw o�c o_ eh wkh uhdol}dwlrqv ri {7

7
lq fdvh ri dq xs0pryh dqg grzq pryh/

uhvshfwlyho|1 Vlqfh
�
o_ � o

�
	 f lq dq duelwudjh0iuhh pdunhw + o� : o :

o_,/ rqo| {7
7

' o� kdv wr eh fkhfnhg1 E.� wkhq ehfrphv E>� o� Eo� � o� 	

j2 n E>� o�2 , o E>� o�� 	 .E{7
7

2
� � >o� , oE� � ^�Eo_ � o�� 	 E� �

^�o_
�
o_ � o�

� , o_ 	 o� �
Vlqfh � : f| E� n o�A3| iru doo | 	 A / wkh yduldqfh EED� c ES�� lv qhyhu srv0
lwlyh li wkh lqyhvwru lv deoh wr phhw wkh jrdo e| lqyhvwlqj hqwluho| lq erqgv1
Ixuwkhupruh/ vkruw0vhoolqj lv qhyhu rswlpdo1 Wkh �qdo sruwirolr ydoxh lv jlyhq
e|

fA ' �WEA���

�
{7

7
� o

�
nfA3� E� n o�

' E� �fA3� E� n o��
�

>� o

�
{7

7
� o

�
nfA3� E� n o� �

Lw h{fhhgv wkh uhtxluhg h{shfwhg ydoxh lq fdvh ri dq xs0pryh dqg lv ehorz �
lq fdvh ri d grzq pryh1 Khqfh/ wkh rswlpdo vwudwhj| vdwlv�hv dw wlph A � �
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frqvwudlqw +5,1 Dw doo shulrgv sulru wr A � � wkh plqlpxp yduldqfh srolf|
wkdw ohdgv wr wkh sruwirolr ydoxh dw wlph A � � lv ghulyhg1
Wkh rswlpdo vwudwhj| hqvxuhv wkdw frqvwudlqw +5, lv elqglqj

.EfA m f|� ' �

vlqfh wklv ohdgv wr plqlpxp yduldqfh lq d frpsohwh pdunhw1
Khqfh/ lq d pxowl0shulrg iudphzrun/ wkhuh lv glyhuvl�fdwlrq dfurvv wlph iru
? ' �� Lw lv rswlpdo wr lqyhvw ohvv lq wkh ulvn| dvvhw zkhq wkh sruwirolr ydoxh
lv forvh wr wkh uhtxluhg h{shfwhg �qdo ydoxh dqg zkhq wkhuh lv pxfk wlph ohiw1

517 Fdvh 5= ? : �

Lq wklv vhfwlrq/ sureohp E�� lv vroyhg iru ? ulvn| dqg rqh ulvn0iuhh dvvhw1
Wkh rswlpdo vwudwhj| dfklhyhv dq h{shfwhg ydoxh .EfA m f|� : � iru vrph
vwrfn sulfh surfhvvhv dqg sdudphwhuv hyhq li wkh pdunhw lv frpsohwh1 Krz0
hyhu/ li .EfA m f|� : � qr *qlfh* irupxod iru wkh rswlpdo sruwirolr vwudwhj| lv
rewdlqhg1 Lq rughu wr frpsduh wkh rswlpdo vwudwhj| iru ? dvvhwv zlwk wkh vwudw0
hj| iru rqh dvvhw/ rqo| wkrvh rswlpdo vwudwhjlhv wkdw uhvxow lq .EfA m f|� ' �
duh ghdow zlwk1
Wkh rswlpdo frqwuro yhfwruv dw wlph A � � dqg | 	 A � �/ uhvshfwlyho| duh
jlyhq e|

�W

A3� ' E� �fA3� E� n o��
�

��P�

�W

| '
�
� �f| E� n o�A3|

�
E� n o�3EA3E|n���

�

� n ��P�
+;,

zkhuh

� ' P3� E��o�� �

Wkh fruuhvsrqglqj plqlpxp yduldqfhv frqglwlrqhg rq wkh lqirupdwlrq dw
wlph A � � dqg | 	 A � �/ uhvshfwlyho| duh
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Iru � : ff E� n o�A wkh dprxqw lqyhvwhg lq hdfk vwrfn lv sursruwlrqdo wr
wkh gl�huhqfh ri wkh suhvhqw ydoxh ri wkh jrdo dqg wkh sruwirolr ydoxh1 Wkh
rswlpdo vwudwhj| lpsolhv wkdw zhdowk qhyhu h{fhhgv wkh suhvhqw ydoxh ri wkh
uhtxluhg phdq= � : f| E� n o�A3| iru doo | 	 A 1
Lqwhuhvwlqjo|/ wkh deryh uhvxow fdq dovr eh ghulyhg e| ghfrpsrvlqj wkh sruwir0
olr sureohp1 Iluvw/ wkh lqyhvwru vroyhv iru wkh orfdoo| phdq0yduldqfh h!flhqw
sruwirolr1 Wkh yduldqfh ri wkh sruwirolr udwh ri uhwxuq shu shulrg lv plql0
pl}hg vxemhfw wr wkh phdq udwh ri uhwxuq shu shulrg ehlqj frqvwudlqhg wr d
suhghwhuplqhg ydoxh >�8 1 Ohw � ' Ew�c ��c w?� ghqrwh wkh yhfwru ri sruwirolr
zhljkwv/ l1 h1 wkh sursruwlrq ri zhdowk lqyhvwhg lq hdfk dvvhw ri wkh wrwdo
zhdowk lqyhvwhg lq wkh sruwirolr1 Wkh sureohp wr eh vroyhg lv

j2�8 ' 4�?
�

��P�

vxemhfw wr

��P� n o ' >�8 1

Wklv |lhogv wkh yhfwru ri rswlpdo sruwirolr zhljkwv

�W '
>�8 � o

��P�
�

zlwk wkh fruuhvsrqglqj yduldqfh ri wkh udwh ri uhwxuq shu shulrg ri wkh sruw0
irolr zlwk phdq udwh ri uhwxuq >�8

j2�8 '
E>�8 � o�2

��P�
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Vhfrqgo|/ rswlpl}dwlrq sureohp +4, lv vroyhg iru mxvw wzr ixqgv/ wkh sruwir0
olr zlwk sdudphwhuv >�8 c j

2
�8 dqg wkh ulvn0iuhh dvvhw1 Wkh rswlpdo dprxqw

lqyhvwhg lq wkh ulvn| sruwirolr lv ghwhuplqhg e| +fi1 +7,,
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Frqvhtxhqwo|/ wkh dprxqw lqyhvwhg lq hdfk dvvhw �WE|��W lv jlyhq e| +;,1
Khqfh/ sureohp +4, iru ? dvvhwv fdq eh uhgxfhg wr d glyhuvl�fdwlrq0dfurvv0
wlph dqg d glyhuvl�fdwlrq0dfurvv0dvvhwv vxesureohp= Iluvw/ wkh orfdoo| phdq0
yduldqfh h!flhqw sruwirolr lv vroyhg iru/ vxfk wkdw wkh yduldqfh ri wkh udwh ri
uhwxuq lv plqlpl}hg iru d jlyhq phdq udwh ri uhwxuq1 Wkhuhdiwhu/ wkh rswlpdo
vwudwhj| iru wkh plqlpxp yduldqfh ri zhdowk dw wkh lqyhvwphqw krul}rq vxe0
mhfw wr d suhghwhuplqhg phdq whuplqdo zhdowk lv rewdlqhg iru dq lqyhvwru zkr
lqyhvwv lq wzr ixqgv= Wkh orfdoo| phdq0yduldqfh h!flhqw sruwirolr dqg wkh
ulvn0iuhh dvvhw1 Wkh uhtxluhg phdq udwh ri uhwxuq >�8 grhv qrw hqwhu wkh rs0
wlpdo vroxwlrq dqg fdq eh fkrvhq duelwudulo|1 Wkh dprxqw ri zhdowk lqyhvwhg
lqwr wkh orfdoo| phdq0yduldqfh h!flhqw sruwirolr lv/ krzhyhu/ ghwhuplqhg e|
wkh uhtxluhg h{shfwhg whuplqdo zhdowk1
Dv vwdwhg deryh/ vwudwhj| +;, lv rqo| rswlpdo li .EfA m f|� dozd|v h{dfwo|
htxdov lwv orzhu erxqg� 1 D suhuhtxlvlwh iru wklv lv wkdw wkhuh duh qr uhdol}d0
wlrqv ri vwrfn sulfhv vxfk wkdw ��
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� � �n��P�1 Rwkhuzlvh/ vwudwhj|

+;, vroyhv wkh prgl�hg sureohp
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vxemhfw wr

.EfA m f|� ' � 1 +43,

Vlqfh wklv prgl�hg sureohp frqvwudlqv wkh frqglwlrqdo h{shfwhg whuplqdo
ydoxh wr h{dfwo| pdwfk jrdo � / wkh sruwirolr ydoxh f| lv deryh wkh suhvhqw
ydoxh ri wkh jrdo � E� n o�3EA3|� iru vrph vwrfn sulfh sdwkv1 Khqfh/ lq wkhvh
fdvhv wkh yduldqfh lv srvlwlyh hyhq wkrxjk uhedodqflqj wkh sruwirolr vxfk wkdw
hyhu|wklqj lv lqyhvwhg dw wkh ulvn0iuhh udwh ohdgv wr d ghwhuplqlvwlf �qdo zhdowk
wkdw lv deryh � 1 Wklv vwudwhj| lv fohduo| frxqwhu0lqwxlwlyh1 Wkhuh h{lvwv d
vwudwhj| zklfk uhvxowv lq d ghwhuplqlvwlf �qdo ydoxh deryh wkh uhtxluhg phdq
�qdo ydoxh1 Krzhyhu/ wklv vwudwhj| lv qrw sxuvxhg exw d vwudwhj| wkdw lqyroyhv
vrph ulvn lq rughu wr phhw wkh jrdo h{dfwo|1 Khqfh/ wkh rswlpdo vwudwhj|
wkurzv prqh| dzd| rq dyhudjh1
Frqvhtxhqwo|/ zkloh vroylqj sureohp E<� vxemhfw wr wkh htxdolw| frqvwudlqw
E�f� iru ? ' � uhvxowv lq wkh vdph rswlpdo sruwirolr dv vroylqj E<� vxemhfw wr
wkh lqhtxdolw| frqvwudlqw E2�/ wkh rswlpdo vwudwhj| pd| gl�hu iru ? : � ulvn|
dvvhwv1 Li ��

�
{5
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� o�
�
	 � n ��P� iru doo vwrfn sulfh uhdol}dwlrqv/ wkhq wkh

vroxwlrqv ri erwk sureohpv frlqflgh1 Rwkhuzlvh/ wkh htxdolw| frqvwudlqw +43,
lv fohduo| qrw dssursuldwh iru lqyhvwruv zkr suhihu pruh zhdowk wr ohvv vlqfh
iru vrph vwrfn sulfh sdwkv d ulvn| vwudwhj| lv iroorzhg lq rughu wr jlyh prqh|
dzd| rq dyhudjh1 Khqfh/ lq wkh jhqhudo fdvh/ lw lv lqhylwdeoh wr vroyh sureohp
E4� zlwk frqvwudlqw E2� wr rewdlq d srolf| zklfk lv qrw grplqdwhg1
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6 Wkh Frqwlqxrxv Wlph Prgho

614 Wkh Edvlf Prgho

Wkhuh h{lvw ? fruuhodwhg vwrfnv jhqhudwhg e| ? lqghshqghqw Eurzqldq pr0
wlrqv1 Wkh sulfhv ri wkhvh vwrfnv duh dvvxphg wr hyroyh dv

_7� ' 7�>�_|n
?S

�'�

j��_`�

zkhuh >� dqg j�� duh frqvwdqwv iru �c � ' �c ��c ? dqg `� lv d vwdqgdug lqgh0
shqghqw Eurzqldq prwlrq1 Wkh pdunhw lv iulfwlrqohvv1
Ixuwkhupruh/ wkhuh h{lvwv d ulvn0iuhh erqg zkrvh sulfh hyroyhv dffruglqj wr

_� ' 4�_|

zkhuh 4 ghqrwhv wkh frqvwdqw ulvn0iuhh lqwhuhvw udwh1
Wkh vhoi0�qdqflqj sruwirolr vwudwhj| lv dq dgplvvleoh dqg qrq0dqwlflsdwlqj
yhfwru frqwuro surfhvv E�|c | � f�c� ' E��c ���c �?�

� zlwk ��E|� dv wkh wrwdo
dprxqw ri zhdowk lqyhvwhg lq dvvhw � dw wlph |1 Xqghu wkh vwudwhj| �c wkh
lqyhvwru*v zhdowk f�

| iroorzv wkh surfhvv
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zkhuh � ' E>�c ���c >?�
�/ � ' Ej���/ dqg ` ' E`�c ��c`?�

� ghqrwhv d vwdqgdug
? glphqvlrqdo Eurzqldq prwlrq gh�qhg rq wkh frpsohwh suredelolw| vsdfh1
Ohw P ' ��� eh wkh qrq0vlqjxodu fryduldqfh pdwul{/ dqg ohw wkh yhfwruv �
dqg Z eh gh�qhg e|

� ' �3� E��4��

� ' P3� E��4�� ' ��3��1

Dffruglqj wr Lw÷*v Ohppd/ d ixqfwlrq [E|c %� wkdw lv dw ohdvw wzlfh gl�huhq0
wldeoh lq % dqg rqfh lq | hyroyhv dv
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Wkh jhqhudwru ri wkh zhdowk surfhvv fdq wkhuhiruh eh zulwwhq dv
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615 Sureohp Vwdwhphqw

Lq wkh glvfuhwh wlph glvfuhwh vsdfh vhwwlqj/ wkh whuplqdo yduldqfh lv g|qdp0
lfdoo| plqlpl}hg vxemhfw wr d vshfl�hg frqglwlrqdo h{shfwhg whuplqdo ydoxh1
Vroylqj wklv sureohp uhvxowv lq xqerxqghg vwudwhjlhv lq frqwlqxrxv wlph1 Li
wkh sruwirolr ydoxh dq lqvwdqw ehiruh A lv ehorz wkh ghvluhg frqglwlrqdo phdq
� wkhq wkh rswlpdo sruwirolr pxvw frqvlvw ri dq xqerxqghg qxpehu ri ulvn|
dvvhwv1 Wklv ohdgv wr xqerxqghg yduldqfh1 Frqvhtxhqwo|/ dv orqj dv wkh lq0
yhvwru ghvluhv d fhuwdlq h{shfwhg ohyho ri zhdowk dqg qrw d fhuwdlq h{shfwhg
udwh ri uhwxuq/ d srolf| wkdw hqvxuhv d frqglwlrqdo h{shfwhg ydoxh � lv lq0
ihdvleoh1 Gxh wr wklv lqihdvlelolw|/ wkh frqwlqxrxv wlph vroxwlrq fdqqrw eh
ghulyhg e| wkh olplwlqj fdvh ri wkh glvfuhwh wlph vroxwlrq dqg wkh sureohp
srvhg lv gl�huhqw1
Lq frqwlqxrxv wlph/ wkh lqyhvwru uhtxluhv d fhuwdlq xqfrqglwlrqdo h{shfwhg
whuplqdo ydoxh vshfl�hg dw gdwh | ' f/ l1 h1 .EfA m ff� vkrxog phhw wkh
jrdo � 1 Dw wlph | : f wkhuh duh qr frqvwudlqwv rq wkh frqglwlrqdo h{shfwhg
�qdo zhdowk1 Wzr gl�huhqw fulwhuld duh ghdow zlwk lq wkh vhtxho1 Wkh �uvw
remhfwlyh lv wr �qg wkh vhoi0�qdqflqj frqwlqxrxvo| uhedodqfhg sruwirolr wkdw
plqlpl}hv wkh +xqfrqglwlrqdo, yduldqfh �@oEfA m ff� ri whuplqdo zhdowk
xqghu wkh frqvwudlqw wkdw .EfA m ff� eh htxdo wr � 1 Lq wkh vhfrqg prgho/
wkh h{shfwhg txdgudwlf ghyldwlrq ri wkh whuplqdo sruwirolr ydoxh iurp d wdujhw
ohyho K lv frqwlqxrxvo| plqlpl}hg1 Wkh wdujhw ohyho lv fkrvhq vxfk wkdw � lv
d orzhu erxqg iru wkh h{shfwhg �qdo zhdowk .EfA m ff��

61514 Plqlpxp Yduldqfh

Wkh plqlpxp xqfrqglwlrqdo yduldqfh ri whuplqdo zhdowk vxemhfw wr d suhgh0
whuplqhg xqfrqglwlrqdo h{shfwhg whuplqdo sruwirolr ydoxh lv wkh vroxwlrq ri
wkh rswlpl}dwlrq sureohp

�@oEfA � ' �?u
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A m ff� +45,
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vxemhfw wr

.EfA m ff� ' �� +46,

61515 Plqlpxp Txdgudwlf Ghyldwlrq Iurp d Wdujhw Ohyho

Wkh lqyhvwrucv remhfwlyh lv wr plqlpl}h wkh frqglwlrqdo h{shfwhg txdgudwlf
ghyldwlrq ri whuplqdo zhdowk iurp d wdujhw ohyho K xqghu wkh uhvwulfwlrq wkdw
� lv d orzhu erxqgdu| iru wkh phdq �qdo zhdowk .EfA m ff�1 Wkh rswlpdo
ydoxh ixqfwlrq ri wkh phdq vtxduhg ghyldwlrq dqg wkh fruuhvsrqglqj vwudwhj|
lv wkh vroxwlrq ri sureohp

[E|c %� ' �?u
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[�E|c %� +47,

vxemhfw wr
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[E|cK i TE�4 EA � |��� ' f

.EfA mff� � �� +48,

Wkh �uvw erxqgdu| frqglwlrq hqvxuhv wkdw doo zhdowk lv sodfhg lq wkh ulvn0
iuhh dvvhw li wkh lqlwldo zhdowk htxdov wkh suhvhqw ydoxh ri wkh jrdo � 1 Wkh
vhfrqg frqglwlrq jxdudqwhhv wkdw wkh txdgudwlf ghyldwlrq ri whuplqdo zhdowk
iurp wkh wdujhw ohyho K lv }hur dv vrrq dv wkh wdujhw ohyho fdq eh uhdfkhg e|
lqyhvwlqj lq wkh ulvn0iuhh dvvhw1 Wklv erxqgdu| frqglwlrq suhvxssrvhv K : ��
Wkh dssursuldwh rswlpdolw| htxdwlrq iru [�E|c %� lv

�?u
�

G�[E|c %� ' f1 +49,

Dvvxplqj wkdw d vroxwlrq h{lvwv wkdw vdwlv�hv [% 	 fc[%% : fc wkh rswlpdo
frqwuro yhfwru lv jlyhq e|

�W ' @h} �?u
�

[�E|c %� ' � [%

[%%

�1 +4:,

Htxdwlrq E4:� lv sodfhg lq E44� dqg E49� � Lw uhpdlqv wr vroyh wkh qrqolqhdu
sduwldo gl�huhqwldo htxdwlrq vxemhfw wr wkh erxqgdu| frqglwlrqv1

616 Fdvh 4= ? ' �

Lq wklv vhfwlrq/ wkh rswlpdo vwudwhj| dqg ydoxh ixqfwlrqv ri wkh wzr remhfwlyhv
duh suhvhqwhg iru rqh ulvn| dqg d ulvn0iuhh dvvhw zlwk > : 41
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61614 Plqlpxp Yduldqfh

Ulfkdugvrq +4<;<, vroyhg wkh plqlpxp yduldqfh sureohp +45, iru ? ' �1
Ulfkdugvrq grhv qrw xvh dq rswlpdo frqwuro dssurdfk exw ghfrpsrvhv wkh
sureohp= Wkh plqlpxp yduldqfh ri whuplqdo zhdowk xqghu wkh uhtxluhphqw
lv h{solflwo| ghwhuplqhg zlwk wkh khos ri frqyh{ surjudpplqj dqg Kloehuw
vsdfh surmhfwlrq wkhru|1 Wkhq/ wkh vwudwhj| wkdw ohdgv wr wkh whuplqdo zhdowk
zklfk jhqhudwhv wkh plqlpxp yduldqfh lv ghulyhg yld pduwlqjdoh wkhru|1 Wkh
iroorzlqj vroxwlrq lv suhvhqwhg iru � : ff i TE4A �
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E� �ff i TE4A ��
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Z ' P3� E>�4� ' j3��1

Wkh plqlpxp yduldqfh dqg wkh dprxqw lqyhvwhg lq wkh ulvn| dvvhw lqfuhdvh
zlwk ghfuhdvlqj lqyhvwphqw krul}rq ehfdxvh wkhuh lv ohvv wlph wr dwwdlq wkh
jrdo1 Ixuwkhupruh/ wkh yduldqfh dqg �W ghfuhdvh zlwk lqfuhdvlqj guliw dqg
ghfuhdvlqj lqvwdqwdqhrxv yrodwlolw|1
Zlwk wkh deryh vroxwlrq dv d vwduwlqj srlqw/ wkh frqglwlrqdo yduldqfh ri �qdo
zhdowk lv rewdlqhg

�@oEfA m f|� '
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dqg
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1 +4<,

Wkh zhdowk surfhvv zkhq sxuvxlqj vwudwhj| E�H� hyroyhv dffruglqj wr
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Wklv vwrfkdvwlf gl�huhqwldo htxdwlrq fdq eh vroyhg e| vwdqgdug phwkrgv wr
|lhog

f| ' 7K i TE�4 EA � |��� �
7K i TE�4 EA � |���ff i TE4|�
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+53,

Wkh frqglwlrqdo h{shfwhg whuplqdo ydoxh dw wlph | : f

.EfA m f|� ' 7K� �
7K�f| i TE4 EA � |��

�
i TE��2 EA � |��

grhv qrw pdwfk wkh jrdo � dv orqj dv wkh ydoxh dw wlph | gl�huv iurp lwv
h{shfwhg ydoxh .Ef| m ff�1 Khqfh/ wkh h{shfwhg �qdo zhdowk h{fhhgv � li
f| : .Ef| m ff�1
Dv vwdwhg deryh/ d vwudwhj| wkdw frqwlqxrxvo| plqlpl}hv wkh yduldqfh ri
whuplqdo zhdowk vxemhfw wr d jlyhq frqglwlrqdo h{shfwhg �qdo zhdowk lv lq0
ihdvleoh1 Lw lv vwulnlqj wkdw wkh lqyhvwru grhv qrw vwrs lqyhvwlqj lq wkh
ulvn| dvvhw dv vrrq dv jrdo � lv dwwdlqhg e| lqyhvwlqj lq wkh ulvn0iuhh dv0
vhw +f| ' � i TE�4EA � |���1 Wklv vwudwhj| kdv }hur frqglwlrqdo yduldqfh1
Udwkhu/ wkh lqyhvwru edfnv rxw ri wkh ulvn| dvvhw dv vrrq dv

f| ' 7K i TE�4EA � |�� : � i TE�4EA � |��1

Wklv vhhplqjo| vwulnlqj lqyhvwphqw srolf| lv fdxvhg e| frqvwudlqw E���1 Li
wkh sruwirolr ydoxh lv lqyhvwhg hqwluho| lq wkh ulvn0iuhh dvvhw dv vrrq dv f| '
� i TE�4EA�|��/ wkhq wkh frqvwudlqw lv qhyhu vdwlv�hg vlqfh whuplqdo zhdowk
qhyhu h{fhhgv � 1 Dv vrrq dv f uhdfkhv wkh suhvhqw ydoxh ri wkh jrdo wkh
lqyhvwru rswv rxw ri wkh ulvn| lqyhvwphqw vr wkdw fA ' � 1 Vlqfh lw lv srvvleoh
wkdw f| � � i TE�4EA � |�� iru doo | 	 A wkhuh h{lvw uhdol}dwlrqv ri fA vxfk
wkdw fA 	 � 1 Khqfh/ wkh h{shfwhg �qdo zhdowk .EfA � lv ehorz � zkhq
sxuvxlqj d vwudwhj| vxfk wkdw zhdowk lv lqyhvwhg ulvn0iuhh dv vrrq dv f| htxdov
wkh suhvhqw ydoxh ri � 1
Lq idfw/ f| ' 7K i TE�4EA � |�� zklfk fdxvhv qr pruh ulvn| lqyhvwphqw df0
fruglqj wr wkh rswlpdo vwudwhj| E�H� uhtxluhv `| ' 41 Wkhuhiruh/ +doprvw,
dozd|v vrph zhdowk lv lqyhvwhg lq wkh ulvn| dvvhw1
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61615 Plqlpxp Txdgudwlf Ghyldwlrq Iurp d Wdujhw Ohyho

Wkh plqlpxp frqglwlrqdo h{shfwhg txdgudwlf ghyldwlrq ri fA iurp d wdujhw
ohyho K jlyhq wkdw .EfA m ff� � � dqg wkh fruuhvsrqglqj rswlpdo vwudwhj|
lv ghulyhg iru ? ' � xvlqj d wzr vwhs surfhgxuh1 Iluvw/ wkh xqfrqvwudlqhg
sureohp lv vroyhg zlwk wkh g|qdplf surjudpplqj dssurdfk E49� dqg wkhq
wkh wdujhw ohyho K lv ghwhuplqhg vxfk wkdw frqvwudlqw E�D� zlwk K : � lv
vdwlv�hg1

41 Wkh vroxwlrq ri wkh qrqolqhdu sduwldo gl�huhqwldo htxdwlrq lv

[E|c f|� ' EK�f| i TE4 EA � |���2 i TE��2 EA � |�� +54,

dqg wkh rswlpdo vwudwhj| lv jlyhq e|

�WE|� ' EK i TE�4 EA � |���f|� Z1 +55,

Zkhq wklv srolf| lv iroorzhg/ wkh sruwirolr ydoxh dw wlph | fdq eh h{0
suhvvhg dv

f| ' K i TE�4 EA � |�� +56,

� EK i TE�4 EA � |���ff i TE4|�� i T

�
��`| � �

2
�2|

�
1

51 Wkh frqvwudlqw rq .EfA m ff� qrz ghwhuplqhv wkh wdujhw ohyho K=

.EfA mff � ' K� EK�ff i TE4A �� i T
���2A

� � �

K � � �ff i TE4A � i T E��2A �

�� i T E��2A �
�

Wkh rswlpdo ydoxh ixqfwlrq E2�� ghfuhdvhv zlwk ghfuhdvlqj K1 Wkhuhiruh/ K
lv vhw htxdo wr lwv orzhu erxqg vxfk wkdw K ' 7K1 Khqfh/ d vwudwhj| wkdw
plqlpl}hv wkh yduldqfh ri whuplqdo zhdowk dw wlph | ' f lv htxlydohqw wr d
vwudwhj| wkdw frqwlqxrxvo| plqlpl}hv wkh h{shfwhg txdgudwlf ghyldwlrq iurp
d wdujhw ohyho K/ li wkh wzr vwudwhjlhv duh frqvwudlqhg wr hqvxuh wkh vdph phdq
�qdo zhdowk1
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61616 Wzr Ixqg Vwudwhj|

Qrwh wkdw wkh rswlpdo vwudwhj| iru erwk remhfwlyhv fdq eh ylhzhg dv d vwudwhj|
lq wzr ixqgv= wkh ulvn0iuhh dvvhw dqg wkh rswlpdo jurzwk ixqg1 Wkh rswlpdo
jurzwk ixqg pd{lpl}hv wkh phdq jurzwk udwh ri zhdowk li d sursruwlrqdo
vwudwhj| lv sxuvxhg1
Ohw �ZE|�t| eh wkh dprxqw lqyhvwhg lq wkh ulvn| dvvhw dw wlph | zlwk tf ehlqj
wkh lqlwldo zhdowk1 Wkh zhdowk surfhvv iru vwudwhj| �Zt| hyroyhv dffruglqj wr

_t �Z ' t �Z E�ZPZ n 4� _|n t �Z�Zj_`� +57,

Wklv vwrfkdvwlf gl�huhqwldo htxdwlrq |lhogv

t �Z
| ' tf i T

��
�ZPZ n 4� �

2
�ZP�Z

�
|n �Zj`|

�
1

Wkh vroxwlrq ri sureohp

t�T
�Z

.E*?t �Z
| �

ghwhuplqhv wkh vwudwhj| wkdw pd{lpl}hv wkh phdq jurzwk udwh ri zhdowk=

�ZW ' Z�

Vwudwhj| E�H� lv htxlydohqw wr d vwudwhj| lq wkh ulvn0iuhh erqg dqg dq rswlpdo
jurzwk ixqg1 Dw wlph | ' f wkh dprxqw K i TE�4A � lv lqyhvwhg lq erqgv/
dqg wkh dprxqw � EK i TE�4A ��ff� lv lqyhvwhg lq d ulvn| ixqg1 Vlqfh wkh
odwwhu dprxqw lv qhjdwlyh/ wkh ixqg lv vrog vkruw1 Wkh rswlpdo vwudwhj| ri
wkh ixqg lv wr lqyhvw �Z8 lq wkh ulvn| dvvhw zkhuh 8f ' EK i TE�4A ��ff�
ghqrwhv wkh lqlwldo ixqg ydoxh1 Wkh ixqg ydoxh wkhq iroorzv wkh surfhvv

_8 ' 8 E�ZPZ n 4� _|� 8Zj_`�

Lqwhjudwlrq ohdgv wr

8| ' 8f i TE4|� i T

�
��`| � �

2
�2|

�
1

Zkhq sxuvxlqj wkh wzr0ixqg0vwudwhj| wkh sruwirolr ydoxh dw wlph | ehfrphv
E53�=
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f| ' Ki TE�4EA � |��� EK i TE�4A ��ff� i TE4|� i T

�
��`| � �

2
�2|

�
1

Wkh lqyhvwru ghwhuplqhv lqlwldoo| krz pxfk zhdowk lv sodfhg lqwr wkh ulvn0
iuhh ixqg dqg krz pxfk ri wkh ulvn| ixqg lv vrog vkruw1 Wkhuhdiwhu/ kh rqo|
uhedodqfhv wkh ulvn| ixqg1 Vlqfh wkh ixqg lv vrog vkruw dqg wkh ixqg lqyhvwv
�Z8 lq wkh ulvn| dvvhw/ wkh lqyhvwru dfwxdoo| sxuvxhv wkh jurzwk rswlpxp
vwudwhj| Z8 1
Wklv jurzwk rswlpxp vwudwhj| qrw rqo| pd{lpl}hv wkh phdq jurzwk udwh
ri zhdowk exw dovr plqlpl}hv wkh h{shfwhg wlph wr uhdfk d fhuwdlq jrdo dv
Phuwrq +4<<3/ Fkdswhu 9, vkrzv1 Dfwxdoo|/ wkh lqyhvwru*v jrdo wr eh uhdfkhg
lv d ohyho ri zhdowk wkdw uhtxluhv qr pruh ulvn| lqyhvwphqw dqg wkhuhiruh kdv
}hur frqglwlrqdo yduldqfh1 Sxuvxlqj wkh jurzwk rswlpxp vwudwhj| zkhuhe|
lqyhvwlqj doo zhdowk ohdgv wr phdq whuplqdo zhdowk +vhh E2e�,=

.EfZ
A mff � ' ff i T

��
�2 n 4

�
A
� 9' ��

Khqfh/ d fhuwdlq dprxqw kdv wr eh lqyhvwhg lq wkh ulvn0iuhh dvvhw vxfk wkdw wkh
frqvwudlqw lv vdwlv�hg1 Wkh uhpdlqlqj sduw lv lqyhvwhg dffruglqj wr wkh jurzwk
rswlpxp vwudwhj|1 Wkh dprxqw wr eh lqyhvwhg wxuqv rxw wr eh K1 Reylrxvo|/
wklv pl{hg vwudwhj| ohdgv wr d orzhu yduldqfh wkdq wkh sxuh jurzwk rswlpxp
vwudwhj|1

617 Fdvh 5= ? : �

Wkh sureohp ri frqwlqxrxvo| plqlpl}lqj wkh h{shfwhg txdgudwlf ghyldwlrq ri
fA iurp d wdujhw ohyho K jlyhq wkdw .EfA m ff� � � lv vroyhg iru ? ulvn|
dvvhwv1 Wkh wzr vwhs surfhgxuh lv wkh vdph dv iru ? ' �1

41 Wkh qrqolqhdu sduwldo gl�huhqwldo htxdwlrq E49� |lhogv wkh rswlpdo ydoxh
ixqfwlrq

[E|c f|� ' EK�f| i TE4 EA � |���2 i TE���P� EA � |��

zkhuh

� ' P3� E��4�� ' ��3��1

Wkh rswlpdo frqwuro yhfwru lv jlyhq e|

�W

| ' EK i TE�4 EA � |���f|��1 +58,
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51 Lq rughu wr ghwhuplqh wkh plqlpxp wdujhw ohyho K wkdw vdwlv�hv wkh
frqvwudlqw rq .EfA m ff�/ wkh zhdowk surfhvv lv ghulyhg=

f| ' K i TE�4 EA � |��

� EK i TE�4 EA � |���ff i TE4|�� i T

�
�� �`| � �

2
��P�|

�
1

Wkh rswlpdo wdujhw ohyho

K '
� �ff i TE4A � i T E���P�A �

�� i T E���P�A �

iroorzv iurp

.EfA m ff� ' K� EK�ff i TE4A �� i T E���P�A � � � 1

Vlqfh pd{lpl}lqj ��P� plqlpl}hv wkh ydoxh ixqfwlrq/ sureohp +47, iru ? : �
fdq eh uhlqwhusuhwhg dv wzr vxesureohpv wr eh vroyhg vhtxhqwldoo| dv lq wkh
glvfuhwh wlph vhwwlqj1 Lq d �uvw vwhs/ wkh lqvwdqwdqhrxv phdq0yduldqfh h!flhqw
sruwirolr lv ghulyhg1 Wkh lqvwdqwdqhrxv yduldqfh ri d sruwirolr lv plqlpl}hg
vxemhfw wr d jlyhq lqvwdqwdqhrxv guliw >�8 � Ohw � ' Ew�c ��c w?� eh wkh yhfwru
ri sruwirolr zhljkwv1 Lq rughu wr �qg wkh h!flhqw sruwirolr wkh sureohp

j2�8 ' 4�?
�

��P�

vxemhfw wr

>�8 ' ��P� n 4

lv vroyhg1 Wklv ohdgv wr wkh yhfwru ri rswlpdo sruwirolr zhljkwv

�W '
>�8 � o

��P�
�1

4;



Lq d vhfrqg vwhs/ sureohp +47, lv vroyhg iru mxvw wzr ixqgv/ wkh lqvwdqwdqhrxv
phdq0yduldqfh h!flhqw sruwirolr dqg wkh ulvn0iuhh dvvhw1 Wkh rswlpdo dprxqw
lqyhvwhg lq wkh sruwirolr lv

�WE|� ' EK i TE�4 EA � |���f|�
>�8 � o

j2�8

Wkh dprxqw lqyhvwhg lq hdfk dvvhw �WE|��W lv wkhq jlyhq e| E2D�1
Wkh jhqhudo vroxwlrq iru wkh plqlpxp yduldqfh sureohp +45, fdq eh ghulyhg
lq dq dqdorjrxv zd|1

7 Frqfoxvlrq
Lq d glvfuhwh wlph vhwwlqj/ wkh g|qdplfdoo| phdq0yduldqfh h!flhqw sruwirolr
lv ghulyhg1 Lq d prgho zlwk rqo| rqh ulvn| dvvhw/ sodflqj d orzhu erxqg
rq wkh phdq whuplqdo zhdowk |lhogv wkh vdph vroxwlrq dv uhvwulfwlqj phdq
whuplqdo zhdowk wr h{dfwo| phhw d fhuwdlq jrdo1 Rwkhuzlvh/ wkhvh gl�huhqw
sureohp irupxodwlrqv pdwwhu dqg pd| uhvxow lq gl�huhqw rswlpdo vwudwhjlhv1
Frqvwudlqlqj phdq whuplqdo zhdowk wr dfklhyh wkh jrdo h{dfwo| pd| ohdg wr
grplqdwhg srolflhv1 Lw lv vkrzq krz wkh phdq0yduldqfh h!flhqw vwudwhj| iru ?
ulvn| dvvhwv fdq eh ghfrpsrvhg lqwr d orfdoo| phdq0yduldqfh h!flhqw vwudwhj|
dqg d vwudwhj| wkdw glyhuvl�hv ulvn dfurvv wlph1
Lq d frqwlqxrxv wlph vhwwlqj/ d g|qdplfdoo| phdq0yduldqfh h!flhqw sruwirolr
lv lqihdvleoh1 Wkh vroxwlrq wr wkh sureohp ri plqlpl}lqj wkh xqfrqglwlrqdo
yduldqfh zkhq wkh xqfrqglwlrqdo h{shfwhg whuplqdo zhdowk lv vxssrvhg wr
h{dfwo| pdwfk d fhuwdlq jrdo lv glvfxvvhg1 Ixuwkhupruh/ wkh rswlpdo vwudwhj|
ri dq lqyhvwru zkr frqwlqxrxvo| plqlpl}hv wkh h{shfwhg txdgudwlf ghyldwlrq
iurp d wdujhw ohyho lv ghulyhg1 Wkh wdujhw ohyho lv vhw vr wkdw wkh xqfrqglwlrqdo
h{shfwhg whuplqdo zhdowk dwwdlqv d vshfl�hg jrdo1 Wkh uhvxowlqj vwudwhj|
wxuqv rxw wr eh wkh vdph dv wkdw ri wkh �uvw remhfwlyh1 Pruhryhu/ wkh vwudwhj|
fdq eh uhlqwhusuhwhg dv d wzr0ixqg vwudwhj| zkhuhe| wkh wzr ixqgv duh wkh
jurzwk rswlpxp sruwirolr dqg wkh ulvn0iuhh dvvhw1
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