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Introduction

In this thesis we present two main results. The first is a Prime Geodesic
Theorem for compact symmetric spaces formed as a quotient of the Lie group
SL4(R). The second is an application of the Prime Geodesic Theorem to
prove an asymptotic formula for class numbers of orders in totally complex
quartic fields with no real quadratic subfield. Before stating our results we
give some background.

Let &2 be the set of all natural numbers D = 0,1 mod4 with D not a
square. Then & is the set of all discriminants of orders in real quadratic
fields. For D € Z the set

D
Op = {#:waD mon}

is an order in the real quadratic field Q(v/D) with discriminant D. As D
varies, Op runs through the set of all orders of real quadratic fields. For
D € 2 let h(Op) denote the class number and R(Op) the regulator of the
order Op. It was conjectured by Gauss ([22]) and proved by Siegel ([55])
that, as x tends to infinity

3/2

Z hOp)R(Op) = Jgrzs

D<x

+ O(xlog ),

where ( is the Riemann zeta function.

For a long time it was believed to be impossible to separate the class
number and the regulator in the summation. However, in [51], Theorem 3.1,
Sarnak showed, using the Selberg trace formula, that as x — oo we have

€T

3" WOp) ~ ez—w

De®
R(Op)<w

il
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More sharply,
> hW(Op) = L(2z) + O (¢*/°2?)

De2
R(Op)<=

as x — 0o, where L(z) is the function

$6t

L(z) = —dt.
R

Sarnak established this result by identifying the regulators with lengths of
closed geodesics of the modular curve SLy(Z)\H, where H denotes the upper
half-plane, and using the Prime Geodesic Theorem for this Riemannian sur-
face. Actually Sarnak proved not this result but the analogue where h(Q) is
replaced by the class number in the narrower sense and R(QO) by a “regula-
tor in the narrower sense”. But in Sarnak’s proof the group SLy(7Z) can be
replaced by PGLy(Z) giving the above result.

The Prime Geodesic Theorem in this context gives an asymptotic formula
for the number of closed geodesics on the surface SLy(Z)\H with length less
than or equal to x > 0. This formula is analogous to the asymptotic formula
for the number of primes less than = given in the Prime Number Theorem.
The Selberg zeta function (see [52]) is used in the proof of the Prime Geodesic
Theorem in a way analogous to the way the Riemann zeta function is used in
the proof of the Prime Number Thoerem (see [9]). The required properties of
the Selberg zeta function are deduced from the Selberg trace formula ([52]).

It seems that following Sarnak’s result no asymptotic results for class
numbers in fields of degree greater than two were proven until in [15], Theo-
rem 1.1, Deitmar proved an asymptotic formula for class numbers of orders
in complex cubic fields, that is, cubic fields with one real embedding and one
pair of complex conjugate embeddings. Deitmar’s result can be stated as
follows.

Let S be a finite set of prime numbers containing at least two elements
and let C(S) be the set of all complex cubic fields F' such that all primes
p € S are non-decomposed in F. For F' € C(S) let Op(S) be the set of
all isomorphism classes of orders in F' which are maximal at all p € S, ie.
are such that the completion O, = O ® Z,, is the maximal order of the field
F,=F®Q, for all p € S. Let O(S) be the union of all Op(S), where F'
ranges over C'(.S). For a field F' € C(S) and an order O € Op(S) define

As(0) = As(F) = [ [ f(F),

peES
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where f,(F') is the inertia degree of p in F. Let R(O) denote the regulator
and h(O) the class number of the order O.
For z > 0 we define

ms(x) = Y As(O)h(O).

0e0o(s)
R(O)<z

Then as x — oo we have

6336

ms(xz) ~ e

More sharply,

ro(x) = L(32) + O (69:4)

as r — 00.

This result was again proved by means of a Prime Geodesic Theorem, this
time for symmetric spaces formed as a compact quotient of the group SL3(R).
There exists a Selberg trace formula for such spaces ([59]) by means of which
the required properties of a generalised Selberg zeta function can be deduced
([14]) in order to prove the Prime Geodesic Theorem. The class number
formula is then deduced by means of a correspondence between primitive
closed geodesics and orders in complex cubic number fields, under which the
lengths of the geodesics correspond to the regulators of the number fields.

In this thesis we follow the methods of [15]. In the first three chapters
we prove a Prime Geodesic Theorem for compact quotients of SL4(R). In
the final two chapters we give an arithmetic interpretation in terms of class
numbers. Our main results can be stated as follows.

Let G = SL4(R) and let K be the maximal compact subgroup SO(4). Let
I' C G be discrete and cocompact. We then have a one to one correspondence
between conjugacy classes in I' and free homotopy classes of closed geodesics
on the symmetric space Xr = '\G/K. Let

A = 1 0<a<1

and
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Let &(I") be the set of primitive conjugacy classes [y] in T" such that ~ is
conjugate in G' to an element a,b, of A"B. For v € I" we write a, also
for the top left entry in the matrix a, and define the length [, of v to be
8loga,. Let G,,I', be the centralisers of v in G and I respectively and let
K,=KnNG,. For x > 0 define the function

@)= 3 (D).

[ve&()
el'Y <z

where x1(I';) is the first higher Euler characteristic of the symmetric space
Xr, =T\G, /K,

Theorem 0.0.1 (Prime Geodesic Theorem) For x — oo we have

2
m(2) ~ ——.
log
More sharply,
L34
m(z) =2li(z) + O (10gx)
as x — oo, where li(z) = [ @dt is the integral logarithm.

We now state our result on class numbers. Let S be a finite, non-empty
set of prime numbers containing an even number of elements. We define the
sets C(S) and O(S) and the constants Ag(O) as above, replacing complex
cubic fields with totally complex quartic fields in the definitions. A totally
complex quartic field has at most one real quadratic subfield, as can be seen
by comparing numbers of fundamental units. Let C¢(S) C C(S) be the
subset of fields with no real quadratic subfield and let O¢(S) C O(S) be the
subset of isomorphy classes of orders in fields in C¢(S). Let R(O) and h(O)
once again denote respectively the regulator and class number of the order

0.
Theorem 0.0.2 (Main Theorem) For x > 0 we define

ms(x) = Y As(O)h(0).

Then as x — oo we have
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Transfering the methods of [15] to the case of totally complex quartic
fields does not proceed entirely smoothly, there are various technical difficul-
ties to be overcome. These have been successfully overcome to the point of
proving the Prime Geodesic Theorem. However, the correspondence between
primitive closed geodesics and orders is considerably more complicated than
in either the real quadratic or the complex cubic case. As a result of this ex-
tra complexity our result is weaker than that obtained in the complex cubic
case. We have had to impose the extra condition on the finite set .S of prime
numbers that it must contain an even number of elements and we have been
unable to provide an error term in our final asymptotic.

Also we have had to restrict ourselves to counting the orders in fields
without a real quadratic subfield, as the fields with a real quadratic subfield
cannot be counted using our method. Indeed, any real quadratic field which
occurs as a subfield of a totally complex quartic field may in fact occur as a
subfield of infinitely many such fields. The fundamental units in the quadratic
field are powers of fundamental units in the quartic fields, so the (possibly
infinitely many) quartic fields all have regulator less than or equal to that of
the quadratic field. Hence an asymptotic formula for a sum of class numbers
of orders bounded by the regulators is not even possible in the case of totally
complex quartic fields with a real subfield.

In comparison with the real quadratic and complex cubic cases we might
have expected to get the asymptotic

6495

ms(x) ~ v
In the result that we do in fact get there is an extra factor of one half. The
fact that we have had to restrict the fields over which we are counting gives
an explanation for this discrepancy.

We also prove the following asymptotic in which we introduce an extra
factor into the summands. For an order O € O(S) this extra factor is
defined in terms of the arguments of the fundamental units of O under the
embeddings of F' into C as follows. If ¢ is a fundamental unit in O then
g1, (e and Ce7! are also fundamental units in O, where ( is a root of unity

contained in O. Let
5o (1)

where po is the number of roots of unity in O, the sum is over the 2up
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different fundamental units of O and the product is over the embeddings of
O into C. We have:

Theorem 0.0.3 For x > 0 we define

fs(@) = Y v(O)As(O)(O).

0e0c(S)
R(O)<z
Then as x — oo we have
4x
() ~ -
s ~—,
2

An element ~ in T" is called regular if it centraliser in G is a torus and
non-reqular otherwise. The factor v(Q) was originally introduced in order
to separate the contribution of non-regular elements from that of the regular
elements in the Prime Geodesic Theorem. As it turned out, the complexity
of the correspondence between geodesics and orders meant that we did not
really gain anything from this approach. However, the factor v(O) contains
information about the arguments of the fundamental units in the order O
which is interesting in its own right. In comparison with Theorem 0.0.2 we
can see that “on average” the value of v(O) as R(O) goes to infinity is 4.
If € is a fundamental unit in O with arguments 6, —0, ¢, —¢ under the four
embeddings of O into C then a simple calculation shows that

I1 <1 _ o) ) — 4(1 — cos26)(1 — cos 26).

|a(e)]

Since this takes “on average” the value 4 we can see that there is a sense in
which we can say that the arguments of the fundamental units in the orders
O are evenly distributed about £7/2 as R(O) goes to infinity.

In what follows we give a chapter by chapter summary of the arguments
and techniques used in the proof of our main results. In particular we shall
point out the difficulties that arise in applying the methods of [15] to our
situation. Chapter 1 provides some necessary background and preliminary
results. In Chapter 2 we introduce the zeta functions we shall be studying and
prove some of their analytic properties. The results of Chapter 1 are made
use of here in the definitions of the zeta functions and proofs of their analytic
properties. In Chapter 3 we apply standard techniques from analytic number
theory to the results of Chapter 2 in order to prove the Prime Geodesic
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Theorem required in our context. In Chapter 4 we show that the fields we
are interested in can be obtained as maximal subfields of a suitably chosen
division algebra over Q and count the number of embeddings of the fields into
the division algebra. Finally, in Chapter 5 we apply the results of Chapter
4 to give the arithmetic interpretation of the Prime Geodesic Theorem in
terms of class numbers.

The correspondence between closed primitive geodesics in the Prime Geo-
desic Theorem and orders in totally complex quartic fields goes via the choice
of a division algebra M (Q) of degree four over Q whose maximal subfields
include the ones we are interested in, ie. the fields in the set C°(S). We are in
fact able to choose M(Q) so that as well as having the properties described
above it also satisfies M(Q) ® R = Maty(R). The map M(Q) ® R — R
induced from the reduced norm on M (Q) agrees with the determinant map

on Mat,(R). We define

G(R) ={X € M(Q)®R : det X = 1} = SLy(R).

If we let M(Z) denote the maximal order of M(Q) ([49]) then
I'=(M(Z)®1)Ng(R)

is a discrete, cocompact subgroup of SL4(R) ([3]). Note that I' is not neces-
sarily torsion free.

The group I' forms the link between geodesics and class numbers in the
following sense. Firstly, there is a one-to-one correspondence between con-
jugacy classes in I' and free homotopy classes of closed geodesics on the
symmetric space Xr = ['\SL4(R)/SO(4). Under this correspondence primi-
tive elements of I' correspond to primitive geodesics. Secondly, the primitive
elements of I" viewed as a subset of the maximal order M(Z) in M(Q) cor-
respond to fundamental units of orders of subfields of M(Q). We shall be
interested in the primitive conjugacy classes in I' which correspond to orders
in totally complex quartic fields with no real quadratic subfield.

Our strategy is to use a suitably defined generalised Selberg zeta function
to get information about the distribution of the primitive, closed geodesics
on Xr which correspond to orders in O¢(S). The definition of such a function
is given as a product over the relevant conjugacy classes in I'. We are able
to study our chosen zeta function by choosing a suitable test function for
the Selberg trace formula on Xt so that the geometric side gives a higher
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derivative of the zeta function. We do this using the theory developed in
[14].

It is at this point that we encounter the first obstacle. We say that an
element g € G is weakly neat if the adjoint Ad(g) has no non-trivial roots of
unity as eigenvalues. A subgroup of G is weakly neat if every element is. The
results of [14] use the assumptions that the group G has trivial centre and
the group I' is weakly neat. Note that, if G has trivial centre then I' weakly
neat implies I' torsion free, since any non weakly neat torsion elements must
be central. To generalise the results of [14] to the case where I' is not weakly
neat requires two things. Firstly, we need to modify the definition of the zeta
function slightly from that given in [14]. Secondly, the definition of the zeta
function includes the first higher Euler characteristic of the spaces Xt for
v € &(). In [14] these are only defined for I', torsion free so we need to
broaden the definition.

In Chapter 1 we give a definition of first higher Fuler characteristics
which is general enough for our application. We further prove that its value
is always positive in the cases we consider. This fact is needed in the proof
of the Prime Geodesic Theorem. In [14] it is shown that the position of
the poles and zeros of the generalised Selberg zeta function depend on the
Lie algebra cohomology of the irreducible, unitary representations of SL4(R).
Using a result of Hecht and Schmid ([26]) it suffices to look at the infinitesimal
characters of the irreducible, unitary representations of SLy4(R). For this
purpose, in Chapter 1 we also describe the unitary dual of SL4(R) using a
result of Speh ([56]) and give a result about the infinitesimal characters of
certain elements of this set.

In Chapter 2 we define the generalised Selberg zeta function and use the
trace formula to deduce its analytic properties. In particular, we give a for-
mula for its vanishing order at a given point and prove a functional equation,
from which we can deduce that it is of finite order. We then define the gener-
alised Ruelle zeta function and prove that it is a finite quotient of generalised
Selberg zeta functions. In particular, in the cases we are interested in it has
a zero at s = 1 and all other poles and zeros in the half plane Res < %,
and is furthermore of finite order. We introduce the Ruelle zeta function as
its logarithmic derivative is a Dirichlet series from whose properties we can
prove the Prime Geodesic Theorem.

The definitions of the generalised Selberg and Ruelle zeta functions de-
pend on the choice of a finite dimensional virtual representation of a particu-
lar closed subgroup M of SL4(R). The trace of this representation at elements
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of I appears in the Dirichlet series arising as the logarithmic derivative of the
Ruelle zeta function. We can choose such a representation & so that its trace
is zero for all non-regular elements of I". The factors v(O) in Theorem 0.0.3
come from the traces of the representation &.

In Chapter 3 we apply the methods of [47] together with standard tech-
niques of analytic number theory to prove a Prime Geodesic Theorem. In
carrying out the application to class numbers it is necessary to show that cer-
tain subsets of the summands contribute negligibly to the asymptotic. This
is done using a “sandwiching” argument. To carry out this “sandwiching”
argument we define a sequence of Dirichlet series, which are not connected
to any zeta function, but whose analytic properties can also be deduced from
the Selberg trace formula. We use a version of the Wiener-Ikehara theorem
to prove an asymptotic result for an increasing sequence of functions derived
from these Dirichlet series, which we use to “sandwich” the product over the
elements we are interested in against the sum over all elements which comes
from the Ruelle zeta function. Unfortunately the asymptotics we are able to
derive from the Wiener-Ikehara theorem do not provide an error term like
those we can deduce from the Ruelle zeta function using the methods of [47].
This is why we lose the error term in Theorem 0.0.2.

In Chapter 4 we use a classification of the set of equivalence classes of
division algebras over Q by means of a description of the Brauer group of
Q ([45], Theorem 18.5) to show the existence of a division algebra M (Q)
whose maximal subfields include the fields in the set C°(S) and such that
M(Q)®R = Maty(R). In fact the maximal subfields of M (Q) are all quartic
extensions of Q and the set of totally complex maximal subfields of M (Q)
coincides with C'(S). We further show that for an order O in O(S) the
number of embeddings of O into M (Q), up to conjugation by the unit group
of the maximal order M(Z), is As(O)h(O). The restriction on the set S
of prime numbers that it has to contain an even number of elements is a
consequence of the classification of division algebras over Q.

In Chapter 5 we prove a correspondence between the primitive, closed
geodesics in the Prime Geodesic Theorem and the orders of totally complex
quartic fields. Under this correspondence the lengths of the geodesics cor-
respond to the regulators of the orders. It turns out that it is the regular,
weakly neat elements of &(I") which correspond to orders in totally complex
quartic fields with no real quadratic subfield. We use the above mentioned
“sandwiching” argument to isolate these elements in the Prime Geodesic
Theorem.
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We finish this introduction with a few remarks about the limitations of
the method used here in terms of further applications and mention a couple
of other recent results in the same direction. In order to be able to make use
of the trace formula for compact spaces we have had to limit our sum over
class numbers by means of the choice of a finite set of primes, as described
above. In [18] Deitmar and Hoffmann have been able to use a different trace
formula to prove that as © — oo

63:p
R(O)<z

where the sum is over all isomorphism classes of orders in complex cubic
fields.

In order to get the error term in the Prime Geodesic Theorem we have
made use of the classification of the unitary dual of SL4(R). At present
the unitary dual is not known for any higher dimensional groups so a Prime
Geodesic Theorem with error term is not possible using our methods. Finally
we mention that the correspondence between geodesics and orders actually
works by identifying primitive geodesics with fundamental units in orders.
By Dirichlet’s unit theorem, an order in a number field F' has a unique
fundamental unit (up to inversion and multiplication by a root of unity)
only if F'is real quadratic, complex cubic or totally complex quartic. Hence
an asymptotic of our form can be proven only in these three cases. In [17]
Deitmar has proved a Prime Geodesic Theorem for higher rank spaces, from
which he deduces an asymptotic formula for class numbers of orders in totally
real number fields of prime degree.



Chapter 1

FEuler Characteristics and
Infinitesimal Characters

In this chapter we introduce some concepts and prove some results which will
be needed for our consideration of the zeta functions in the next chapter.

1.1 The unitary duals of SLy(R) and SI4(R)

For a locally compact group G (or more generally a topological group) a
representation (m, Vy) of G on a complex Hilbert space V; # 0 is a homomor-
phism of G into the group of bounded linear operatots on V, with bounded
inverses, such that the resulting map of G x V. into V, is continuous. A
representation will also be denoted simply as 7.

An dnvariant subspace for such a (m,Vy) is a vector subspace U C V,
such that 7(¢g)U C U for all ¢ € G. The representation is irreducible if it
has no closed invariant subspaces other than 0 and V. The representation 7
is unitary if m(g) is unitary for all ¢ € G. Two representations (m, V,) and
(0,V,) are equivalent if there is a bounded linear map E : V, — V, with
a bounded inverse such that o(g)E = En(g) for all ¢ € G. If 7 and o are
unitary, they are unitarily equivalent if they are equivalent via an operator
E' that is unitary.

The unitary dual G of G is the set of all equivalence classes of irreducible
unitary representations of G. If 7 is an irreducible, unitary representation of
G then we shall write, by slight abuse of notation, m € G.

For a real Lie Algebra gg a Lie algebra representation (w,V;) of gr on
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a complex vector space V; # 0 is a homomorphism 7 of gg into the Lie
algebra of all automorphisms of V. Invariant subspaces, irreducibility and
equivalence are defined in an analogous way as for group representations.

Let G; = SLy(R). We define the following subgroups: let K; be the
maximal compact subgroup SO(2); let My = {£1,};

(SR
v {(1 ) ).

Let g1, €, a1, ny be the respective complexified Lie algebras. Let p; € aj be

defined by
a
(" )=

and let P, = M;A;N; be the parabolic subgroup of G; with split torus A;
and unipotent radical N;.

For n > 2 we define the discrete series representations 2, and %, of Gj.
The Hilbert space for 2. is the space of analytic functions f on the upper
half plane such that

WW=A /|mwwww*w@<m

and

The inner product is given by

(f,9) = /OOO /_OO fla+iy)g(x +iy)y"? dudy

and the group action is

+fa b o . az —c
g (00 ) e =y (£25).
The representations &, are defined analogously for functions on the lower
half plane. We also define the two limit of discrete series representations
9 and 2; on the spaces of analytic functions f on the upper (respectively,
lower) half plane such that

Hﬂﬁzwg/ o+ i) do < oo,

y>0 J -0
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The inner product is given by
{f.9) —SUP/ fla+iy)g(z + iy) de
y>0

and the group action is as for the discrete series representations. The repre-
sentations 2,7 and 2, are irreducible unitary representations of G for all
n > 1.

Given an irreducible, unitary representation 7 of M; and an element v
of a* we define the induced representation Ind JGDf(T ® v) of G; = SLy(R).
Consider the space

{f: Gy — V, | f continuous, f(zman) = e FTrlear(;m)=1f(z)}

with the inner product
(r9) = [ (70, gl0). dh
K,

G acts on the completion of this space via Ind ¢ H(rov)f(z) = flg'x), to
give a representation, which is irreducible.

Let 77 be the trivial representation on M; and 7~ the representation
defined by 77 (415) = +1. For v € a} we define

PV = Ind gf(Ti R V).
For x € R define the principal series representations
c@i,ix — c@:l:,ixpl'

Then the representations £+ are unitary and are all irreducible except for
PV~ 9" @ 2. The only equivalences among the representations 2+
are that 2% and 227 are equivalent to 2T~ and £~ respectively
for all x € R.

We also define the complementary series representations

T _ +,zp1
€T =

for 0 < x < 1. Instead of the usual inner product we give €* the inner

product:
)= [ [P e

With this inner product the representations ¢* are unitary for all 0 < z < 1.
We have the following classification theorem:
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Theorem 1.1.1 The unitary dual of SLy(R) consists of

a) the trivial representation;

b) the principal series representations P for v € R and P~ for
r € R~ {0};

c) the complementary series €% for 0 < x < 1;

d) the discrete series 9,7 and 9, for n > 2 and limits of discrete series
2} and 9y .

The only equivalences among these representations are P+ = gp+—i
for all x € R.

Proof: [39], Theorem 16.3. O

Now let G = SL4(R) and K = SO(4), so K is a maximal compact sub-
group of G. Let P’ = M'A’N’ be a parabolic subgroup of G with split
component A’ and unipotent radical N’. Let g and a’ be the complexified
Lie algebras of G and A" and let a* be the complex dual of a’. Let p’ be
the half sum of the positive roots of the system (g’,a’). Then we can de-
fine induced representations in an entirely analogous way to that used for
for G; = SLs(R) above. For an irreducible, unitary representation 7 of M’
and for v € a”* we write the corresponding induced representation of G as
Ind % (1@ v).

If v = izp’ for some x € R then the induced representation Ind %, (1 ® v)
is unitary with respect to the inner product

(f.g) = /K (R, (k) dk.

In this case we call Ind % (T ® v) a principal series representation. For other
choices is v € a’* it may be possible to make Ind &, (7®wv) unitary with respect
to a different inner product, in which case we call Ind &, (1 ® ) a complemen-
tary series representation. There are also certain irreducible, unitary sub-
representations of induced representations (see [56], p121) which are called
limit of complementary series representations. These limit of complementary
series representations can often be realised as induced representations from
a parabolic subgroup P” D P’.
We define the following subgroups of G. Let

= s (g )

i s amemn TR
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and

N ( {)2 MatIZ(R) )

Let P be the parabolic subgroup of G with Langlands decomposition P =
MAN. For mi, ms € N, we denote by 7,,, m, the representation of M induced
from the representation Z,; ® 2, of SLy(R) x SLy(R). For m € N, let
Tm = Tmm and let I, = Indg (ﬁm ® %pp). The representations [, each
have a unique irreducible quotient known as the Langlands quotient (see
[39], Theorem 7.24). We denote the Langlands quotient of I,,, by .

We have the following classification theorem:

Theorem 1.1.2 The unitary dual of SL4(R) consists of

a) the trivial representation;

b) principal series representations;

¢) complementary series representations Ind G (7, @ tpp), form € N and
0<t<i;

d) complementary series representations induced from parabolics other
than P = MAN;

e) limit of complementary series representations, which are irreducible
unitary subrepresentations of I,,, for m € N;

f) the family of representations m,,, indexed by m € N.

Proof: This follows from [56], Theorem 5.1, where the unitary dual of
SLE(R) = {X € Maty(R) : det X = +1} is given. O

1.2 Euler characteristics

Let G be a real reductive group and suppose that there is a finite subgroup
E of the centre of G and a reductive and Zariski-connected linear group ¢
such that G/FE is isomorphic to a subgroup of 4(R) of finite index. Note
these conditions are satisfied whenever G is a Levi component of a connected
semisimple group with finite centre. Let K be a maximal compact subgroup
of G and let I" be a discrete, cocompact subgroup of G. Let Xt be the locally
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symmetric space I'\G/K. If T is torsion-free we define the first higher Euler
characteristic of ' to be

dim X1

xi(Xr) =xa(@) = Y (=17 R (Xp),

J=0

where h7(Xr) is the jth Betti number of Xt. We want to generalise this
definition to cases where the group I' is not necessarily torsion free. We
prove below a proposition which allows us broaden the definition to all cases
required by our applications.

Let 6 be the Cartan involution fixing K pointwise. There exists a 6-
stable Cartan subgroup H = AB of G, where A is a connected split torus
and B C K is a Cartan of K. We assume that A is central in G. Let C
denote the centre of G. Then C' C H and we write B¢, I'c for BN C and
' N C respectively. Let G be the derived group of G and let I'' = G! NI'C.
We note in particular that, since G = G'C, we have I' C T''C c I'"AB.
Let 'y = ANT'¢B¢c be the projection of I'c to A. Then I'4 is discrete and
cocompact in A (see [62], Lemma 3.3).

Let gr be the real Lie algebra Lie(G) with polar decomposition gg =
tr @ pr. Let b be a fixed nondegenerate invariant bilinear form on the Lie
algebra gr which is negative definite on €z and positive definite on pg. Then
the form —b(X,0(Y)) is positive definite and thus defines a left invariant
metric on GG. Unless otherwise stated all Haar measures will be normalised
according to the Harish-Chandra normalisation given in [25], §7. Note that
this normalisation depends on the choice of the bilinear form b on g.

On the space G/H we have a pseudo-Riemannian structure given by the
form b. The Gauss-Bonnet construction generalises to pseudo-Riemannian
structures to give an Euler-Poincaré measure n on G/H. Define a (signed)
Haar measure on G by

pep = n & (Haar measure on H).

The Weyl group W = W (G, H) is defined to be the quotient of the normaliser
of H in G by the centraliser. It is a finite group generated by elements of
order two. We define the generic Fuler characteristic by

_ _ er(1\G)
Xee) = Xaen(X7) = P20
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Proposition 1.2.1 Assume I is torsion free, A is central in G of dimension
one and I'" C T is of finite index in I'. Then A/T 4 acts freely on Xr and
Xeen(X1) = x1(I')vol(A/T 4). It follows that

[FA : F;‘]

xi(l) = Xl(F/)W-

Proof: The group Ar = A/T'4 acts on I'\G/B by multiplication from the
right. We claim that this action is free, i.e., that it defines a fibre bundle

Ar — \G/B — I'\G/H.

To see this let ['zaB = 'z B for some a € A and # € G. Then a = x~1yxb
for some v € T'and b € B. Since I' C I''C' € "' AB we can write v as y'a,b,,
with v' € ! and a, € A and b, € Bc = BN C. It follows that a, € T4.
Since A is central in G, we can write y! = aa;lxbflmflbgl. Since ! € G1
and aa;l € A C C, we must have aa;l =1, so a = a, € I'4, which implies
the claim.

In the same way we see that we get a fibre bundle

Ar — T\G/K — AT\G/K. (1.1)

Let x be the usual Euler characteristic. From [31] we take the equation
X(K/B) = |W|. Using multiplicativity of Euler numbers in the fibre bundle

K/B — AT\G/B — AT\G/K

we get

) n(N\G/H)
Xeen(X1) = VOI(A/FA)W
X(N\G/H)
X(K/B)
X(AT\G/B)
X(K/B)
= vol(4/T4)x(AT\G/K)
= vol(A/T4)x(A\X).

— vol(A/T,)

= vol(A/T'4)
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It remains to show that y(A\Xr) = x1(I).

Let ag and g} be the Lie algebras of A and G* respectively. Then we can
write

gr = ar D gg D 3=, (1.2)

where 3g is central in gg. Let X be the bi-invariant vector field on I'\G/K
generating the Ar action. Then we can consider X as an element of ag under
the decomposition (1.2). Considering the dual of (1.2), we can identify aj
with a subspace of gi. Since a is central in g, a non-zero element of aj
gives us an Ap-invariant, closed 1-form w on I'\G/K such that for every
I'gK € I'\G/K we have w(I'gK)(X) # 0. Since Ar = R/Z is connected and
compact, the cohomology of the de Rham complex I'\G /K coincides with the
cohomology of the subcomplex of Ap-invariants Q(I'\G/K)“r. Using local
triviality of the bundle one sees that

QT\G/K)*r = m*Q(AT\G/K) & m*Q(AN\G/K) A w,

where 7* denotes the projection map. Set Cy = 7*Q(AI'\G/K) and C, =
Co®Co Aw = Q(I'\G/K)Ar. Then

HP(C) = H?(Cy) @ HP1(Cy)
and so

xi(C) = > (1P 'pdim H(Cy)
= Z(—l)p“p (dim H?(Co) + dim H?~(Cp))

= > (=) (p— (p+1)) dim H?(Cy)

p>0

= ) (1) dim H"(Cp)

p=>0

= X(Co). (1.3)
This gives the required result. 0

Let T be a discrete, cocompact subgroup of G. It is known that every
arithmetic subgroup of G has a torsion free subgroup of finite index ([2],
Proposition 17.6). Let I'" C I" be such a subgroup. Suppose further that the
torus A is central in G and of dimension one. Define I'4 and ", as above.
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We define the first higher Euler characteristic of I" as

(Xr) = (D) = () ATl (1.4
X1{Ar X1 X1 .0 .

Propostition 1.2.1 shows that this is well-defined. We note that in the case
that T itself is torsion free, this definition of first higher Euler characteristic

agrees with the one given above.

1.3 FEuler-Poincaré functions

For the next definition we assume G to be a semisimple real reductive group
of inner type and we fix a maximal compact subgroup K. We further assume
that G contains a compact Cartan subgroup. Let gr be the real Lie algebra
Lie(G) with polar decomposition gg = g @ pg, and write g = € @ p for its
complexification. Recall that we are using Harish-Chandra’s Haar measure
normalisation as given in [25], §7 and this normalisation depends on the
choice of an invariant bilinear form b on g, which for our purposes in this
chapter we shall leave arbitrary.

A wirtual representation o of a group is a formal difference of two repre-
sentations o = ¢ — o, which is called finite dimensional if both o+ and o~
are. Two virtual representations 0 = ¢+ — ¢~ and 7 = 77 — 7~ of a group
are said to be isomorphic if there is an isomorphism o™ @7~ = 7 @o~. The
trace and determinant of a virtual representation ¢ = ¢ — o~ are defined
by tro = tro™ — tro~ and deto = det o™ /det 0~. The dimension of o is
defined as dimo = dimot — dimo ™.

If V is a representation space with Z-grading then we shall consider it
naturally as a virtual representation space by V' = Vien and V= = V qq.
In particular, if V' is a subspace of g we shall always consider the exterior
product A"V as a virtual representation A\*V = A™"V — AV with
respect to the adjoint representation. We consider symmetric powers and
cohomology spaces similarly.

For a smooth function f on G of compact support and an irreducible
unitary representation (,V,) € G define the operator

w(f) = /G w(9)f(9)dg

on V. Since f is smooth and has compact support, 7(f) is of trace class.
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Let (0, V,) be a finite dimensional virtual representation of G. An Euler-
Poincaré function f, for o is a compactly supported, smooth function on G
such that f, (kxk™') = f, (z) for all k € K and for every irreducible unitary
representation (m, V) of G the following identity holds:

dim(p)

trm (f,) = Y (=1)’dim (Vﬂ® /\pp®VU)K, (1.5)

p=0

where the superscript K denotes the subspace of K invariants. By [14],
Theorem 1.1 such functions exist. We note that the value of such functions
depends on the choice of Haar measure. We shall assume all Euler-Poincaré
functions are given with respect to the Harish-Chandra normalisation. In
the following lemmas we prove some of their properties.

Lemma 1.3.1 Let G denote a semisimple real reductive group of inner type,
with connected component G°, mazimal compact subgroup K and compact
Cartan subgroup T C K. Let G = TG°. Further let o be a finite dimen-
sional representation of G, o = o|g+ and f, an Euler-Poincaré function
for o on G.

Then f,|q+ is an Euler-Poincaré function for o on G7.

Proof: This is Lemma 1.5 of [14]. O

Lemma 1.3.2 Let H, Hy, Hy be real reductive groups of inner type such
that H = Hy X Hy. Let o be an irreducible representation of H. There exist
irreducible representations o1, 09 of Hy, Hy respectively such that o = 01 ® 09
and let f,, be an Euler-Poincaré function for o; on H;.

Then fy(h1,he) = fs,(h1)fs,(h2) is an Euler-Poincaré function for o on
H.

Proof: Let 7 € H. Then 7 = T ® me for some w; € ﬁz Let K; be
a maximal compact subgroup of H; and let K = K; X Ky be a maximal
compact subgroup of H. Let h; g = & r @ p; r be the polar decomposition of
the real Lie algebra b, g of H; and write h; = & @ p; for its complexification.
Let p = p; & po. We note in particular that

ANo=@ N o N
p,q
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Then
tr ﬂ(fg) = tr </ fgl (hl)fUQ(hg) (7T1(h1) ® Wg(hg)) dhldhg)
Hy JH»

= tr {( ; fal(hl)m(hl)dm) ®( i fUQ(hQ)ﬂ'Q(hz)dhg)]
= (rm (o) (r7a(for)) 2

dim p; ]
— H Z (=1)” dim (Vm— ® /\Ppi ® V@)Kl
i=1,2 p=0
dim p1 iim P2 » " K
= ) ) (-1)redim <V7r ® (/\ P\ pz) ®Va)
=0 ¢=0
dfmp ' ; K
— 3 (~1)dim (v,r o Npe va) ,
5=0
which is what was required to show. U

Lemma 1.3.3 Let G denote a semisimple real reductive group of inner type,
with mazimal compact subgroup K and compact Cartan subgroup T C K.
Let g € G be central. Let o be a finite dimensional representation of G and
let f,, h, be Euler-Poincaré functions for o on G. Then f,(g) = hs(g).

Proof: Since g is central, the orbital integral can be written as
Og(fa) = / fa(xilgx) dr = fa(g)a
Gy\G

where G, denotes the centraliser of ¢ in G (which in this case, since g is
central, is the whole of G). Similarly O,(h,) = h,(g). By [14], Proposition
1.4, the value of the orbital integral O,(f,) of an Euler-Poincaré function
for o on GG depends only on g, not on the particular Euler-Poincaré function

chosen. Hence, f,(g) = O,(fs) = O4(ho) = ho(g), as claimed. O

Lemma 1.3.4 Let g, be an Fuler-Poincaré function for the trivial represen-
tation on SLa(R). Then ¢1(1) = g1(—1) € R.

Proof: For v € R let 2% and £~ be principal series representations on
SLy(R). For n € Nyn > 2 let 2,7 and &, be discrete series representations
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on SLy(R) and write 2F for 2 & 2, . By [39], Theorem 11.6 there is a
constant M > 0 such that for any compactly supported, smooth function f
on SLy(R) we have

f1) = MZ (n — 1)tr 2= (f)

M/ tr@““(f)vtanh( )+tr33 (f)vcoth( 5 )dv

Lemma 1.3 of [14] tells us that tr 22%%(g;) = 0 for all v € R, so we have

q(1)=MY (n—1tr Z;(9). (1.6)

n=2
By the definition of an Euler-Poincaré function, for all n > 2

2

tr 25 (g1) Z 1)? dim (@i ® /\ p> ,

p=

where p is the complex Lie algebra

a b
({3 %) wvec)
Hence ¢;(1) € R.

We want to know for which values of n the trace tr 2=(g;) is non-zero.
For this we need to know the SO(2)-types of ZF and p.

Lemma 1.3.5 For | € Z, define the one dimensional representation €; of
SO(2) by ‘
aR(0) = ",

where

sinf cos®

R(6) = < cos —sinf ) € S0(2).

Note that g 1s the trivial representation, which we shall denote by triv.
The unitary dual of SO(2) is the set {e; : | € Z}.
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Proof: Since SO(2) is abelian all its irreducible representations are one
dimensional by Schur’s Lemma ([39], Proposition 1.5). By unitarity and the

fact that I = R(0) = R(2m) we have that SO(2) = {g, : | € Z}. O
By computing the adjoint action of SO(2) on p we get:

Lemma 1.3.6 We have the following isomorphisms of SO(2)-modules:

/\Op = trw

/\ p = e2De

/\ p = tri.

O

Lemma 1.3.7 For n € N we have the following isomorphism of SO(2)-

modules:
‘@7::: = @ 6]' .

[i1=n
j=n mod?2

Proof: Let 7, be the unique n-dimensional representation of SLy(R) (see
[39], Chapter 1T §1). Tt follows from the definition of 7,, that the following
isomorphism of SO(2)-modules holds:

I

D -

[7l€n—1
j=n—1 mod(2)

Let P, = M; A; Ny be the minimal parabolic of SLy(R). Then the unitary
dual of M; = {1, —1} consists of two one dimensional representations, which
we denote by 1 = triv and —1. We denote by p; the character of A;

@ =a
P1 a—l )

and write 71y, for Ind p £1® (n—1)pp. Then we have the following exact
sequences of SLy(R)-modules (see [39], Chapter II §5):

Tn

0— -@rjf — Tip-1— Tne1 — 0, n €N, neven

and
0— Dy > T 11— Too1—0, neN, nodd,n#1
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and the isomorphism of SLy(R)-modules
.@ft = mT—-1,0-

From the so-called compact picture of induced representations given in [39],
Chapter VII §1, it is fairly straightforward to compute the following isomor-
phisms of SO(2)-modules, where the sums are over all integers with the same
parity:

Mt = P e

j even

D

j odd

I

T_1,n—1

The lemma then follows easily by combining the various elements of the
proof. O

From the previous two lemmas we can see that tr (g, ) is non-zero only
if n =2 and in that case tr Z5 (g1) = —2, so g1(1) = —2M.

It remains to show that g;(—1) = ¢;(1). Let R, be the right multiplica-
tion operator of SLy(R) on the space C'° (SLy(R)) of smooth, compactly sup-
ported functions on SLy(R). That is, R.g(x) = g(zz) for all z, z € SLy(R)
and g € C® (SLy(R)). Let m be an irreducible, unitary representation of
SLy(R). The matrix —1 = —I5 is central in SLy(R) so 7(—1) commutes with
m(x) for all z € SLy(R) and hence, by Schur’s Lemma ([39], Proposition 1.5)
is scalar. This means that for any irreducible, unitary representation 7 on
SLy(R) we have trm (R_191) = m(—1)tr7(g1). Thus we get

gi(=1) = R_ig(1)
— MZ(n — D)2 (-1)tr ZF(q1)
= Z¥(-1)g:(1),

where 25 (—1) is a scalar, which we now compute. For ¢ € 2 and z € C
we have the action

g7 (0] ) o=t (425),
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Hence

Similarly we get
_( -1
7 (71 ) ) =9

so 2§ (—1) =1 and the lemma is proved. O

1.4 Euler characteristics in the case of SL,(R)

We now consider the particular case G = SLy(R). Let K = SO(4), a maximal
compact subgroup of GG and let I" be a discrete, cocompact subgroup of G.
Let A be the rank one torus

a

A: -1 a>0 3

and let B be the compact group
B— ( SO(2)

B is a compact Cartan subgroup of

= s )

o {(az,y) € Maty(R) x Maty(R)| det (z),det (y) = Tl }

S0(2) ) |

det (z)det (y) =

Let

N < % Matjz(R) )

and let P = M AN be a parabolic subgroup of G with Levi component M A
and unipotent radical N. Let

a

A_: -1 0<a<]. ,
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be the negative Weyl chamber in A with respect to the root system given
by the choice of parabolic. Let &p(I") be the set of T-conjugacy classes of
elements v € I" which are conjugate in G to an element of A~ B. We shall
use this notation for the rest of this chapter.

We say g € G is regular if its centraliser is a torus and non-regular (or
singular) otherwise. Clearly, for v € T" regularity is a property of the I'-
conjugacy class [y]. Let [y] € &p(T") and write G for the centraliser of v in
G. The element 7 is conjugate in G to an element a,b, € A~ B and we define
the length [, of v to be I, = b(log a., log a7)1/2' It follows that if ~ is regular
then G, = AB.

In the first case K, = B is a maximal compact subgroup of G, the
group B is then clearly a Cartan subgroup of K., the product AB is a 0-
stable Cartan subgroup of G, and A is central in G,. If we let I'y, =I'N G,
denote the centraliser of v in I" then I', is discrete and cocompact in G,. Let
[ be a torsion free subgroup of finite index in I" and let I, = "N G,,. Then
I, is a torsion free subgroup of finite index in I'y. We define I', 4, I} , as in
Section 1.2. The first higher Euler characteristic x1(I'y) of Iy is then defined
as in (1.4) as:

[Cya 2 1% 4]

xai(l) = T, T

x1 (7). (1.7)

In the second case K, = S(O(2) x O(2)) is a maximal compact subgroup
of G,. Furthermore, B is a Cartan subgroup of K, the product AB is a
f-stable Cartan subgroup of G, and A is central in G.. The definition of
x1(L,) then proceeds exactly as above.

Lemma 1.4.1 For v € &p(I") we have that

C,vol(I',\G,)
X1 (FW) — %7
Y0
where C,, is an explicit constant depending only on -y, which is equal to one
when v is reqular, and o s the primitive geodesic underlying .

Proof: Since I”, is torsion free we may take from the second proposition in
section 2.4 of [11] the equation

, C.vol(IT”\G,)
Xl(pw) — %’
v
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where A/, denotes the volume of the maximal compact flat in I"\G/K con-
taining v, and C, is an explicit constant depending only on . We note that
in [11] there is an extra factor in the equation which does not show up here.
The reason is that in [11] a differential form, not a measure, was constructed.
The value of the constant C, is given in [11] in terms of the root system of
G, with respect to a Cartan subgroup. In the case that « is regular, as noted
above we have that G, = AB and hence G, is a Cartan subgroup of itself.
It is then easy to see that value of (., in this case is one.

We denote by A, the volume of the maximal compact flat in ['\G/K
containing 7. The values of A, and A are given by the volumes of the images
of I'y 4\A and I", 4\ A respectively under their embeddings into I'\GG/K and
["\G/K respectively. Since A is one-dimensional, A\, = [,,. Furthermore,
from the definition of the groups I'y 4 and I , it follows that

LT 4] =N /A =N /L.

Since
vol(IT'\G,) = [T : T ] vol(T,\G5),

the lemma follows from (1.7). O

Theorem 1.4.2 For all v € &p(I') the Euler characteristic x1(I'y) is posi-
tive. If v is regular then

[Tya:T7 4]

() = /=5
xi (1) [Fv : Fi/}
Proof: If 7 is regular then G, = AB, K, = B and I, is a complete lattice
in G, so X, =T/\G,/K, = S', the unit circle in C. The Betti numbers
h/(S') are equal to zero for j # 0,1 and one for j = 0,1, hence x,(I",) = 1.
The claimed value for x;(I';) then follows immediately from (1.7).

Suppose 7 is not regular. Since v € &p(I"), we have that « is conjugate in

G to a,b, € A=B C AM. Let (0,V,) be a finite dimensional representation
of M and let K, be the maximal compact subgroup S(O(2) x O(2)) of M,
which contains the compact Cartan B of M. We saw above that there exist
Euler-Poincaré functions of o on M. Let f, be one such. We denote by M,
the centraliser of b, in M and by (9{,‘2’ (f5) the orbital integral

/ fo (xbﬁ,x_l) dz.
M/M,
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From Proposition 1.4 of [14] we get the equation
Oz%(fc) = Cytro(b,),

where C, is the constant from Lemma 1.4.1. Together with Lemma 1.4.1 this
gives us

(T,) = O%(fa)"()l(r'y\Gv)
A Ly, tr o (by)
Choosing o = 1, the trivial representation of M, this simplifies to
O (f)vol(T\G,)
() = L (18)

70
To complete the proof of the theorem we shall show that the orbital
integral (’)é‘f (f1) is positive. In the case we are considering

+1
o= ()

where 1 denotes the identity matrix in SLy(R), hence it is central and M, =
M so we have simply that
Oy (f1) = fi(Dy). (1.9)
The group M = SLy(R) x SLy(R) is the connected component of M =
S(SLF(R)xSL3 (R)). M has a maximal compact subgroup Kj; = O(2)xO(2)
and compact Cartan Tj; = SO(2) x SO(2). We have that Ty, M = M.
Hence by Lemma 1.3.1, since f; is an Euler-Poincaré function for the trivial
representation on M we have that f; = fi|;; is an Euler-Poincaré function
for the trivial representation on M.
Let g1, hy be Euler-Poincaré functions of the trivial representation on
SLs(R). By Lemma 1.3.2 the function fl = g1hy is an Euler-Poincaré function
of the trivial representation on M.

We recall that
b — +1
L +1 /7

which is central in M and deduce from Lemma 1.3.3 that
fi(by) = [i(by) = fi(by) = gi(F D ().
From Lemmas 1.3.3 and 1.3.4 it follows that
91(1) = g1(=1) = hi(1) = hai(-1) €R
and so f1(b,) is positive. O
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1.5 The unitary dual of K,

Let Ky = KN M = S(0O(2) x O(2)). We shall need in the proof of later
results to know the unitary dual }/(]\\4 of Ky, which is given in the following
proposition.

First we define the following one dimensional representations of SO(2)

and SO(2) x SO(2).
aR(0) =", foralllcZ,

R(Q) _ i(l0+kn)
ELk ( R(n) ) =e , foralll,k € Z,

where

R@)z(c®0_ﬂm0>680@)

sinf cos0

Note that ¢y and €y are the trivial representation of their respective groups.

Proposition 1.5.1 For I,k € Z not both zero there are unique representa-
tions 6 of Ky on C* with

d1klso@)xso@) = €Lk ® -t~k

and
—1

01k (21, 22) = (22, 21).

-1
1

We can also define the representation § of Ky on C by
(X, Y)(2) = (det X)z = (det Y)z.

We have that Ky = {triv, 6,01 : I,k € Z not both zero}.
Proof: By Lemma 1.3.5, we have that 86\(2) = {g : 1 € Z}. In general,
for two locally compact groups H and K, the map (0,7) — o ® 7 defines

an isomorphism H x K 2 H x K. Thus the map from SO(2) x S/O@ to

—

SO(2) x SO(2) given by (71, T2) + 71 ® T2 is an isomorphism. Hence we have

7

that SO(2) x SO(2) is the set
(6@ el Lk € Z) = {1k € Z).
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Let

and

R(Q,U) = ( R(e)

For [, k € Z we note that

(5[7k(T)(sl7k<T)(Zl, 22) = (21, ZQ) = (Sl’k(T2)<Zl, 22)

R(n) > '

and

01 ()0 (R(0,m))00i(T) (21, 22) = (e 0Ty, 0 )
= (51(R<—(97_77))(21722)
= §(TR(O,n)T)(21, 22),

s0 01, is indeed a representation. We shall show that the representations given
in the proposition are in fact the only irreducible unitary representations of
Ky -

Let 7 € Kp. Then by [39], Theorem 1.12(d) the representation 7 re-
stricted to SO(2) x SO(2) is a direct sum of irreducible representations, that
is

T|30(2)xS0(2) = €l1k1 D Elosky D - D €1,y >

for some ly,... 1, k1,...,k, € Z. Let v € 7 be an (SO(2) x SO(2))-
eigenvector with eigenvalue e'(1%+¥11)  Then the equation

TR(~6, ) = R(0.n)T

tells us that 7(7)v is also an SO(2)-eigenvector, with eigenvalue e~#(16+kin),
If 7(T)v is a scalar multiple of v then I; = k; = 0 and the equation 7% = T
tells us that 7 = triv or . Otherwise 7'|So(2)xso(2) = €50 DE_yy,—k and
T = 5117;@1.

For | = k = 0 we have dpg = triv @ d. For all other values of [ and &
the representation d; is irreducible. Also, for [,k € Z we have that ¢d;, is
unitarily equivalent to d_; ;. There are no other equivalences between the
representations d; .

The proposition follows. U
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1.6 Infinitesimal characters

Let G be a connected reductive group with maximal compact subgroup K,
real Lie algebra gr and complexified Lie algebra g. Let m be a represen-
tation of G. By [39], Theorem 1.12(d), the restriction of m to K splits
into an orthogonal sum of irreducible representations of K. The irreducible
K-representations occuring in this decomposition are called the K types oc-
curing in 7. By [39], Theorem 1.12(e), the K types of m occur in the above
decomposition with well definied multiplicity, which is either a non-negative
integer or +00. We say that 7 is admissible if m(K') acts by unitary operators
and if each K type occurs with finite multiplicity in 7|x. In particular 7 is
admissible for all 7 € G ([39], Chapter VIII, Theorem 8.1). We say a vec-
tor in the representation space 7 is K -finite if its K-translates span a finite
dimensional space. Let mx denote the space of K-finite vectors in 7.
For X € gr and v € wx define

tX)v —
A(X)o = Pf% m(exp t Jv v

By [39], Propositions 3.9 and 8.5 the limit exists and defines a linear map
T — 7. Thus we get a representation of gg on mg, which extends to a
representation of the universal enveloping algebra U(g) of g on 7. This
representation we also denote by 7.

Let h be a Cartan subalgebra of g. The Weyl group W = W (g, h) is a
finite group generated by the root reflections in the root system (g, h). The
group W acts on h and hence on the dual space h*.

Suppose that 7 is an admissible representation of G such that 7(Z) acts
as a scalar on g for all Z in the centre 3 of the universal enveloping algebra
of g. In particular this condition is satisfied when 7 is irreducible admissible
([39], Chapter VIII, Corollary 8.14). In this situation the representation m
gives us a character of 3. Via the Harish-Chandra homomorphism (see [39],
Chapter VIII, §§5,6) the set of characters of 3¢ can be identified with the set
of Weyl group orbits in h*. If A € h* corresponds under this identification
to the character of 34 given by 7m we say that m has infinitesimal character
A and we write A, = A. The infinitesimal character A, is defined up to the
action of the Weyl group. It follows from the definition of the infinitesimal
character that if 7 is a sub- or quotient representation of m then A, = A.

Up until now we have assumed that G is connected, however if we merely
assume that G is a Lie group and 7 is an irreducible representation of GG, then
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by [39], Corollary 3.12, we have that 7(Z) commutes with 7(g) for all Z € 3¢
and all g € G. Then by Schur’s Lemma ([39], Proposition 1.5) we see that
m(Z) is a scalar operator for all Z € 3¢, so we can define the infinitesimal
character of 7 in this case also.

Let G = SL4(R) and the subgroups K and P = M AN be as above. Let
be the diagonal subalgebra of g. In this case the Weyl group W (g, ) acts on
b by interchanging elements of the leading diagonal. We shall see in the next
chapter that the analytic properties of the zeta functions considered there
are related to the infinitesimal characters of elements of G. The following
proposition gives us information about these infinitesimal characters which
will be required in the following chapter.

Let pp be the half-sum of the positive roots of the system (g, a), where a
is the complexified Lie algebra of A, so that

a
ppr = 4a.
—Qa

Let o be a finite dimensional virtual representation of M, whose K, types
are all contained in the set {triv, 8,8, : [,k € {0,2}}. Let M, be the subset
of all £ € M such that tré (f>) = 0 for all Euler-Poincaré functions f, for
o on M. (Note that the value of tr&(f,) = 0 depends only on ¢ and o and
not on the choice of Euler-Poincaré function f,.) Let éa be the set of all
elements of G except for: the trivial representation; representations induced
from parabolic subgroups other than P = M AN and representations induced
from & € M,. We define an order on the real dual space of a by A > p if and
only if (A — p) = tpp for some ¢t > 0.

Proposition 1.6.1 Let o be a finite dimensional virtual representation of
M and let m € G,. Then the infinitesimal character A, of ™ satisfies

1
Re(wAz)|q > —gpp OF = pp > Re(wAr)lq

for all w € W(g,b).

Proof: We shall prove the proposition by considering different cases in turn.
By Theorem 1.1.2 we have the following cases to consider. The case when 7
is a principal series representation induced from P = M AN the case when 7



1. Euler Characteristics and Infinitesimal Characters 23

is a complementary series representation induced from P = M AN the case
when 7 is a limit of complementary series representation and the case when
7 is one of the representations ,, for m € N.

First we consider the principal series representations. Let m = m¢, =
Ind %(¢ ® v) be induced from P, where € is an irreducible, unitary represen-
tation of M = S(SL3(R) x SL;(R)) and v € a* is imaginary (ie. v € ia,
where aj, is the real dual space of a).

Let £ be an irreducible subspace of {|sr,®)xsL.m®)- Then & has infinites-
imal character Ay and A¢ = A, We have that £ = & ® & where & and &
are irreducible unitary representations of SLy(RR).

To limit the possibilities for & and & that we need to consider we use
the double induction formula (see [39], (7.4)).

Lemma 1.6.2 (Double induction formula)

Let M,A,N, be a parabolic subgroup of M, so that M,(A,A)(N,N) is a
parabolic subgroup of G. If o, is a unitary representation of M, and v, € a =
(LiecA,)*, v € a*, then there is a canonical equivalence of representations

Ind § 4 (Ind 37 4., (06 ® 1) ® v) = Ind J\G/IO(AOA)(NQN) (06 ® (Vo +v)).
O

We may assume that neither & nor & are induced since then, by the
double induction formula, we would have the case that m was induced from
a parabolic other than P = M AN, which was excluded. By Theorem 1.1.1,
the remaining possibilities for &; and & are the trivial representation and the
discrete series and limit of discrete series representations.

Let A; be the infinitesimal character of m and A¢, be the infinitesimal
character of §;, then A¢ = A¢, + A¢,. Recall that b is the diagonal subalgebra
of g. We lift A¢ and v to b by defining A¢ to be zero on a and v to be zero
on the diagonal elements of m, so that A, = A¢ + v ([39], Proposition 8.22).
The Weyl group W = W (g, ) acts on A,. Let w € W, we will show that

either tr&(f,) =0 or

1
Re(wA;|q) > —ipp

or
—pp > Re(wiA,lq).
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First we take & and &, to be the trivial representation. This gives us that

s

Ae - =5 +1.

—t

If

a

v @ =aa, «¢ciR,
—a
—a
then
a
A b
c
—a—b—rc
a—b
b +b
b—a a
= A 2 c+“7+b + o (1.10)
—c— et
a—b+ —I—(H_b n a+b
— C «
2 2 2

= a+c+%(a+b).

If we let w = 1 then from above we see that Re(A,|,) = 0. If we take w
to be the transposition interchanging b and ¢ we get

a
wA, :a—l—b—i—g(a—i—c),

c 2
—a—b—rc

the real part of which when restricted to a gives % pp. All other Weyl group
elements are dealt with similarly and we see that —%pp < Re(Azlq) < % pp
for all w € W.

It remains to consider the case when either or both of & and & are a
discrete series representation or limit of discrete series representation with
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parameter m;. We set ;" = 2y = triv and let & = 2,5 or & = 2, , where
m; > 0, and my and my are not both zero. From (1.5) we get

dim pps

welf) = > (=1) dim (v§® /\ppM®v(,)KM. (1.11)

p=0

We shall use Proposition 1.5.1 to examine the K, types to limit the possi-
bilities for my, my for which tr&(f,) # 0.

Lemma 1.6.3 For my, my both non-zero we have the following isomorphism
of Kyr-modules:

Ve @ Ojk B O—jk-

j>mq,j=m1mod2
k>mg,k=momod2

‘/f = @ 50,/67

k>mao,k=momod2

If m1 = 0 we have

and for my = 0 we have

Ve = & 550

j>my,j=mimod2

Proof: This follows from Lemma 1.3.7. O

Lemma 1.6.4 We have the following isomorphisms of K yr-modules:

triv

> >
=y k=3
SN
IR

92,0 D o2

=
-
=
12

O DO D a2 Doz

=
=3

<

I

92,0 D o2

triv.

=
=3

<
I

Proof: K, acts on py; by the adjoint representation and we can compute

Py = a0 D oo
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The other isomorphisms follow straightforwardly from this. O

Let v =1 Qv ®@v3 € Ve ® N par ® V,, where the v;’s all lie in a single
Ky type of their respective representation spaces. Lemma 1.6.4 tells us that
vy is in one of the following K, types: triv, 9, da20, 002, 02,2, 02 _2 by our
assumption on o, the possibilities for the K, type containing v3 are also the
same. It follows that tr&(f,) is non-zero only if my, my € {0,2,4}.

It follows from the exact sequences in the proof of Lemma 1.3.7 that
I+ @ 9. ¢ 2H=De where the index on & is + if m is even and — if
m is odd. The infinitesimal character of £+ (m=r1 is simply (m — 1)p; (see
[39], Proposition 8.22), hence it follows that the infinitesimal characters of
2 and 7, are both equal to (m — 1)p;. This gives us in the cases where
tr&(f,) is non-zero:

= (my—1)s+ (mg — 1)t, my,msy € {0,2,4}. (1.12)
—t

By computing the action of the different Weyl group elements we can see
that in all cases either wA¢|q > —3pp or wA¢la < —pp. Since Ar = A¢ + v
and v is imaginary we see that Re(A;|q) = A¢|q, so the claim follows.

The complementary series representations are dealt with similarly. We
recall from Theorem 1.1.2 that the complementary series induced from P are
7 =1Ind$ (T, @ tpp), for m € Nand 0 < ¢t < L. We may argue as above to
find the possibilities for m such that tr7,,(f,) # 0. In this way we see that
there are two possibilities for m for which tr7,,(f,) # 0, namely m = 2 and
m = 4. In the first case, wA.|q > —3pp, for all w € W(g, h). In the second
case we have

A, = (34 2t)a + 2tb + 3c.

—a—b—rc

If w e W(g,b) is the element which swaps the first and fourth diagonal
entries then wA;|, = —%pp. In all other cases we have wA;|, > —%pp.

The limit of complementary series representations are closely related to
the family of representations m,,, m € N, so we shall deal with them together.
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For m € N, we denote by 7, the representation of M induced from
the representation Z,) ® 2,1 of SLy(R) x SLy(R). For m € N we have the
limit of complementary series representation given as an irreducible unitary
subrepresentation of I, = Ind (%, ® 3p), which we will denote by 7¢,. The
representations 7, are the Langlands quotients of the I,,,.

Let Ar, be the infinitesimal character of m,, and A;c the infinitesimal
character of 7y, Clearly A, = Az = Az, + % pp, so we need only consider
A, . The value of

a
A, b
c
—a—b—c
is equal to
a=b atb
2 b—a ] 2 ath
Aﬁm 2 a+b+2¢ + ipP 2 _a+b
2 a+b—2c 2 __a+b
2 2
a—2b a+b
= (m—1) + (m—1)(c+ )+ (a+0)
= ma+b+ (m—1)c.
Restricting to a we get
a
a 1
A, a =2a = §pp
—a

The Weyl group W acts on A, . Now for all elements w € W except one we
get wA,, ¢ > —% pp for all m > 1. The exception is w; which swaps the first
and fourth diagonal entries. For this we have

a

w1As,, =—2(m —1)a.

Thus wiAy, |q > —%pp if m=1,2 and if m > 3 then wiA,, |« < —pp.

This completes the proof of the proposition. ([l



Chapter 2

Analysis of the Ruelle Zeta
Function

Let G = SI4(R) and I" C G be discrete and cocompact. Let gr = sly(R)
and g = sly(C) be respectively the Lie algebra and complexified Lie algebra
of GG. As in the previous chapter, all Haar measures will be normalised as in
[25], §7. Recall that this normalisation depends on the choice of an invariant
bilinear form b on g. Let b be the following multiple of the trace form on g:

b(X,Y) = 16tr (XY). (2.1)

We choose this normalisation in order to get the first zero of the Ruelle zeta
function at the point s = 1 in Theorem 2.4.3 below. Let K C G be the
maximal compact subgroup SO(4). Let g C gr be its Lie algebra and let
pr C gr be the orthogonal space of g with respect to the form b. Then b is
positive definite and Ad(K)-invariant on pr and thus defines a G-invariant
metric on X = G/K, the symmetric space attached to G.

Let

B— ( SO(2)
B is a compact Cartan subgroup of

M= S(SL;E(R) SL§<R>>

28
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= {3 @) G0 23 ]

We also define

o _[2 Matg(R) ~ ]2 0
N( 0 I and N={ \ato(R) 1, )

and set Ky = KN M.

Let m denote the complexified Lie algebra of M and let m = £,, & p,s be
its polar decomposition, where £,, is the complexified Lie algebra of K, =
K N M. Let b be the Cartan subalgebra of g consisting of all diagonal
matrices, and let a, n and n be the complexified Lie algebras of A, N and
N respectively. Let P denote the parabolic with Langlands decomposition
P = MAN and P the opposite parabolic with Langlands decomposition
P = MAN. Let pp be the half-sum of the positive roots of the system (g, a),

so that
a

pp = 4a.

Let

Hl = € ag.

1
8 1

1
Then it follows that b(Hy) = b(Hy, Hy) = 1 and pp(H;) = —3. Let A~ =
{exp(tH;) : t > 0} be the negative Weyl chamber in A. Let &p(I") be the set
of all conjugacy classes [y] in T" such that + is conjugate in G to an element
ayb, of A™B.

An element v € I' is called primitive if for 6 € I' and n € N the equation
0" =~ implies that n = 1. Clearly primitivity is invariant under conjugacy,
so we may view it as a property of conjugacy classes. Let &5(I") C &p(T") be
the subset of primitive classes.

For [y] € &p(T) we define the length of v to be I, = b(loga.,loga,)'/2.
Let G be the centraliser of v in G, let I', = I' N G, be the centraliser of v
in I' and let x;(I'y) be the first higher Euler characteristic as in the previous
chapter.
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2.1 The Selberg trace formula

Let G be the unitary dual of G. The group G acts on the Hilbert space
L?*(T'\G) by translations from the right. Since I'\G is compact this represen-
tation decomposes discretely:

L*(T\G) = @ Nr(m)w

re@

with finite multiplicities Np(7), (see [23]).

Recall that for v € I" we denote by G and I', the centraliser of 7 in
G and T respectively. For a function f on G, denote by O,(f) the orbital
integral

0.~ [ s

The Selberg trace formula (see [59], Theorem 2.1) says that for suitable
functions f on G the following identity holds:

> Np(m)tra(f) =Y vol(T)\G,)O,(f), (2.2)
e []

where the sum on the right is over all conjugacy classes in I'. The set of
suitable functions includes, but is not limited to, all dim G + 1 times con-
tinuously differentiable functions of compact support on GG. In fact, we shall
need to extend the set of test functions for which the trace formula is valid.

Lemma 2.1.1 Let d € N, d > 16, that is d = 2d" for some d' > dim G /2.
Let f be a d-times differentiable function on G such that Df € L*(G) for all
left invariant differentiable operators D on G with complex coefficients and

of degree < d. Then the trace formula is valid for f.
Proof: This is Lemma 1.3 of [17] in the case G = SL4(R). O

For ¢ € G and V' any complex vector space on which g acts linearly let
E(g|V) C Ry be defined by

E(g|V) = {|u| : p is an eigenvalue of g on V'}.

Let Amin(g]V) = min(E(g|V)) and Apax(g9|V) = max(E(g|V)).
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For am € AM define

Amin(@|n)

Aam) = N (71]9)7

where we are considering the adjoint action of G on n and g resepectively.
Define the set
(AM)~ = {am € AM : AN(am) < 1}.

An element of G is said to be elliptic if it is conjugate to an element of a
compact torus. Let M, denote the set of elliptic elements in M.

Lemma 2.1.2 The set (AM)~ has the following properties:
(Z) A My C (AM)N,
(2) am € (AM)~” = a€ A™;
(3) am,a’'m’ € (AM)~,g € G with d'm' = gamg™ = a=2d',g € AM.

Proof: See [14], Lemma 2.4. O

For the construction of our test function we shall need, for given s € C and
J € N, a smooth, conjugation invariant, j-times continuously differentiable
function on AM, with support in (AM)~. Further, we require that at each
point ab € A~ B the function takes the value lZ*'e~%=. In [14] a function
g’ is constructed with these properties, with the one difference that there
the positive Weyl chamber A* is used instead of the negative Weyl chamber
A~. With only very minor modification the construction in [14] will yield a
function with our required properties, which we shall also call g?.

Let n : N — R be a smooth, non-negative function of compact support,
which is invariant under conjugation by elements of K, and satisfies

/Nn(n) dn = 1.

Let f: M — C be a smooth, compactly supported function, invariant under
conjugation by Kj;. Suppose further that the orbital integrals of f on M
satisfy

0NN = [ flama) dz =0
M/My,

whenever m is not conjugate to an element of B, where M,, denotes the
centraliser of m in M. The group AM acts on n according to the adjoint
representation.
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Given these data we define ® = ®4;,: G — C by

gi(am)
det (1 — (am)~1n)’

O(knam(kn)™") = n(n) f(m) (2.3)
for ke K,ne€ N,am € AM.

To see that ® is well defined we recall that, by the decomposition G =
KNAM, every g € G which is conjugate to an element of (AM)™~ can be
written in the form knam(kn)~'. By the properties of (AM)~ we see that
two of these representations can only differ by an element of Kj;. The com-
ponents of the function ® are all invariant under conjugation by Kj;, and
we note that det (1 — (am)~!n) # 0 for all am € (AM)~, so we can see that
® is well-defined.

Proposition 2.1.3 The function ® is (j — 14)-times continuously differen-
tiable. For j and Re(s) large enough it goes into the trace formula and we
have:
u lj+1€—sla,Y
Nr(m)trm(®) = I(T,\G,)O = . (24
Z F(ﬂ-) I'7T( ) Z Vo ( 7\ ’Y) by (f)det (1 B (awbv)_”ﬁ) ( )

el [Veép ()

Proof: Noting that 2dimn+dim ¥ = 14 we see that this follows from Propo-
sition 2.5 of [14]. This proposition was proved in the case that the function
f is an Euler-Poincaré function for some finite dimensional representation
of M. However the only properties of Euler-Poincaré functions used in the
proof are those given above for f, namely that it is smooth, of compact sup-
port, invariant under conjugation by K, and the orbital integrals satisfy the
given condition. O

2.2 The Selberg zeta function

An element g € G is said to be weakly neat if the adjoint Ad(g) has no
non-trivial roots of unity as eigenvalues. A subgroup H of G is said to be
weakly neat if every element of H is weakly neat. Let [y] € &5(T") so that
7 is conjugate in G to a,b, € A~ B. We want to know which roots of unity
can occur as eigenvalues of Ad(y). These are the same as the roots of unity
which occur as eigenvalues of Ad(a,b,). If

b, = ( R() R o) )
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where

R(6) = ( cosf —sin ) |

sinf cos6

then the eigenvalues of Ad(a,b,) are %% and e**¢. Define the sets
={neN:nberZ} and Ry={n e N:n¢ € nZ}

and
R, = {min Ry, min R,}.

Then R, contains either 0,1 or 2 elements. We can see that v weakly neat
is equivalent to R, = @. For v € &p(I'), where v = 7 for 7, primitive, the
value of x1(I';) depends on whether or not n € R.,.

For I C R, with I # @ define n; to be the least common multiple of the
elements of I and set ng = 1. Further, define

_ 1)\
) = TS g ).

n
L

Let 2 € C~ {0} and ¢ € Q. We define 27 to be equal to €?°67 where we
take the branch of the logarithm with imaginary part in the interval (—7, 7].

For any finite-dimensional virtual representation o of M we define, for
Re(s) > 0, the generalised Selberg zeta function

Zoo(s)= [T TITJ det (t—e by v, @5"m)“™,  (25)

[]€€E () n>0 ICR,

where S™(n) denotes the n'® symmetric power of the space n and v acts on
V, ® S™(n) via o(b,) ® Ad"(a,b,). In the case that I' is weakly neat this
simplifies to

Zpy(s H Hdet 1—6 by |V, @ S™(n ))

lESE(r) n0

(see [14]).

Let m € G. We recall that a vector in the representation space 7 is said
to be K-finite if its K-translates span a finite dimensional space and let 7y
denote the space of K-finite vectors in m. We say that a real or complex
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vector space V' is a (g,K )-module if it is a g-module and a locally finite and
semi-simple K-module. Further, the actions of g and K must satisfy,

ko X -v=Adk(X) kv,

for v € V,k € K and X € U(g), where U(g) is the universal enveloping
algebra of g, and we must have that the action of K is differentiable on every
K-stable finite dimensional subspace of V' and has 7| as its differential.

The space 7k is a (g, K )-module (see [4], I, 2.2). The Lie algebra n acts
on g and we denote by H®*(n,7x) (resp. Ho(n,7x)) the corresponding Lie
algebra cohomology (resp. homology) (see [4],[8]). We have the following
isomorphism of AM-modules (see [26], p57):

H,(n,7g) & H* P(n, 1) @ /\4 n. (2.6)

For \ € a* let

ma(r) = Y (~1)P*7 dim (Hq(n, ) ® N\ by ® VJ)KM, (2.7)

p,q=>0

where for an a-module V and A € a*, V* denotes the generalised M\-eigenspace
{v € V| 3n € N such that (a — A(a))"v = 0 Va € a} and the superscript Ky,
denotes the subspace of K, invariants.

We say that an admissible representation 7 of a linear connected reduc-
tive group G’ has a global character © = O¢" if for all smooth, compactly
supported functions f on G’ the operator 7(f) is of trace class and % is a
locally L? function on G’ satisfying

wr(f) = [ ©%(9)1(9)dg

for each such f. By [39], Theorem 10.2, every irreducible admissible, and in
particular every irreducible unitary, representation of G’ has a global char-
acter.

Theorem 2.2.1 Let o be a finite dimensional virtual representation of M.
The function Zp,(s) extends to a meromorphic function on the whole of C.
For \ € a*, the vanishing order of Zp,(s) at the point s = X\(Hy) is

> Np(m)ma(r). (2.8)

WGG

Further, all the poles and zeros of Zpy(s) lie in RU (3 + iR).
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Proof: The analogue of this theorem in the case that G has trivial centre and
I" is weakly neat is proved in [14], Theorem 2.1. If G has trivial centre then
I weakly neat implies I" torsion free, since non weakly neat torsion elements
must be central. With a few modfications the proof of [14], Theorem 2.1
becomes valid in our case also. In fact the assumption that I' is weakly neat
is used in two places. We sketch the proof here, pointing out the necessary
modifications for it to be valid in our case.

The theorem is proved by setting f = f, in the test function ® = &, =
®, ;s defined in (2.3), where f, is an Euler-Poincaré function for o on M.
We then get that for 7 € N and Re(s) sufficiently large, the right hand side
of (2.4) is equal to

, [+iesh
Z VOI(FW\G’Y)Ob.y (fa)det (1 — (ar0y)-Yn) (2.9)

[v]€8P(T)

In [14] the following equation from [11], proved under the assumption
that I is torsion free, is used:

~ Cyvol(I\G)

l’Yo

xi () : (2.10)

where C. is an explicit constant depending only on 7, and 7o denotes the
primitive geodesic underlying v. We have shown in Lemma 1.4.1 that (2.10)
holds for all v € &p(I") in our case also. From [14], Proposition 1.4 we take
the equation

Oé\;[(fg) = Cytra(by),
which, together with (2.10) gives us
O%(fo)VOI(FW\Gw) = Ly tro(by)xa(T5).
Substituting this into (2.9) we get
j —sly
te

Z lyo tr U(bw)Xl(Fw)det (1— (a0,)1[n)"

[v]e€p(T)

We claim that this is equal to

(2
(—1) Ep log Zp,(s).
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Indeed

log Zp(s) = - >3 ) ——troty) Y tr ((a,h,)"|5"(n).

[ﬂeg};(r) m=1ICR, n>0

—sml,

We note that

>t ((ah,)"1S" () = det (1= (ab)"|m) !

= det (1 — (a,b,)™[n)

and the claimed equality follows.

In [14], since I is weakly neat it follows that G,» = G, for all ¥ € I' and
n € N. In [20] it is shown that X, = I',\G,/K, and so it follows that for
all n € N we have X.,» = X and hence x;(I'yn) = x1(I';). Thus the above
equality involving the logarithmic derivative of Zp,(s) is derived with the
simpler Euler product expansion for Zp,(s) given above.

In our case we may have an element [y] € &5(I") with a non-trivial root
of unity as an eigenvalue. For such a v we have x1(I'yn) # x1(I'y) for n € R,.
For this reason we have had to introduce the more complicated Euler product
expansion for Zp,(s) so that the above equality involving the logarithmic
derivative of Zp,(s) still holds.

On page 909 of [14] it is shown that

trm(®,) = " fo(m)© H.(nﬂK)(ma)dmgg(a)da. (2.11)

Using the property (1.5) of f, we get

tro(®g) = / tr< (H (n, T ®/\ pM®V> N)lé"‘le_slada
= / > my () AU g

A€a*

= (—1)”1(28) > ma(m) Hl) (2.12)

A€a*

Proposition 2.1.3 then gives us that

(%)j+2 log Zp,, (s ZNF (_)”1 Zm)\(ﬂ-)ﬁ(}ll)’ (2.13)
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from which it follows that the vanishing-order of Zp,(s) at s = A(H;) is

> Nr(m)ma ().

weé

Two further comments are in order. First, in [14] the positive Weyl
chamber A" = {exp(tH;) : t < 0} in A is considered, where we have instead
considered the negative chamber A~. For this reason we have interchanged
the positions of the Lie algebras n and n from the way they are used in [14].
This is easily seen to give a precisely equivalent result.

Secondly, the results of [14] are stated for a finite dimensional represen-
tation o of M. By linearity the results extend in a straightforward way to
the case where o is a virtual representation, which we use here. O

2.3 A functional equation for Zp,(s)

Proposition 2.3.1 For A € a* let |[A|| be the norm given by the form b in
(2.1). There are my € N and C > 0 such that for every m € G and every
A € a* we have

N (— 1) dim(H(n, 7)) | < C(1+ [A)™

q=0
Further, let S denote the setof all pairs (m,\) € G x a* such that
4

Z(—l)q dim (H(n,7x)*) # 0.

q=0
Then there is mo € N such that

N

> s <
s LA
Proof: These results follow from [16], Proposition 2.4 and Lemma 2.7. U

An entire function f is said to be of finite order if there is a positive
constant a and an r > 0 such that |f(2)| < exp(|z|*) for |z| > r. If f is of
finite order then the order of f is defined to be the infimum of such a’s.
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It is well known that the classical Selberg zeta function is an entire func-
tion of order two (see [52]). Our next lemma gives an analogous result for
the generalised Selberg zeta function we are considering here.

Let o be a finite dimensional virtual representation of M. Theorem 2.2.1
tells us that Zp,(s) is meromorphic and hence it may be written as the
quotient of two entire functions:

_ Zl (S)
Zy(s)’

ZP,U(S)

where the zeros of Z;(s) correspond to the zeros of Zp,(S) and the zeros of
Zy(s) correspond to the poles of Zp,(s). The orders of the zeros of Z(s)
(resp. Z3(s)) equal the orders of the corresponding zeros (resp. poles) of
Zpy(s). The functions Z;(s) and Z(s) are not uniquely determined, but
clearly their respective sets of zeros, together with the orders of the zeros, are.
For i = 1,2 let R; denote the set of zeros of Z;(s) counted with multiplicity.

Lemma 2.3.2 There exist Z;(s), for i = 1,2, with the above properties,
which are, in addition, of finite order.

Proof: Let Z(s), Z(s) be as above. We shall show that we may take them
to be of finite order.

For 7 € G let A(w) be the set of all A € a* with A\ # 0 and m,(7) # 0.
Let G(T') be the set of 7 € G such that Np(w) # 0 and let S denote the set
of all pairs (m,\) such that 7 € G(I') and A € A(r). For A € a* let ||| be
the norm given by the form b in (2.1).

The expression (2.8) tells us that s # 0 is a zero or pole of Zp(s) if and
only if s = A(H;) for some X € a*, for which there exists 7 € G(T') such that
(m,A) € S.

Since the function Zp,(s) is meromorphic and non-zero, it follows that
there exists ¢ > 0 such that

ACH)| = e(1+[1A]]) (2.14)

for all A such that (m,A\) € S for some .
By the definition of m, () we deduce immediately from Proposition 2.3.1
that there exist m; € N and C' > 0 such that for every m € G and every

A € a* we have
Ima(m)] < C (14 [[A)™, (2.15)
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and that there exists my € N such that

> (Nﬁ < 0. (2.16)

m2
P AR DY)

Let k = my 4+ mg. Then, for (m,A) € S, by (2.14) and (2.15) we have,

’mm 1 |ma(m)
NHF| = & A )
9 1

<

(T AD™
It then follows from (2.8) and (2.16) that, for i = 1,2,
1 N
e L 2.1)
pER;~{0} o] (r\)ES [ACH)]

We say that Z;(s) and Zy(s) are of finite rank.
By the Weierstrass Factorisation Theorem ([10], VII.5.14) and (2.17),
there exist entire functions g;(s), g2(s) such that

Zi(s) = smen® ] (1 S) (8 LA ) (2.18)
ils) =s" e — — |exXp | — 52 7% .
pERi~{0} P P2 kp

where n; is the order of the zero of Z;(s) at s = 0.
From (2.13) we recall the equation

(%) log Zp.o(s) = XG?‘) Ne(r) (j—) x SO @19

where j € N is sufficiently large. Let J = max(j, k). It follows from (2.18)
and (2.19) that

(%) o -ge+y S UZ s EU2

(s = p)’ = (s=p)

is equal to

(—=1)=YJ = 1)!
Z Z Nrp(m)ma () (s — NH))”

meG(T) AeA(m)U{0}
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Remembering that the zeros of Z;(s) are included with multiplicity in
R;(s) and bearing in mind the expression (2.8) for the vanishing order of
Zpy(s), we see that this implies that

(3—) (61(5) — g4()) = 0.

It follows that g;(s) —g2(s) is a polynomial of degree at most J. Without loss
of generality we may take ga(s) to be zero, so that g (s) is itself a polynomial
of degree at most J. Finally, Theorem XI.2.6 of [10] tells us that since Z(s)
and Zs(s) are of finite rank and g¢;(s) and go(s) are both polynomials of
degree at most J, it follows that Z;(s) and Zy(s) are both of order at most
J. O

Before we give the next lemma we make a couple of definitions. Let G’
be a linear connected reductive group with maximal compact subgroup K’
and let £ be a representation of G'. Let g’ be the complexified Lie algebra of
G', let b’ C ¢ be the diagonal subalgebra and let p’ € (h')* be the half sum
of the positive roots of the system (g’, §"). We say that £ is tempered if for all
K'-finite vectors u,v € g+ there exist constants ¢, , such that for all g € G’

(€ 0)| < cu [ VM,

where H (g 'k) denotes the logarithm of the split part of ¢g~'k under the
Iwasawa decomposition and (-,-) is the inner product on V¢. An admissible
representation of G’ is called standard if it is induced from an irreducible
tempered representation of M’ C G’, where P = M'A’N’ is a parabolic
subgroup of G.

The Weyl group W (G, A) has two elements, let w be the nontrivial ele-
ment therein. Then w acts on M by conjugation and for a representation o
of M we can define the representation “o by “o(m) = o(wmw™).

Y

Lemma 2.3.3 Suppose that ¢ = "o as Kp-modules. Then Zp,(s) and
Zpo(1 —s) have the same poles and zeros with multiplicity.

Proof: By Theorem 2.2.1 A € a*, the vanishing order of Zp,(s) at the point
s = A(H;) is equal to > __~ Np(m)my(m). We shall show that

el

() = m_x—20,, () (2.20)
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for all w € CAJA. Since —2pp(H;) = 1 the lemma will follow.
Let m € G. Recall from (2.7) that

ma(r) = Y (~1)P* dim <Hq(n, ) ® N\ pu ® VJ)KM.

p,q>0

The global character ©¢ of  on G can be written as a linear combination with
integer coefficients of characters of standard representations ([39], Chapter
X, §10.2). We are interested in the values taken by ©¢ on MA~. By [39],
Proposition 10.19, the only characters which are non-zero on M A are those
characters of representations induced from P = M AN. So there exist n € N
and for all 1 < ¢ < n integers ¢;, tempered representations &; of M and

v; € a* such that
Zcz g, (2.21)

where 7/ = Ind %(& ® v;). From [26], Theorem 3.6 and (2.6) it follows that
for all regular ma € M A~ we have

det (a| A'n)

det (1 — maln)’

07 (ma) = Ol r)(ma)

and the same holds for all 7. Together with (2.21) this implies that

O lnmpey (ma) =Y O3, i ) (ma)
i=1

for all regular ma € M A~. Substituting this into (2.11) and proceeding as
in (2.12) we see that it suffices to show (2.20) for the representations 7.

The Weyl group element w acts on the group M A by conjugation, which
has the effect of swapping the two components. For v € a* we therefore have
wr = —v. Recall that for a representation & of M we let ¢ denote the rep-
resentation “£(m) = £(wmw™"'). By [39], Theorem 8.38, the representations
7 and Y7’ = Ind $(*¢ @ (—1;)) are equivalent. From the definition of the
induced group action we can see that

Hi(n, i) = H(n, o) 7.
Thus we see that

dim (Hq(n, ) ® /\p Py ® VU)KM
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is equal to
. K
dim (HQ(n,wnZK)*A*QPP ® /\p Py ® Va) "

Using the notation of Proposition 1.5.1 we note that the K ;-types satisfy
Ytrivg,, = trivg,,, Ydetg,, = detk,, and “0;, = 0y = 06—y —;. Lemma 1.6.4
and the isomorphism of K j;-modules

N =020 @D oo

tell us that the Kjp-modules A’ pys and n are invariant under the action of w
and we have assumed that Yo = o as Kj;-modules. Since w? is the identity
element of W (G, A) we can conclude that

. K
dim (Ho(n i) @ N'pu @ Vs)
is equal to
, K
dim <Hq(n, i) o N py @ VU> "
Hence m (") = m_x_2,,(7") and the lemma follows. O

Theorem 2.3.4 Suppose that 0 = “o as Kj-modules. Then there exists a
polynomial G(s) such that Zp,(s) satisfies the functional equation

ZRU(S) = GG(S)ZP,U(l — S).

Proof: Let R;, n; be as above for ¢ = 1,2. We saw in the proof of Lemma
2.3.2 that there exist entire functions Z;(s) and Zs(s) of finite order such

that
Z1(s)

AD
and polynomials ¢;(s) and g(s) such that

. s s 82 sk
Zi(s) = sMip9i(s) H (1 _ ;) exp (; + 2_p2 ce k—pk) _

pER;~{0}

ZP,U(S)

Lemma 2.3.3 tells us that Zp,(s) and Zp,(1—s) have the same poles and ze-
ros. Hence we can in the same way conclude that there exist entire functions

Wi(s) and Wy(s) of finite order such that

Wl(S)

ZP,U(l — S) = WQ(S)
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and polynomials h(s) and hs(s) such that

n; hi(s) S 52 Sk
Wi(s) = s™e II 1—; exp p+—---+k—pk .

pER;~{0} 2p
Setting
G(s) = g1(s) + ha(s) — g2(s) — ha(s)
we can see that the claimed functional equation does indeed hold. O

2.4 The Ruelle zeta function

For any finite-dimensional virtual representation o of M we define, for Re(s)>
0, the generalised Ruelle zeta function

RI‘,U(S) = H H det (1 _ e*snjl%_)/n] ’VU)XI(’Y) '

Mesp(r) ICR,

We have the following theorem giving a relationship between the generalised
Selberg zeta function and the generalised Ruelle zeta function.

Theorem 2.4.1 Let o be a finite dimensional virtual representation of M.
The function Rr,(s) extends to a meromorphic function on C. More pre-
cisely

(-1)1
RFU H ZP(/\qn(X)J) (3 + 4> .

q=0

Proof: Let v € &(T') let i(7) € N be the least such that v = 4 for some
Y0 € EH(T"). We compute at first

log Rl‘,o<5) = Z Z X[ tI‘ lOg 1 smlw,ym ‘Vo)

esh(r) ICR,

Y Sy L)

[’y]EEIg(F) ICR, m=1

7871][/7

= Z Z x1(y tra(bzf).

[vle€r(T) ICRy
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Similarly, for 7, = A?n ® o we have

log Zps,(s) = Y Y xi(mD_ trlog ((1—e " hy™ |V, @ 5" (n))
n=0

PlesR(r) ICRy

= Y T e (Y, 0 5" (w)

]egz’(r ICR~ n=0 m=1
_snIl«, " tr (bn1| /\q —>
= = 2. 2 ) ro(03) Got (1 = (asby) -1 [)
[v]€€p (L) ICRy 7
snjlpy . tr (bn1| /\q ﬁ)
= - 2 2 ) e e T Ay
[]e&p(T) ICR, Rl

Since n is an M-module defined over the reals we conclude that the trace
tr ((ayb,) 7' A"1) is a real number. Therefore it equals its complex conju-
gate, which is tr (a;'b,| A" ). Summing over ¢ we get

M,,;

log Rr (s —1)?log Zp,, <s+ Z)

q=0

The theorem follows. O

We shall be interested in the zeta function Rp,(s) in the case where
o = triv = 1 is the trivial representation of M and in the case where o is
the following virtual representation of M. Define

~+:15/\0m+6/\2m+ /\4m
1 3
- =10 A\ m+3/\ m

and let & = 67 — ¢~, where M acts on A" m according to Ad". The reason
for this choice of & is that it allows us to separate the contribution of the
non-regular elements of &p(I") from the regular ones, as made clear in the
following lemma.

and

Lemma 2.4.2 Let v € &p(I") with

) :<R<e>

o
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where

sinf cos6

R(0) = ( cosf) —sin@ ) '

Then
tro(b,) =det (1 — b, : m/b) = 4(1 — cos 20)(1 — cos 2¢),

where b is the complexified Lie algebra of the group B. In particular we
have tra(by) > 0 for all v € &p(T), and tra(by) = 0 if and only if v is
non-reqular.

Proof: As B-modules, we have the isomorphism m = b @ (m/b). The group
B is abelian and so acts trivially on the 2-dimensional Lie algebra b. Hence,
for 0 < n < 6, we have the following isomorphism of B-modules

A m= P (;) A m/b. (2.22)

p+gq=n

We set ag = 1, a1 = =3, ao = 6, a3 = —10, ay = 15 and note that, for
k=0,...,4, these satisfy

Xk: A (;) = (-1~ (2.23)

The B-module isomorphism

A (m/e)=> a, N'm=35

then follows from (2.22) and (2.23). We can then see that

tr&(b,) = tr <b7 A\ m/b> = det (1 —b, : m/b).

The adjoint action of B on m/b can easily be computed to give the claimed
value. Finally we note that tr(b,) = 0 if and only if 6, ¢ € Zr and recall
from the proof of Lemma 4.3.1 that this occurs precisely when ~ is non-
regular. Il

The main result of this chapter is the following theorem.
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Theorem 2.4.3 The function Rri(s) has a double zero at s = 1. The
function Rrs(s) has a zero of order eight at s = 1. Apart from that, for o €
{1,5}, all poles and zeros of Rr ,(s) are contained in the union of the interval
[—1, ﬂ with the five vertical lines given by % + 1R for k=-2,-1,0,1,2.

The theorem will follow from the following proposition, which we prove
in the remainder of the chapter.

Proposition 2.4.4 The function Zpi(s) has a double zero at s = 1. The
function Zps(s) has a zero of order eight at s = 1. Apart from that, for
o € {1,6}, all poles and zeros of Zp,(s) lie in the half-plane {Re(s) <
2}. Further, for 7, being the representation of M on \'n (¢ € {1,...,4})
obtained from the adjoint representation and o € {1,,7, ® 6}, all poles and
zeros of Zp,(s) lie in the half-plane {Re(s) < 1}.

Let us assume for a moment that the proposition has been proved. The
representations o of M considered in the proposition all satisfy the isomor-
phism of Kj-modules ¢ = “o, where w is the non-trivial element of the
Weyl group W (G, A). Hence we can apply the functional equation given in
Theorem 2.3.4 to see that the poles and zeros of the functions Zp,(s) all lie
in the region 0 < Re(s) < 1. We can then apply Theorem 2.2.1 to see that
the poles and zeros in fact lie in [0, 1] U (% +iR). Finally, an application of
Theorem 2.4.1 completes the proof of Theorem 2.4.3.

The proof of the proposition will take up the rest of the chapter. We see
from (2.8) that a representation 7w € G makes a contribution to the vanishing
order of Zp,(s) only if my(m) # 0 for some A € a*. From (2.12) it follows
that, if tr m(®;,) = 0 for some 7 € G and finite dimensional representation o
of M, then my(7) = 0 for all A € a*. Thus, if we can show that tr7(®,,) =0
for some 7 and o, then we will know that 7 makes no contribution to the
vanishing order of Zp,.

We define a partial order on the real dual space ap by setting p > v if
and only if 1 — v = tpp for some ¢t > 0. Since pp(H;) = —3, we shall be
able to prove Proposition 2.4.4 with the following steps. Firstly, irrespective
of the choice of o, all eigenvalues A of a on H*(n, m) satisfy

Re(\) > —2pp, (2.24)

with equality only if m = triv. Secondly, in the case o € {1,5}, if 7 is the
trivial representation on G, then H*(n, )27 # 0. If 0 = 1 then this gives
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a double zero at the point s =1 and if o = ¢ this gives a zero of order eight
at s = 1. Apart from this, for all 7 € G and all A € a*, we have either
trm(®) = 0, or that H*(n, mx)* # 0 implies

3
Re(A) > —5PP. (2.25)
The first step will be proven in the following two sections using the
Hochschild-Serre spectral sequence. Then the second step will be proven us-
ing a result of Hecht and Schmid which relates the action of a on H®(n, )
to the infinitesimal character of 7.

2.5 Spectral sequences

In what follows we shall need to use the notion of a spectral sequence. We
give here a brief definition, for more details see [41], Chapter XX,§9.

By a complex we mean a sequence (K° d'), for i > 0, of objects and
homomorphisms in a given abelian category satisfying

d° d!

d2
K2

K° K!

and such that d™od’ = 0. We say that a complex L = (L¢, ¢') is a subcomplex
of K = (K* d'), and we write L C K, if L' C K and ' = d|: for all i > 1.
For a complex K = (K*,d"), a filtration FK of K is a decreasing sequence
of subcomplexes

K=F'KD>F'K>FK>---D>F'K>F'"K ={0}.

The quotient of two complexes can be formed in the obvious way.
For a complex K = (K, d") we define the i-th cohomology group of K as
H{(K) = kerd'/Tmd"~!'. The associated graded object

H(K) = €D H'(K)

is called the cohomology of K.
To a filtered complex F'K is associated the graded complex

GrFK=GrK =@ Gr'K =P FK/FK.

i>0 i>0
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A filtration F"K on K induces a filtration FH(K) on the cohomology by

. k I s
FIHI(K) = er(d] pik)

- Im (djfl FiK) ’

The associated graded object is

o F'H(K)
A spectral sequence is a sequence (E,,d,.), for r > 0, of bigraded objects

E. =P Er*

p,q20
together with homomorphisms (known as differentials)
d, : EP7 — EPTHITH gatisfying d? = 0,
and such that the cohomology of F, is E,,, that is
H(E,) =kerd,/Imd, = E, . (2.26)

If we have F,, = E,,+1 = - - for some ¢, then this limit object is called E
and we say that the spectral sequence abuts to FE.. If there exist m,n € N
such that for all » we have EPY # 0 only if p < m and ¢ < n, then it
follows from (2.26) that E5"" = E3"" = ... = E™". In [41], Chapter XX,
Proposition 9.3, it is shown that given a filtered complex F'K one can derive
a spectral sequence (F,), which in particular has

BP9 = GrP(HPH(K)).

2.6 The Hochschild-Serre spectral sequence

We shall need the following proposition.

Proposition 2.6.1 Let P' = M'A'N’ be a parabolic subgroup of G and let
o’ n' be the complexified Lie algebras of A',N' respectively. Define a partial
order >y on the dual space a’™ of ' by u > v if and only if u—v is a non-zero
linear combination with positive integral coefficients of positive roots of (g, a).

Let X € a” and 0 < p < dimn be such that HP(n, i) # 0. Then there
exists € a’™* with X >y pu such that HE™™(n, mg)* # 0.
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Proof: This follows from [26], Proposition 2.32 and the isomorphism (2.6).
0

Let My C G be the subgroup of diagonal matrices with each diagonal
entry equal to 1, let Ag C G be the subgroup of diagonal matrices with
positive entries and let Ny C G be the subgroup of upper triangular matrices
with ones on the diagonal. Then Py, = MyAyN, is the minimal parabolic
subgroup of G. Let ag and ny be the complexified Lie algebras of Ag and N,
respectively, and let aj be the dual of ay. Let py € aj be defined as follows:

a
0o =3a+2b+ec.
d

Then py is the half-sum of the positive roots of the system (g, a9). Let agr
be the real Lie algebra of Ay, which we may consider as a subalgebra of ay.
Let ay be the set of all X € agr such that a(X) < 0 for all positive roots a

of the system (g, ag). Let aé:ﬁg be the set of all v € ajy such that v(X) <0

for all X € ajp. Then for all v € agzﬁg we have v = ) Ay, where the sum
is over the positive roots of (g, ag) and every A, > 0.
For m € G a matriz-coefficient of w is any function G — C of the form

fuw(g) = (m(g)u, v)
for some u,v € 7.

Lemma 2.6.2 Let m € G and let A € o be such that H*(ng, mx)* # 0. Then
A E —2py + a;:ﬁ{, except in the case m = triv, when H®(ng, mr )~ # 0 and
other than this H*(ng,triv)* # 0 implies A € —2py + agﬁ

Proof: According to [26], Theorem 4.16, there exists a countable set &(7) C
aj and a collection of polynomial functions py, , indexed by u,v € 7 and
v € &(m) such that if f,,, for u,v € g, is a matrix coefficient of 7 then:

fuwlexp X) = > ph (X)el 00, (2.27)

ves (m)

for all X € ajp. We assume that &(7) is minimal and hence that each
polynomial p; , is non-zero.
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If 7 = triv then every matrix coefficient of 7 is a constant function so in
(2.27) we have & (7) = {—po} and p,?° = Cy,, where C,, is a constant for
all u,v € 7.

If 7 € G~ {triv} then 7 is infinite dimensional so by [32], Theorem 5.1
all the matrix coefficients of 7 vanish at infinity. Hence, for all v € &(7) and
for all X € ayp, we have (v + pg)(X) < 0. In other words, for all v € &()
we have v € —py + it

We have assumed that H®(ng,7x)* # 0. Let >, be the partial order
defined on af by p >4 v if and only if ¢ — v is a linear combination with
positive integral coefficients of positive roots of (g, ag). By Proposition 2.6.1
there exists p € af such that H®(ng, mx )" # 0 and A >, p.

Let A = {v+po € af : H(ng,mx)” # 0} and let A™™ be the set of
elements of A which are minimal with respect to >,,. Let &™1(7) be the set
of v € &(m) which are minimal with respect to >,,. Theorem 4.25 of [26]
says that A™" = & ()min,

If 7 = triv then A™" = {—py} and the claims of the proposition follow
from the definition of A and [26], Proposition 2.32 as quoted above.

If 7 € G~ {triv} then A™™ = & (7)™ implies that there exists v € & ()
such that A >, v — po. We saw above that v € —p, + aé:ﬁg so the claim
follows. O]

Proposition 2.6.3 Let m € G and let A € a* be such that H*(n, )" # 0.
Then Re(\) > —2pp, with equality only if m = triv.

Proof: Let nyy = ngNm and ay, = ag N m. Then ng = ny & n and
ap = a@ay. In [29, 30] a filtered complex is constructed so that the spectral
sequence derived from it has

Eg,q = Hp(nMv Hq(n> 7TK))

and
4 o +
EPd = GrPHP M (ng, 7k ),

where HPT9(ng, 7y ) is appropriately filtered. This is the so-called Hochschild-
Serre spectral sequence.
By Proposition 2.6.1 it suffices to prove the proposition in the case

H4<Il, 7TK)>\ 7& 0.
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In this case it then follows that
H?(ny, HA(n, 7)) # 0
and so there exists A\y; € aj, such that
H?(nyg, HA(n, )™ £ 0,
Since A acts trivially on ny,, this equals
HQ(nM,H4(n, WK)))\'F)\IM — (E2274)/\+/\]W’

where we consider A + \j; as an element of aj = a* ® aj,. For all » we
have that EP? # 0 only if 0 < p < 2 and 0 < ¢ < 4, so it follows that
E>* = E**. Since the action of Ay commutes with the differentials of the
spectral sequence it follows that

(Egé4)/\+/\M 7& 0

and hence that
Hﬁ(no, 7TK)>\+>\M # 0.

The proposition then follows from Lemma 2.6.2 by projection of A+ A, onto
the a* component. O

2.7 Contribution of the trivial representation

For a Kj;-module n let 2n denote the module n & n. We shall need the
following:

Lemma 2.7.1 We have the following isomorphisms of Kyr-modules:
0
/\ Pm
1
/\ Pm
2
/\ Pm
3
/\ Pm
4
/\ Py

12

triv

1

92,0 D o2

12

20 @ 605 @ 6o, s

1

92,0 D o2

I

triv.
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and

triv

> >
3 3
1R

20 D (5270 D 50’2

triv @ 20 @ 2(d9,0 D do2) D d2o B 0,2

> >
3 3
IR

2triv @ 2triv @ 2(8g0 B Jpo D a9 B g, o)

/\ m = triv@ 20 @ 2(d20 B do2) B 22D I

Proof: The isomorphisms for p); were given in Lemma 1.6.4. For m note
that K, acts on m by the adjoint representation and we can compute

m=2)3d 52’0 D (5072.
The other isomorphisms follow straightforwardly from this. U

Proposition 2.7.2 Let 7 be the trivial representation on G.

For o the trivial representation on M, the representation m contributes a
double zero of Zp,(s) at the point s = 1. For o = & the representation m
contributes a zero of Zp,(s) of order eight at the point s = 1. In both cases,
all other poles and zeros contributed by 7 are in {Re (s) < %}

Proof: The space Hy(n,mx) = 7k /nmg is one dimensional with trivial a-
action. The action of a on n is given by %pp, so the isomorphism (2.6) tells
us that a acts on the one dimensional space H*(n, ) according to —2pp.
Proposition 2.6.1 tells us that for ¢ = 0,1,2,3 and A € a*, Hi(n, ) # 0
implies A > —%pp. Since —2pp(H;) = 1 this gives a pole or zero at s = 1
and evaluation of the relevant characters at H; also gives the other poles and
zeros contributed by 7 in {Re(s) < 3}.

It remains to compute the vanishing order of Zp,(s) for o € {1,5} at the
point s = 1. Since dim H*(n, 1) %" = 1, we get from (2.8) the following
expression for the vanishing order:

K
Nr(m) ) (=1)? dim (/\ppM ® V0> "
p=0
For o0 = 1 this is equal to

Nr(m) Z(—l)p dim </\p PM) o

p=>0
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and for 0 = & to

Nr(7) Z (—1)P" dim (/\ppM ® a /\q m)KM ,

p,g=>0

where ap = 15, a1 = 10, ag = 6, a3 = 3, a4 = 1 and a;, = 0 for ¢ > 5. The
only functions on L?(I'\G) invariant under the action of G are the constant
functions, hence Np(m) = 1. We can then use Lemma 2.7.1 to see that the
above expressions take the claimed values. 0

2.8 Contribution of the other representations

The following proposition gives a relationship between the action of a on
H*(n,7g) and the infinitesimal character of .

Proposition 2.8.1 Let 7 € G.

Suppose H*(n, 7 ) # 0 for some X € a*. Then X\ = wiA,|, — pp, where
w € W(g,h) and A, is a representative of the infinitesimal character of 7.
Moreover, for p € Z we have

H'(nmi)= @ H(nmg)" 7.
weW(g,h)

Proof: This follows from [26], Corollary 3.32 and the isomorphism (2.6).
U

In light of this proposition, in order to complete the proof of Proposition
2.4.4, and hence of Theorem 2.4.3, it will be sufficient to show that for all
7 € G~ {triv} and for ¢ € {1,5} either trx(®,) = 0 or the infinitesimal
character A, of 7 satisfies

1
Re(wA;)|qa > —g5PP Or = pp > Re(wA;)|q

for all w € W(g, h).

We first consider the elements of G induced from parabolic subgroups
other that P = M AN.

We say that two parabolics P’ = M'A'N' and P” = M"A”"N", where
A A" C Ag = {diag(a, b, c, (abc)™')|a, b, c > 0} are associate if there exists a
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member w of the Weyl group W (g, b) such that w='MAw = M’'A’. Repre-
sentations of GG induced from associate parabolics are equivalent.

Up to association G has four parabolic subgroups: P defined above; the
minimal parabolic Py = MyAoNy where My = {£1} and N, is the group
of real, upper triangular matrices with ones on the diagonal; the parabolic
P’ with Langlands decomposition P’ = M’A’N’ where M’ = SL;(R) x
{+1}, A" = {diag(a,a,b,a2b"1)|a,b > 0} and N’ is the group of real, upper
triangular matrices with ones on the diagonal and otherwise with zeros in
the second column; and the parabolic P” with Langlands decomposition
P’ = M"A"N" where M" = SL3(R), A" = {diag(a,a,a,a3)|a > 0} and
N" is the group of real, upper triangular matrices with ones on the diagonal
whose only non-zero entries above the diagonal are in the rightmost column.

Proposition 2.8.2 Let 7 be a principal series or complementary series rep-
resentation induced from the parabolic P = M AN, where P = Py, P’ or P"
and let o be a finite dimensional representation on M. Then trm(®,) =0
so m contributes no zeros or poles to Zp,(s).

Proof: Let ©, be the global character of the irreducible unitary representa-
tion m, so that

(@) = /G B, ()0 (x) da.

The Weyl integration formula can be applied (see [14], p908) to give us

1 -1
trm(P,) = EL: D) /Au /M/L fo (mim=") dm ©,(al)d(al) dl,

where the sum is over conjugacy classes of Cartan subgroups L of M, and
we denote by W (L) = W (L, M) the Weyl group of L in M, by f, an Euler-
Poincaré function for o and d(al) is an explicitly given function on A™ L.
Proposition 1.4 of [14] tells us that for L # B

/ fo (mlm_l) dm = 0,
M/L

hence

trm(®,) = m /A+B /M/B fo (mbm™") dm ©(ab)d(ab) db.
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The character ©, of 7 is non-zero only on Cartan subgroups of G that
are G-conjugate to Cartan subgroups of M A (see [39], Proposition 10.19).
The subgroup BA is not G-conjugate to any Cartan subgroup of MA, so it
follows that tr = (®,) = 0. O

Now let 7 = Ind (€ ® v) for some & € M and v € a*. For 7 € K let
P, : Ve — Ve(7) be the projection onto the 7-isotype. For any function f on
G which is sufficiently smooth and of sufficient decay the operator 7(f) is of
trace class. Its trace is

Z / / a’ " f(k~'mank) tr P.£(m)P, dman dk.
— Jx Juan

TEK N

Plugging in the test function f = ®,, where o € {triv, 7}, this gives us, as
in [15]:

tr(P,) = /A+ C(a) tr&(f,) da,

where C'(a) depends only on a and f, is an Euler-Poincaré function on M
attached to the representation 0. We can see that trw(®,) is non-zero only
if tr&(f,) is also.

Theorem 2.4.3 now follows from Proposition 1.6.1.



Chapter 3

A Prime Geodesic Theorem for
SL4(R)

We continue using the notation defined in the previous chapters, in particular
we take G = SL4(R) and take I' C G to be a discrete, cocompact subgroup.
For v € I' let N(v) = € and define for z > 0

r@)= Y a) and #@) = Y w(l)wsb,),

[Ve&h (1) [vlesB T8 (1)
N(y)<z N(y)<=

where I', is the centraliser of v in I, we denote by x;(I',) the first higher
Euler characteristic and ¢ is the virtual representation defined in Section
2.4. We recall from Theorem 1.4.2 that the first higher Euler characteristics
are all positive and from Lemma 2.4.2 that the traces tr&(b,) are also all
positive, so both m(x) and 7(x) are monotonically increasing functions.

Theorem 3.0.3 (Prime Geodesic Theorem) For x — oo we have

2x 8x
log x logx’

More sharply,

m(x) = 2li(z) + O (i:i) and 7(z) = 8li(x) + O (i:i)

as © — oo, where li(z) = [} @dt is the integral logarithm.

o6
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We also prove the following Prime Geodesic Theorem, which will be
needed for our application to class numbers.

Let B° be a closed subset of the compact group B with the following
properties: it is of measure zero; it is invariant under the map b+ b~! and
contains all fixed points of this map; and its complement B! = B\ B% in B is
homeomorphic to an open subset of Euclidean space each of whose connected
components is contractible. The assumption that BY contains all fixed points
of the map b — b1 is equivalent to the assumption that B° contains all non-
regular elements of B. Let &5"(I') be the subset of all [y] € &5(I") such that
7 is conjugate in G to an element of A~B'. We define for z > 0

f) = 3 ally)

MesB ()
N(y)<z

Then as in the case of w(x) above, 7!(z) is a monotonically increasing func-
tion.

Theorem 3.0.4 For x — oo we have

2z

1
7 (x) gz

The proof of these two theorems will occupy the rest of the chapter.

3.1 Analytic properties of Rr,(s)

This section and the following proceed according to the methods of [47] and
48], in which the Selberg zeta function for quotients of the hyperbolic plane
are considered. In this section the analogs of a series of lemmas are proved
in our context. The next section translates the main theorem of [47] into our
context.

Recall from Theorem 2.3.4 that for a finite dimensional virtual represen-
tation o of M we have the functional equation

Zpo(1—8)=e997Zp (s), (3.1)

where G(s) is a polynomial. Let D be the degree of the polynomial G(z).
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Lemma 3.1.1 Let H be a half-plane of the form {Re(s) < —(1+4¢)} for

some € > 0 and let o be a finite dimensional virtual representation of M.
Then there exists a constant C' > 0 such that for s € H we have

Rt (5)/Rra(s)] < Cls| "7

Proof: From Theorem 2.4.1 we get the identity

4

g\ (D!
Rr,(s) = H Zp( NTeVs) (8 + Z> 5

q=0

which implies

Rl (5) < AT (s+1)
) — —1)—= 7 . 3.2
Rro(s) 2 (=1 Zp(pNtmevy) (5 +9) 32

Considering this identity, it will suffice to prove that when K is a half-plane
of the form {Re(s) < —e} for some ¢ > 0, there exists a constant C' > 0 such
that for s € K we have

| Z 5 Ntwev) (8)/ Z b ptnav) (5)] < Cls|P™

for all ¢ = 0,...,4. Since the proof does not depend on the value of ¢ or
on o we shall abbreviate our notation for the zeta function to Zp(s), which
notation we shall use for the rest of the section.
It follows that
Zp(l=s)  Zp(s)
Zp(]_ — S) ZP(S)

From the definition (2.5) of Zp(s) and Proposition 2.4.4, we can see that
Zp(s) is both bounded above and bounded away from zero on the half plane
K’ = {Re(s) > 1 +¢}. It follows that Zp(s)/Zp(s) is bounded on K’. This
implies the lemma. O

—G'(s).

For t > 0, let N(t), denote the number of poles and zeros of Zp(s) at
points s = § + z, where 0 < z < ¢.

Lemma 3.1.2 N(t) = O(tP)

Proof: Define £(s) = (Zp(s))” e %", where G(s) is the polynomial in the
functional equation (3.1) for Zp(s). We note that, in light of its role in the
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functional equation, the polynomial G(s) must satisfy G(s) = —G(1 —s). It
then follows that
§(1 =) =&(s).

Note that &(s) is real on the real axis and so £(5) = £(s).

Fix a real number 1 < a < 5/4 and let t > 0. Let R be the rectangle
defined by the inequalities 1 —a < Res < a and —t < Ima < t. We assume
that ¢ has been chosen so that no zero or pole occurs on the boundary of R.

Then
_ . lilm ( §/(S)ds) — N,
4 2mi Jop €(5) 4 2m or §(5) "

where Ny is the number of poles and zeros of Zp(s) on the real line. It
then follows from the functional equation for {(s) and from the fact that
£(5) = &(s), that we have

ot ([ e) .

where C'is the portion of OR consisting of the vertical segment from a to
a + it plus the horizontal segment from a + it to % + 1t.
Now the definition of £(s) gives us

L1 §'(s)

N(t) dS—N():

so that

Im ( ng ds) = 2Im ( /C le(z)ds> —Im ( /C G’(s)ds)

(s)
= 2.Im (/C ?}Ziids) —Im (G (% —l—it) —i—G(a))
= 2Im (/C Z’:Ez;ds) +0(t?)

It thus remains to show that

0= ([ 70
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Note that S(t) is the variation of the argument of Zp(s) along C. We may
extend the definition of S(t) to those values of ¢ for which % + 1t is a pole or
zero of Zp(s) by defining it to be lim._o 3(S(t +¢) + S(t — €)).

From the definition of Zp(s) we can see that S(t) = h(t) + O(1), where
h(t) is the variation of the argument of Zp(s) along the segment from a + it
to 3 +it. The value of h(t) is bounded by a multiple of the number of zeros
of Re(Zp(s)) on this segment, since the point Zp(s) cannot move between
the right and left half-planes without crossing the imaginary axis. On the
segment, the real part of Zp(s) coincides with

folw) = %(Zp(w +it) + Zo(w — it)),

where w runs from % to a on the real axis. Since we have assumed that
5 it is not a zero or pole of Zp(s), the function fp(w) is holomorphic in
a neighbourhood of the closed disc S, centred at a, of radius a — % As this
disc contains the interval from % to a, we may apply Jensen’s Formula ([10],
XI.1.2) to conclude that

w = o [ elsewi)
_ 0 (/as log | Zp(w + it) + Zp(w — z't)|dw>

= 0 (/ log |Zp(w + it)| +log | Zp(w — it)\dw)
os

= 0 Z/ log]Zi(w+it)|dw+/ log | Z;(w — it)|dw | .
10 /s 25

There remains one final step in the proof of the lemma:
| Zi(x + it)] = O (3.3)

uniformly in the strip 1 —a < z < a for i = 1,2. We know that the
function Zp(s) is bounded and bounded away from zero on the line Res = a.
Hence, by Lemma 2.3.2 and the functional equation (3.1), we can apply the
Phragmén Lindel6f Theorem ([10], Theorem VI.4.1) to give (3.3). O
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Lemma 3.1.3 Given a < b € R, there exists a sequence (y,) tending to
infinity such that

fora < x <b.

Proof: As in Lemma 3.1.1 it will suffice to prove the result for Zp(s).
Using the notation of Lemma 2.3.2 we have that

2o _ L ) gi(s) )+ D Y stohs - p)

Zp(s) s =12 pERi~{0}

Let ty > 2 be fixed and consider the segment of the line Res = % given by
5+t for tg—1 <t < ty+1. Let N(t) be as above, then by Lemma 3.1.2 we
know that N(t) = O(t?). Tt follows immediately that the number of roots
on the segment is O(tF).

By the Dirichlet principle, there exists a % + 4y in the segment whose
distance from any pole or zero is greater that C'/T?, for some fixed C' > 0.
We conclude that the portion of the sum Y7, o(=1)""" 37 s"p7*(s — p)~*
corresponding to poles and zeros in the segment for s, = x + iy is O(y*P),
since |s¥p~F| = O(1) for these p, when a < x < b.

To deal with the segments %—l—it forO<t<tyg—landtg+1<t< oo, we
proceed as follows. The portions of the sum ., ,(—=1)""" 3" skp~F(s—p)t
corresponding to the first and second segments respectively, can be written

tp—1 1 -k 1 -1
5" /O (5 + it) (sx 3 it) dN(t)
(e’ 1 —k 1 —1
sf/ (— + ’it) (SI - —— it) dN (t).
tpt1 \ 2 2

Recalling that N(t) = O(t?), we easily conclude that both of these expres-
sions are O(T?P). O

and

3.2 Estimating v (z) and ()

To simplify notation, in what follows we write v for an element of &p(T")
and 7o for a primitive element and recall that v € &p(I") implies that 7 is
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conjugate in I" to an element a,b, € A~ B. Unless otherwise specified, sums
involving « or vy will be taken over conjugacy classes in &p(I") and &5(T")
respectively. If v and ~y occur in the same formula it is understood that v,
wil be the primitive element underlying v. We denote by &5*(I") the subset
of regular elements in &p(I"). For x > 0 let

U(z) = Z X1(I'5)s

eép(T)
N(y)<z

and

¢(IL') = Z Xl(rvo)tr&(bv)l%'
e ELE(T)

N(y)<=

Let o be a finite dimensional virtual representation of M. We have for
Re(s) > 1:
Ry, (s)
T = (@) tro(by)le " 3.4
R (s) - x1 (D) tro(by )€ (3.4)

The following propositions are analogs of Theorem 2 of [47], from which,
in the next section, we prove the Prime Geodesic Theorem using standard
techniques of analytic number theory.

Proposition 3.2.1 ¢(z) = 2z + O (2*/*)

Proof: Let D be the degree of the polynomial G(s), as in the previous
section, and suppose k > 2D is an integer and x,c¢ > 1. Then, by (3.4) and
[24], Theorem 40,

1 etieo R/F,1(3>

% c—100 RF,l (S)

s s+ 1) (s+ k) atds

1 c+100

- (Z X1<Fv>l'yo€_sh> 8_1(8 + 1)_1 (s k)_lxsds

2mi c—100 y

= % Z X1 (L)l (1_¥) : (35)
N(y)<=z

Theorem 2.4.3 tells us that all poles of Rp(s)/Rr(s) lie in the strip —1 <
Re(s) < 1. By virtue of Lemmas 3.1.1 and 3.1.3 it is permissible to shift
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the line of integration in (3.5) into the half plane Re(s) < —1, taking into
account the residues of the poles of Rp(s)/Rr(s). Hence, for ¢ < —1

5 e, (1- 10 (36)

! T
N(v)<z
1 ¢/ioo Ri“,1<3)

= Z cx(a)z® + —

211 ! —ioo RF,l (S)

sHs+ 1)t (s + k) tatds,

a€Sy
Re (a)>c’

where Sy, denotes the set of poles of (Rp.;(s)/Rra(s))s " (s+1)7" -+ (s+k)~
and cx(«) denotes the residue at a.

For x > 1, Lemma 3.1.1 implies the integral in (3.6) tends to zero as
¢ — —oo. If we define

Yo(x) =Y(x), ;) Z/ Y (t)dt, j €N,
0
it is well known that

5(x) =% S () (2 — N(9)Y

" N(y)<az
and we deduce from (3.6) that
() = Z cr(a)zh e, (3.7)
Q€S
Let d > 0. For a function f : R — R define the operator A by setting

2D

(2D ‘
Af(z) = z:(—l)Z ( . ) f(x + (2D —i)d).
i=0
It follows from (3.7) and Theorem 2.4.3, setting k = 2D, that
2
_ 2 2D+1 2D+« 2D+a
Uap(z) = ot > ap(@a® T+ > N epla)?t

a€S§D p=—2 aESggl
(3.8)
where S, = Sop N (R~ {1}), the real elements of Syp not including o = 1,
and S5, = Sap N (¢ + (R~ {0})), the non-real elements of Syp on the line
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Re(s) = q. The coefficient ((2D + 1)!)~! on the leading term comes from the
fact that (Rp,(s)/Rr1(s)) has a double pole at s = 1 and from the factors
L. (s+2D)7!
In general if f is at least 2D times differentiable,

z+d ptop+d to+d
/ / / FEPN(ty) dty...dtsp. (3.9)

By applying the Mean Value Theorem we get
Ax" = d*Pr(r —1)...(r — (2D — 1)) 2P, (3.10)

where 7 € [z, 2+ 2Dd]. In particular we notice that A(z*”’*') = O(z), hence

2 2D+1 _

for some a,b € R. Computations show that

a=2 Z(—wm((w — §)d)* = 24%P. (3.11)

By definition iy(x) = wgzDD)(s) so from (3.9) we have

xr+d top+d to+d
A¢2D / / . ¢O(t1) dtl...dtQD. (312)

By Theorem 1.4.2, the Euler characteristics Xl(Fv) are all positive. Hence
¥p(x) is non-decreasing and it follows from (3.12) that

Yo(r) < d"*P Ahyp () < o(x + 2Dd). (3.13)
It also follows from (3.10) and (3.11) that
2
d2PA <2D 22D+1 + Z Cop 22Dta | — 9, + O(:c3/4).

aESQD

Thus it remains to show that for p € {—2,—1,0,1,2}

d72DA Z CQD<04)I2D+Q _ O(x3/4)

aesgﬁ
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and the proposition follows by (3.13).
Let p € {—2,—1,0,1,2}. In order to estimate

deDA Z Cop (a)$2D+o¢

aGSgl/)4

we need two estimates for A (cop(a)z?P), where o € SP The residues
at the poles of Ry (s)/Rr,1(s) are O(1), so for a € 5%4

d_2DA (CZD(O-’)-T2D+Q) -0 (d—2D’a|—(2D+l)x2D+p/4) )
On the other hand, it follows from (3.10) that
AP A (cop(@)2?PF*) = O (|a| 'a?/*) .

Define N,(t) to be the number of poles of Ry ,(s)/Rr1(s) on the interval
 +4(0,¢]. From Lemma 3.1.2 we have that N,(¢) = O (t”). Thus

d_2DA Z CQD(O()[EZD—HX

aesgj/;*
KP oo
- 0 <$p/4/ t_ldN(t) + d—2D$2D+p/4\/ t_(2D+1)dN(t))
1 KD
= 0 (KDflwp/4 + K*(D+2)d72Dl,2+p/4) (314)

If we choose K and d appropriately, then we can conclude from (3.14) that
d—2A (Zaesg/‘* CQ(a)x2+a> = O(2%/*), as required. O

Proposition 3.2.2 ¢(z) = 8z + O (2°/)

Proof: The proof follows exactly as for the previous proposition, replacing
Rr1(s) with Rr 5(s) throughout. It follows in particular from the fact (The-
orem 2.4.3) that Rr 5 (s) has a zero of order eight at the point s = 1 and from
the fact (Lemma 2.4.2) that tra(b,) > 0 for all v € &4(T") and tra(b,) =0
if and only if ~ is non-regular. O
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3.3 The Wiener-lIkehara Theorem

We shall use the following version of the Wiener-Ikehara theorem (see also
9], Chapter XI, Theorem 2, and [17], Theorem 3.2).

Let Ry(s), k € N be a sequence of rational functions on C. for an open set
U C C let N(U) be the set of natural numbers k such that the pole divisor
of Ry does not intersect U. We say that the series

> Ry(s)

keN

converges weakly locally uniformly on C if for every open U C C the series

> Rls)

keN(U)
converges locally uniformly on U.

Theorem 3.3.1 (Wiener-lkehara) Let A(x) > 0 be a monotonic measurable
function on Ry. Suppose that the integral

L(s) = /0 T A@)e® da

converges for s € C with Re(s) > 1. Suppose further that there are j € N,
r € R and a countable set I, and for eachi € I there is §; € C with Re(6;) < 1
and c¢; € Z, such that the function

) Jj+1 r o AR
L(S)_(£> 3—1_;@(&) s—0;

extends to a holomorphic function on the half-plane Re(s) > 1. Here we
assume the sum converges weakly locally uniformly absolutely on C. Then

lim A(z)z"UtDe 2 =

r—00

Proof: Let B(x) = A(z)z~ U Ve, Since
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Jj+1 0o
(8_) d r/ 2= gy
0s s—1 0
Jj+1 0
(8_) 1 —_ / xj+1€*(8*9i)x dr.
s s —6; 0

Let f be a smooth function of compact support on R which is real-valued
and even. Then its Fourier transform f will also be real valued. We further
assume f to be of the form f = f;* f; for some f;. Then f = (f1)2 is positive
on the reals. Let I(f) be the set of i € I such that Im (6;) € suppf. Then
the function

g(s) = L(s) — (%)j+1 S i 1~ >« (%)M 3_191.'

i€l(f)

we get

and similarly

extends to a holomorphic function on the set
{s € C:Re(s) > 1,Im(s) € suppf}.

We have that
g(s) —/ (B(z) —r)z/tte” Z / gi e (=007 g
0 el(f

For € > 0 let g.(t) = g(1 + € + it). We then have for y € R

/ f(t)e g:(t) / ft)e™ ( / OO( B(z) — r)altle et it)xda:) dt

_ Z Cz/f zyt/ pitlg=(tetit=0) 1. 11

€l(f

We want to change the order of integration. The only potential problem
is with the summand involving B(z). Since A(z) is non-negative and non-
decreasing, we have for real s and = > 0

I(s) = /0 " Alw)e"du > Alx) / vy = AW

S
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that is A(z) < sL(s)e™. Since L(s) is holomorphic for Re(s) > 1, it follows
that A(z) = O(e™) for every s > 1, which implies that A(x) = o(e*®) for
every s > 1. Hence B(z)e ™% = A(z)e” (1797 = o(1) for every § > 0. This
implies that the integral

/ (B(z) — r)az? e EHibz gy
0

converges uniformly in the interval —2\ <t < 2)\. Hence we can interchange
the order of integration to obtain

/ fH)e¥g.(t)dt = /0 OO(B(;C)—T)IN@—% ( /R e“y—w)tf(t)dt) dx

_ Z / xj-‘rl —(14e—0;)x / (y—gc)tf<t>dt dr.
R

- /M<B<x> Pee = fly - 2) do
_Z / 2itle (1+89:(:f< —x)

i€I(f

We want to take the limit of both sides as ¢ — 0 and show that the limit
passes under the integration signs.

Since g(s) is holomorphic for Re(s) > 0 it follows that g.(t) — g(1 + it)
uniformly on the support of f, as € — 0. Thus the limit of the left hand side
exists and

lir% f( )ezy'fg8 dt = /f et 1+it) dt.
e~V IR

We note that since f is rapidly decreasing
[e.9]

lim e f(y — x) do = / 2 f(y — x) de,
0

e—0 0

and since B(x) is non-negative and non-decreasing it follows that

o)
A

lim (B(z) —r)z?tte " f(y — x) do = /OOO(B(:E) — )2t f(y — z) da.

e—0 0

Considering the sum over I(f), we note that the imaginary parts of the 6; for
1 € Iy lie in a compact set and hence the convergence of the sum is uniform
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in € and the limit may be drawn under the summation. Finally, we note
once more that the integrand is non-negative and monotonically increasing
as € — 0, so the limit may once more be taken under the integral. We
conclude that

/IR (e g(1+it) dt = /0 OO(B(J:)—?")xij(y—x) dx

- ci/ /e =02 £y — 2) d.
7

i€l

By the Riemann-Lebesgue lemma the left hand side tends to zero as y — oc.
For y > 0 and 6 € C with Re(f) < 1 we estimate

/ xj+1€(0—1)xf(y _ l’) dr < / xj-‘-le(@—l)xf(y . I‘) dr
0 _

o0

_ / (2 + O DE) F( ) da

o0

< Oyj-i-le(e—l)y’

for some constant C. It follows that the sum over I(f) tends to zero as
y — 0o. We therefore have

lim B(z)a’ ™ f(y — x) de = r lim Ty —2) de. (3.15)

Lemma 3.3.2 For every non-negative integer k

lim ik /00 " fly — x)dx = 2w f(0).
0

Yy—00 y

Proof: We prove the lemma using induction. First, let £ = 0. Then

lim fly—x)de = lim fly —z)dz
y—oo Jq Y700 J o
= | fl-a)de
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We now assume the lemma has been proved for a fixed value of k.

1 k1
k+1/ " f(y — x)dx

—0o0

lim
Yy—00 y

1 > k+1 ¢ ;
kH/o " fly—x)de = lim

1 o0 .
= lim W/ (z+ )" f(—2)da

y—oo Yy o0
1 o
= Jim o / 2 f(—x)dw
1 [ A
ﬂ}ir&ﬁ/ (z +y)*f(—x)dx

= yhm 7 2" f(y — x)dx

— 00 0
= 2nf(0).

The lemma together with (3.15) implies that

im [ Bx) (E)jﬂ Fly — x)dz = 27 f(0).

vy Jo )

Let S > 0. Since A(x) is monotonic we have A(y —5) < A(x) < A(y + 5)
whenever y — S < z < y+ S. For z in that range we then have by the
definition of B(x)

By —s)(y— Sy e < B(x)a'™e* < By+9)(y+ Sy evts,

The first inequality implies

B(z)a’*' > B(y—S)(y—S) e
> B(y—9)(y—S)*e .
So for y > S,
N T
e B(y—S)T - fly—z)dz < s B yy—i-lf( x)dx

I
c\g
U:J

%
£
Km
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which implies

. 2w f(0
lnyrisoljp B(y) < 7’625%.

We vary f so that f is small outside [—S,S]. In this way we get

limsup B(y) < re®.

y—00
Since this holds for any S > 0 it follows that

limsup B(y) <.

Yy—oo

The inequality
liminf B(y) > r.

Yy—00

is obtained in a similar fashion. The theorem is proven. O

3.4 The Dirichlet series

Let B° be a closed subset of the compact group B with the following prop-
erties: it is of measure zero; it is invariant under the map b — b~! and
contains all fixed points of this map; and its complement B! = B ~ BY
in B is homeomorphic to an open subset of Euclidean space each of whose
connected components is contractible.

The Weyl group W = W(M, B) contains two elements and the non-
trivial element acts on B by b+ b~!, so the invariance condition above says
that both BY and B! are invariant under the action of W. The fixed points
under the action of the Weyl group are precisely the non-regular elements of
B, so the assumption that B contains all these fixed points is equivalent to
B™ee ¢ B where B™¢ denotes the subset of nonregular elements of B. The
action of W on B! permutes the connected components and the assumption
B¢ c BY implies that the quotient space B'/W is also homeomorphic to
an open subset of Euclidean space each of whose connected components is
simply connected.

For subsets S and T of G we denote by S.T" the subset

ST ={sts':s€SteT}
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of G. Let MY = M.B* ¢ M. Let &3(T') and &4(T') be the subsets of
&p(T) consisting of all conjugacy classes [y] such that b, € B? or b, € B!
respectively. The assumption that B is of measure zero is not required for
the following lemma, but will be needed later on.

Lemma 3.4.1 There exist a set M. C M}, with compact closure in M and a
monotonically increasing sequence (g,) of smooth functions on M, supported
on M., which are invariant under conjugation by elements of Ky, and whose
orbital integrals satisfy

Oé\f(gn) = / gu(zbyx™') dr — 1  asn— oo

for all v € &5(T).

Proof: We view M}, as a fibre bundle with base space B'/W and fibres
homeomorphic to M/B.

Let d(-,-) denote the metric on B given by the form b in (2.1). For
n € Nlet B, C B! be the set B, = {b € B : d(b,B°) > 1/n} and let
B, = B,/W. Then, by [60], Corollary 1.11, for each n € N there exists a
function h,, : B/W — R such that 0 < h,(b) < 1 for all b € B/W, for all
b € B, we have h,(b) = 1 and h,, is supported on B'/W. We may assume
that the h,’s form an increasing series.

Let U be a compact neighbourhood of a point in M /B homeomorphic to
a subset of Euclidean space. Let k : M/B — R be a smooth positive function
supported on U and satisfying [, /B k(m)dm = 1.

We now define, for n € N, functions g, : M — R as follows. On each
connected component V of B! /TV we fix a trivialisation of the restriction to
V' of the bundle M/B — MY} — B'/W. Then for v € V and m € M/B
define g,(mvm™1) = h,(v)k(m). Since V is simply connected there are no
problems with global agreement of this definition. For m € M ~ M}, define
gn(m) = 0. Finally we define the functions ¢, : M — R by

1
gn(m) = / G (k=Y dh
2 Ky

for all m € M. Then the functions g, form an increasing sequence of smooth
K js-invariant functions supported on the compact set M., which we define to
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be the closure in M of K;.(U.B'). We will show that their orbital integrals
have the required properties. Let b € B*.

OM(g) = /M  anlamtm ™)

1
= —/ / Gn(kmbm™'k™1) dk dm
2 M/B J Ky

1
= —/ / Gn(mkbk™'m™") dk dm
2 M/B J Ky

1
= —/ /én(mbm_1)+§n(mb‘1m‘1) dk dm
2 v/ /B

1 -1
2 (hn(b) + ha(b71) /M/B k(m) dm
().

The last equality holds since bW = b~'W in B'/W. There exists N € N
such that b € B, for all n > N, hence OM(g,) — 1 as n — oo, by the

definition of the functions h,,. O
For n € N let
l]-i-l —sly
LJ Z Xl '70)0177 (gn) Y0 det (1 _ ( ) 1|n)7
[Vesh(T)
let

rn:/ gn(z)dz,
M

4

M\ = Z(—l)qrn dim H(n, g ).

q=0

and let

Proposition 3.4.2 For all n € N and for j € N large enough the series
Li(s) converges locally uniformly in the set {s € C : Re(s) > 1}.
The function LI (s) can be written as a Mittag-Leffler series

Li(s) = (2) — ZNr me(as)mﬁ(m),

A€a*
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where the summand of the double series corresponding to m = triv, A = —2pp
1s excluded. The double series converges weakly locally uniformly on C. For
T € G, N € a* such that (m,\) # (triv,—2pp) we have my, # 0 only
if Re(\) > —2pp. Thus, in particular, the double series converges locally
uniformly on {s € C: Re(s) > 1}.

Proof: We can put f = g, in (2.3) to define the function ®,, ;s, which by
Proposition 2.1.3, for j and Re(s) large enough, goes into the Selberg trace
formula to give the equation

lj-i-l —sly

(1= (ayby) " n)

ZNF trm(®y,) = Z VOI(FW\G"/)Ob'y(gn)d -

reC [vleép(T)

By the definition of the functions g,, the orbital integrals O, (gn) are equal
to zero when v € &3(I"). Also, for v € &5(T), since we have assumed that
B¢ C BY we have that v is regular and we get from Lemma 1.4.1 that

vol(IW\G) = x1(Ly)Ly,.

Thus we can see that the geometric side of the trace formula is equal to
Li(s). Tt follows that for j and Re(s) large enough the Dirichlet series L7 (s)
converges absolutely.

Lemma 3.4.3

; o\ 1
T = (=1)t [ = E ( i ‘n. ) ———
trm(®y,) = (—1) ( s) rn)\ea* dim H*(n, 7g) s \(H,)

Proof: Replacing f, with g, in (2.11) we get
wr@,) = [ g mOhy(ma)im gla)da
MA*
= / / gn(m)dm tr (a|H®(n, 7g)) I e da.
a-Jm
= / > dim H* (n, m) e AT g

0 AEa*

AEa*
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O

By the above lemma and Proposition 2.6.3, and using similar arguments
to those used in the proof of Proposition 2.7.2, we can see that the spectral
side of the trace formula is equal to the Mittag-Leffler series given in the
propostion.

Since L7 (s) is a Dirichlet series with positive coefficients it will converge
locally uniformly for s in some open set. By proving the convergence of
the Mittag-Leffler series we shall show that the Dirichlet series extends to
a holomorphic function on {Re(s) > 1} and hence, since it has positive
coefficients, converges locally uniformly there.

We recall that for A € a* we write ||A|| for the norm given by the form b
in (2.1). It then follows from Proposition 2.3.1 that there exist m; € N and
C > 0 such that for every 7 € G and every A € a* we have

[mna < C(L+[[A[)™

If S denotes the set of all pairs (7, \) € G x a* such that My 7 0, then
there exists msy € N such that

3 (N&@o_

s (LA™

Now, let U C C be open and let S(U) be the set of all pairs (7, \) € Gxa*
such that m,, » # 0 and A(H;) ¢ U. Let V be a compact subset of U. We
have to show that for some 5 € N, which does not depend on U or V/,

sup Z

(m,\)eS(U)

Np(m)m, »
(s — A(Hq))T*?

< Q.

Let my, my be as above and let 7 > mqy + my — 2. Since V C U and
V' is compact there is ¢ > 0 such that s € V and (m,\) € S(U) implies
|s — A(Hy)| > €. Hence there is ¢ > 0 such that for every s € V and every
(m,A) € S(U),

(s = A(H1)| = (L + [IA]).

Putting this all together we get

Np(7)m, »
(s — A(Hqp))T*?

sup
seV

1 Np(w)|mn7>\|
oD G2 (1 + [A)iT2

(m,A\)eS(U)
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S sup Z C NF(7T)

eV oy &2 (L [IA]])m
< 00,
which proves the proposition. O
3.5 Estimating ¢, (z)
Let .
‘ la+1
) = ['.,)Os. (gn)l
¢n($) Z Xl( ’YO) b'y(g )WOdet (1 — (a’y ) 1|n)
[vlegh (1)
N(v)<z
Lemma 3.5.1

/ BN da = Li(s)
0

Proof: This follows from Abel’s summation formula (][9], Chapter VII, The-

orem 6). O
Let

1

ayby) "t n)”

an(x) - Z Xl(F’YO)Obv(gn) 7 Jet (1 _ (

[vlegh (D)
N(v)<=z

Lemma 3.5.2 For each n € N we have
On(T) ~ T

Proof: By Propostion 3.4.2 and Lemma 3.5.1 we can apply Theorem 3.3.1
to the series L (s) and the function ¢?(z) to deduce that

i %@

z—oo z(log x)it!

=T, (3.16)

Also it is clear that ,
o), ()

On(T )>W,
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so it follows that

lim inf On(z) >r,.
Tr—00 €T
Let 0 < p < 1. Then
] lj—i—l
J >
(bn(x) = 21: Xl Wo)Obw<gn) Yo det (1 _ ( )_1|11)
[e&h )
zH<N(y)<z
1
> J+1 1 Jj+1 r l
= (ng) 21: Xl( ’YO)Ob'y(gn) ”lodet (1 _ (aw ) 1|n)
Meekm)
zH <N(y)<z
= W (logz) ™ (pn(x) — du(")).
From this we get
Pn(2) —( on (@) Pn (")
< U Tt/ . 1
z P x(log z)i+1 + phal—m (3.17)

Assume first that ¢, (x)/z tends to infinity as © — oo. Then there is a
sequence &, of positive real numbers, tending to infinity such that ¢(z,,) /2.,
tends to infinity as m — oo and

Onln) - Gulh)

T T

for all m. Then

P (Tm) < oy O3 (m) . ¢n(xm) 1
T T (logz,, )i+t T i H
so that ;
(bn(xm) < H (]+1) 557n(10gxm)j+1

T 1-— L

(m)tH
By (3.16) the right hand side converges, so we have a contradiction. This
implies that

lim 2(%)

T—00 €T

exists and is finite and we set

o
L = limsup Dn(2) = lim sup Dn(@ )
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From (3.16) and (3.17) we get

L < rpp ) 4 Llimsup

T—00

pl-n
_ G,

Since this holds for any value of p in the interval 0 < p < 1 we get that
L < 7 and the lemma follows. O

For n € N and z > 0 let

¢n(x) = Z Xl(F'YO)Ob'y(gn)l'YO'
lesLm)

N(v)<=z

Proposition 3.5.3 For each n € N we have
Up(x) ~ 1.

Proof: We note that 0 < det (1—a,b,|n) < 1for all v € &*(I") and that the
value of the determinant tends to 1 as [, tends to infinity, hence for 0 < e <1
there are only finitely many v € &5®%(T") such that det (1 — a,b,n) <1 —e.
Since &A(T) C &5%(T) the same holds for v € &4(T). We fix 0 < & < 1 and
define for each n € N the functions ¢, . and 9, . to be the same sums as for
¢, and 1, respectively but restricted to those classes [y] € &5(T") such that
1 —e < det(1—a,by|n) < 1. It then follows that both

¢n<x) B gbn,e(m)

T

.0 (3.18)

and
¢7L<x) B ¢n,6 (l‘)

T

=0 (3.19)

as £ — 0o0. Now
1 —e<det(l—aybyn) <1

immediately implies

1—-¢ 1
<l<
det (1 — a,by|n) det (1 — ayby[n)’
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SO summing up we get

) (1-¢) < Une(2) < an,s(x)'

T i T

By Lemma 3.5.2 and (3.18), it then follows that

rn(l —¢) < liminf ¥ne(2) < lim sup ¥ne(2) <.
T—00 €T T—00 €T
It then follows from (3.19) that
rp(1 —¢) < liminf ¥n() < lim sup ¥n(2) <r,.
T—00 T 200 T

Since this holds for any value of € in the interval 0 < ¢ < 1 the proposition
is proven. Il

3.6 Estimating '(z)

Lemma 3.6.1 The sequence (r,) is monotonically increasing and r, — 2 as
n — 0o.

Proof: That the sequence (r,) is monotonically increasing is clear since the
sequence of functions (g,) is monotonically increasing.

By Weyl’s integral formula ([39], Proposition 5.27), and since the func-
tions g, are only non-zero on elliptic elements of M, we have

r, = /Mgn(x) dx
_ m/B/M/B%W‘”'D@'Q da db

= m[BO%(gn)\D<b>!2 db,

where W (B : G) is the Weyl group and D(b) is the Weyl denominator. Since
the sequence of functions g, is monotonically increasing and the functions
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are all supported within a given compact subset of M we can interchange
integral and limit to get
1

lim 7, = limi/(’)MgnDbzdb
Jim i e /O @)IDW)

1 .
= gy [, m O @) DO

Furthermore, the orbital integrals O} (g,,) tend to one as n — oo, except for
b in a set of measure zero, so it follows that

1
limrnzibede.
S TR Al

The Weyl group W (B : G) consists of the identity element and the ele-

ment
1

-1
-1
We can also compute the Weyl denominator D(b) for b € B. Let

cosf —sinf
sinf cos®

R(0) = ( ) € S0(2)

and let .
R(0,6) = ( AL ) B

D(R(0.¢)) = D1 —e")(1—e?)
= (00 | omil0+9)) _ (4i(0=6) 4 o=il0-0))

= 2cos (0 + ¢) — 2cos (6 — ¢)
= 2(cosfcos ¢ — sin Osin ¢ — cos Ocos ¢ — sin Osin @)
—4sinfsin ¢

We have normalised the Haar measure on B so that [ 5 db =1, hence

1 1 [ [ dé d¢
_ DW*db = = 16 sin?6 sin®
WB. G /B| ()] 2/0 /0 6 sin“f sin“¢ i
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2 2 2

= —2/ / sin®@ sin®¢ df d¢
™ Jo Jo
2

w2
= 2.

This proves the lemma.

Let

wl(x) = Z Xl(F’Yo)l'Yo'

[vlegh ()
N(v)<z

Proposition 3.6.2 1!(z) ~ 22

logz*

Proof: For all n € N and all z > 0 we have

Ya(z) < ¥ (2) < ().

81

It then follows, using Proposition 3.2.1 and Proposition 3.5.3, that for all

neN

Y (x) Y (x) ¥(x)

.. X
ry, = lim inf ¢n_()
T—00 x T—00 x Z—00 x Z—00 x

We can then deduce from Lemma 3.6.1 that
1
lim ¥ (a:)

T—00 x

= 2.

3.7 Estimating 7(z), 7(z) and 7'(z)

< liminf ——= <limsup ——= < limsup —= =

To keep the notation less cluttered, in the sums over conjugacy classes in I'
which appear in this section we shall not specify which set of classes the sum
is being taken over, since this will be clear from the context. We shall always
use Yo to denote primitive elements and where v and v, appear together in
the same formula we shall mean that g is the primitive element underlying

Y-
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Proposition 3.7.1
@ Y(@)

= =1.
z—oo 2x/logr a0 2x

Proof: We can write

¢(‘T>: Z n’y()Xl(F’Yo)l"/o’

N(v)<z

where n,, € N is maximal such that N ()"0 < z. By definition N(vy) =
eho, 50 N(v0)" < z implies nl,, <logz and we can see that

P(z) < log(x)m(z). (3.20)

Next we fix a real number 0 < a < 1. By Theorem 1.4.2 the Euler
characteristic x;(I',,) > 0 for all vy € &5(I"), so for z > 1,

w(x) 2> Z Xl(F'YO)l'YO'
<N (v0)<z
As above, N () > x* implies [, > log 2%, hence
W(x) > alogx Z x1(I',) = alog x(m(x) — 7(z?)).

@< N (y0)<z

Since I' C G is discrete, m(2*) < Cx* for some constant C' so

Y(z) > am(z)logx — aCx®log x,
which gives

log x

1
YO | or(a)/ %2 0]

2z ar(z) 2z
Since 0 < a < 1, it follows that (logz)/z'~* — 0 as z — oo and

limM>alimﬂ

z—oo 2r  a—oo 2x/logx

rl-a ’

for all 0 < a < 1. Hence

lim M > lim ﬂ

Together with (3.20) and Proposition 3.2.1 this proves the proposition. O
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Proposition 3.7.2

)

v—oo 8x/logx  a—oo 8z

Proof: Exactly as for the previous proposition, making use of Proposition
3.2.2 and Lemma 2.4.2. U

Proposition 3.7.3

7(z) = 2i(z) + O ( o ) .

log x

Proof: We consider the function

S(SL’) = Z Xl ’Yo

N(v)<z
1
= Z Xl vo +Z Z XI(F'YO)E'
N(y0)<z k>2 N(~g)<azl/*

We consider the double sum on the right. Since I' C G is discrete there is
a geodesic Ypin of minimum length. For a given x the inner sum contains
at least one summand only for k& < logz/l,, . For each such & > 2, by
Proposition 3.7.1, the inner sum is equal to O(y/z/log ). Therefore we have

S(z) =n(z)+ 0 (V). (3.21)

T Y(t) /
dt = dt
/2 tlogt ) 2 Ty tlog2t gt

N(y)<t

e Xl(r )470 dt
N%:Sx /Nm) " tlog?t
1 1

- Z Xl(F’YO)l’Yo (E - 10gl‘)

N(v)<z
()
logz

Now

= () -
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Hence

"), o)
o tlogt log x

S(z) =

By Proposition 3.2.1 we have

vo2 2z vl 3/
S = dt O ———— dt O
(@) /2 log®t * logx * (/2 t1/4log? t >+ (log:v)
2z 3/
= — dt
[ logt] / logt +10gx+0<logx)

_ / 7
B logt logz )

Together with (3.21) this proves the proposition. O

Proposition 3.7.4

7(x) = 8li(z) + O (1021)

Proof: Exactly as for the previous proposition, making use of Proposition
3.2.2 and Proposition 3.7.2. O

The proof of Theorem 3.0.4 proceeds exactly as for the proof of Proposi-
tion 3.7.1, making use of Proposition 3.6.2.



Chapter 4

Division Algebras of Degree
Four

4.1 Central simple algebras and orders

Let F be a field. An algebra A over F is a (not necessarily commutative) ring
with unity, which is also a vector space over F', such that z(ab) = (za)b =
a(xb) for all z € F and a,b € A. The field F' can be embedded into the centre
of an F-algebra A under the map x +— x.1, where 1 is the unity element of A.
A ring is said to be simple if it has no non-trivial, proper, two-sided ideals.
If A is simple and its centre is equal to F' then it is known as a central simple
F-algebra.

If for every non-zero element of A there exists a (two-sided) inverse in
A, then A is called a division algebra . The centre of a division algebra is
a field. Every division algebra is simple and hence central simple over its
centre. Let C(F') denote the set of isomorphism classes of finite dimensional
central simple algebras over ' and D(F’) the set of isomorphism classes of
finite dimensional division algebras with centre F', then D(F) C C(F).

For convenience we collect together here a number of facts about central
simple algebras and their orders, which will be used in the sequel. Let F' be
a field, K an extension of F' and A a finite dimensional algebra over F'.

Proposition 4.1.1 (a) If n = dimg A, then there exists an injective homo-
morphism A — Mat,, (F).
(c) If A€ C(F), then A® K € C(K).

85
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(d) If B is a simple subalgebra of A € C(F) with centraliser C4(B) in A,
then (dimp B)(dimp C4(B)) = dimp A.

Proof: All the statements of the proposition are proved in [45]. Statement
(a) is Corollary 5.5b; (b) is Lemma 9.4; (c) is Proposition 12.4b(ii) and (d)
is Theorem 12.7. O

The next proposition gives some results about subfields of algebras.

Proposition 4.1.2 (a) If A € D(F), then for every x € A the set Fx] =
{f(x): f € F[X]} is a subfield of A.

(b) If A € C(F), then dimp A = m? for some m € N. The natural number
m is called the degree of A. If E is a subfield of A then [E : F| divides m.

If K is a subfield of A containing F' then it is said to be strictly maximal
if [K @ F] = deg A.

(c) A subfield K of A € C(F) is strictly mazimal if and only if Cx(K) =
K. If A € D(F) then every maximal subfield of A is strictly mazimal.

(d) If A€ C(F) and [K : F] = deg A = n, then A® K = Mat, (K) if and
only if K is isomorphic as an F-algebra to a strictly maximal subfield of A.

Proof: All the statements of the proposition are proved in [45]. Statement
(a) is Lemma 13.1b; (b) is Corollary 13.1a; (c) is Corollary 13.1b and (d) is
Corollary 13.3. U

Now let F' be a number field and O the ring of integers in F. For any
finite dimensional vector space V over F', a full Op-lattice in V is a finitely
generated Op-submodule M in V' which contains a basis of V. A subring O
of A which is also a full Op-lattice in A is called an Op-order, or simply an
order, in A. A maximal Op-order in A is an Op-order which is not properly
contained in any other Op-order in A. An element a € A is said to be integral
over Op if it is a root of a monic polynomial with coefficients in Op. The
integral closure of O in A is the set of all elements of A which are integral
over Op.

Proposition 4.1.3 (a)(Skolem-Noether Theorem) Let A € C(F'), and B a
simple subring of A such that F C B C A. Then every F-isomorphism of B
onto a subalgebra of A extends to an inner automorphism of A.

(b) Every element of an Op-order O is integral in A over Op.
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(¢) The Op-order O is mazimal in A if and only if for each prime ideal
p of Op the p-adic completion O, is a mazimal Opy-order in A,.

(d) If A € D(F,) for some prime ideal p of Op, then the integral closure
of Opp in A is the unique mazimal Opy-order in A.

Proof: All the statements of the proposition are proved in [49]. Statement
(a) is Theorem 7.21; (b) is Theorem 8.6; (c) is Corollary 11.6 and (d) is
Theorem 12.8. O

4.2 Division algebras of degree four

Let A be a central simple algebra over a field F'. By the Wedderburn Struc-
ture Theorem ([45], Theorem 3.5) the algebra A is isomorphic to Mat, (D),
where n € N and D is a finite dimensional division algebra over F'; which by
[45], Proposition 12.5b is unique up to isomorphism. If B is another central
simple algebra over F' isomorphic to Mat,,(F), where m € N and E is a
finite dimensional division algebra over F, then A and B are called Morita
equivalent if and only if D = E. By [45], Proposition 12.5a, the tensor prod-
uct over F' induces a group structure on the set of equivalence classes. The
group defined in this way is called the Brauer group.

By [45], Theorem 17.10, if F' is a local, non-archimedean field, then there
is a canonical isomorphism between the Brauer group of F' and the group
Q/Z. The Brauer invariant Inv A of A is defined to be the image in Q/Z of
the Morita equivalence class of A under this isomorphism. The Schur index
Ind A of A is defined to be the degree of D. By [45], Corollary 17.10a(iii),
the order of the Brauer invariant of A in Q/Z equals Ind A.

The only (associative) division algebras over R are R itself, C and the
quaternions H (see [45], Corollary 13.1c). Since C is itself a field, any algebra
which is central simple over R cannot be isomorphic to a matrix algebra over
C. The Brauer group of R is therefore isomorphic to Z/2Z. Let A be a
central simple algebra over R. If A = Mat,(R) for some n € N, then the
Brauer invariant of A is defined to be zero and the Schur index of A is defined
to be one. If A = Mat,,(H) for some n € N, then the Brauer invariant of A
is one half and the Schur index of A is two.

Let M be a division algebra of degree 4 over Q. Fix a maximal order
M(Z) in M. If R is a commutative ring with unit then we denote by M (R)
the R-algebra M(Z) ®z R. In particular we have M = M(Q) . For any ring
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R the reduced norm induces a map det: M(R) — R. (We note that in the
case that M (R) = Maty(R) the reduced norm of an element of M (R) equals
its determinant, justifying the choice of notation; see [45], Chapter 16.)

Let p be a prime. From Proposition 4.1.1(b) we know that deg M (Q,) =
deg M(Q) = 4. It then follows that if Inv M(Q,) is equal to } or 2 then
M(Q,) is a division algebra of degree four over Q,, and if Inv M(Q,) = 0
then M(Q,) = Mat4(Q,). The other possibility, that Inv M (Q,) = 3, does
not interest us here. Proposition 4.1.1(b) also tells us that deg M(R) = 4.
We know that Inv M (R) equals zero or one half. It follows that M(R) is
isomorphic to Maty(R) or Maty(H) respectively.

Let S be a finite, non-empty set of prime numbers with an even number
of elements. We say that M (Q) splits over a prime p if M(Q,) = Mat4(Q,).
For all primes p we define ¢, as follows. If p € S define 4, to be either i or %
in such a way that > _gi, € Z. Note that we are able to do this since we
have specified that S must contain an even number of elements. For all other
p define i, = 0. Then [45], Theorem 18.5 tells us that we may choose M so
that Inv M (Q,) = i, for all primes p and Inv M(R) = 0. We can then see
that the set of places at which M (Q) does not split coincides with the set S.
More particularly, for p € S we have that M(Q,) is a division Q,-algebra, for
p ¢ S we have that M(Q,) = Mat,(Q,) and we also have M (R) = Mat4(R).

For a commutative ring R with unity, let
Y(R)={r € M(R) : det (z) =1}.

Then ¢ is a linear algebraic group, defined over Z. Let I' = ¢(7Z), then I'
forms a discrete subgroup of G = ¢(R) = SL4(R). Since M(Q) is a division
algebra, it follows that ¢ is anisotropic over Q and so I' is cocompact in G
(see [3], Theorem A). Let P be the parabolic subgroup

x *

P=
*

0 0
0 0
of G. Then P = M AN, where

= s (R g )

— {( X v ) : X, Y € Maty(R), detX:detY:jzl},
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A = {diag(a,a,a"',a™*) : a > 0} and the elements of N have ones on the
diagonal and the only other non-zero entries in the top right two by two

square. Let
B_ ( SO(2)

Then B is a compact subgroup of M.

Let A~ = {diag(a,a,a™',a™') : a € (0,1)} be the negative Weyl chamber
of A. Let &p(I') be the set of conjugacy classes [y] in I' such that ~ is
conjugate in G to an element a,b, of A~B and let &5(I') be the subset of
primitive conjugacy classes.

We say g € G is regular if its centraliser is a torus and non-regular (or
singular) otherwise. Clearly, for v € I' regularity is a property of the I'-
conjugacy class [y], we denote by &p"*(I") the regular elements of &(I"). By
abuse of notation we sometimes write v € &5(I') or v € &p"*(I") when we
mean the conjugacy class of .

We will call a quartic field extension F'/Q totally complex if it has two
pairs of conjugate complex embeddings and no real embeddings into C.

S0(2) ) |

4.3 Subfields of M(Q) generated by I

Lemma 4.3.1 Let [y] € &p(T).

The centraliser M(Q)., of v in M(Q) is a totally complex quartic field if
and only if v is regular.

The centraliser M(Q)., is a quaternion algebra over the real quadratic
field Q[v] if and only if ~y is non-regular.

Proof: The centraliser M(Q), of v in M(Q) is a division subalgebra of
M(Q). Suppose that M(Q), = Q. Then since v € M(Q), we must have
v € Q, but then 7 is central so M(Q), = M(Q), a contradiction. Suppose
instead that M (Q), = M(Q), ie. 7 is central. Then y € Q, so dety =~* =1
and it follows that v = 41, which possibility is excluded since v = £1 is not
primitive.

By Proposition 4.1.1(d) we have that dimg M (Q)., divides dimg M (Q),
which is 16, so dimg M (Q), is equal to 2, 4 or 8. Also

dimg M(Q), = dimg M(R), = dimg M(R),y. .
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Depending on whether neither, one or both of the SO(2) components of b, are
+1,, the dimension dimg M (R),.s, is equal to 4, 6 or 8 respectively. Hence
dimg M (Q)., is either 4 or 8. If dimg M (Q), = 4 then b, = (R(0), R(¢))

with 0, ¢ ¢ 77, where
cos —sinf
R(9) = ( sinf cos# ) ‘

If dimg M (Q)., = 8 then b, is diagonal.

In the first case G, = AB = R* x SO(2) x SO(2) so 7 is regular.
From Proposition 4.1.1(d) and Proposition 4.1.2(a) it follows that Q[y] =
{f(v) : f(x) € Qlz]} is a subfield of M(Q) of degree 4. Let f,(z) be the
minimal polynomial of v over Q. Then a.b, also satisfies f,(z) = 0. Now
a, = diag(a,a,a™*,a™') for some a € (0,1) and b, = (R(f), R(¢)) for some
0,6 ¢ w7, so the complex numbers z; = ae? and z, = a'e" also sat-
isfy f,(z) = 0. Neither z; nor z, are real, nor do we have z; = %, so
Q[y] = Qlz1, 22, which is a totally complex field. The division subalgebra
M(Q), of M(Q) has dimension four over Q and contains Q[~], hence is equal
to Q[v].

Suppose instead that b, is diagonal. Then G., = AM, so v is not regular.
From Proposition 4.1.1(d) and Proposition 4.1.2 (a) it follows that Q[y] =
{f(v): f(z) € Q[z]} is a subfield of M(Q) of degree 2. Let f,(x) be the
minimal polynomial of v over Q. Then a.b, also satisfies f,(z) = 0. Now
a, = diag(a,a,a',a™!) for some a € (0,1) and b, = (+Iy,£l5). Let us
suppose that b, = I, the other cases are similar. Then f,(a) = f,(a™!) =0,
so f, = (z —a)(x —a ') and Q[v] is a real quadratic field.

The division algebra M (Q), is central simple over its centre Z(M(Q).,).
Clearly, Q[] is contained in Z (M (Q),). By Proposition 4.1.2(b), the dimen-
sion of M(Q), over its centre is m? for some m € N. Hence either M(Q).,
is a field or Z(M(Q),) = Q[y]. However, by Proposition 4.1.2(b) again, if
F is a subfield of M(Q) then [F : Q] = 1, 2 or 4. This rules out the pos-
sibility of M(Q), being a field, since dimg M (Q), = 8. We conclude that
Z(M(Q),) = Q[v] and by [45], Theorem 13.1, M(Q), is a quaternion algebra
over Q[v]. O

4.4 Field and order embeddings

In this section we prove a number of lemmas which will be needed later.
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Lemma 4.4.1 Letu € M(Z). Then u is a unit in M(Z) iff det (u) = £1. If
Q[u] is quadratic or is totally complex quartic, or if u = +1, then det (u) = 1.

Proof: By Proposition 4.1.2(a) the set F' = Q[u| is a subfield of M(Q)
containing u. The set F' N M(Z) is an order in F. The element u is in
F N M(Z) so by Proposition 4.1.3(b) it is in the integral closure Op of Z in
F

The field norm Npg : F' — Q can be written as a product over all
embeddings of F' into C:

Npg(z) = H ox.

Hence we can see that it restricts to a group homomorphism F* — Q* and
maps integral elements in F' to elements of Z (see [44]). Suppose there exists
v € Op such that vu = 1. Then Npg(v), Npjo(u) € Z and

Nrj(v)Nrjg(u) = Npg(uv) = Npg(l) =1,

so Npjg(u) = £1. On the other hand, suppose there exists n € Z such that
nNpjg(u) = 1. Then
1=n H ou = yu

for some y € OF.
We have shown that « is a unit in Op if and only if Npg(u) = *1.
Proposition 16.2a of [45] tells us that

det (u) = Npjg(u)F, (4.1)

where deg M (Q) = k[F : Q]. The first statement of the lemma follows.

If u = +1 (so that F = Q) or F is quadratic then by (4.1) we have
det (u) = 1. Suppose F is a totally complex quartic extension. Let f(X) =
X4+ a3 X3+ ay X%+ a1 X + ag be the minimal polynomial of u over Q. Then
det (u) = ag. If ayp = det (u) = —1 then f must have a real root, which
contradicts the supposition on F. Hence det (u) = 1. O

The following lemma holds for any algebraic extension F' of Q.

Lemma 4.4.2 Let O be an order in the number field F/Q and p a prime
number. Let F,, = FF® Q, and O, = O ® Z,. Then O, is the mazimal order
of I, for all but finitely many primes p.
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Proof: Let Oy be the maximal order of F' and let Oy, = Oy ® Z,,. We
define the conductor of O to be the ideal §F = {a € Oy|aOy C O} of Oy
Then for all primes p, if § € pOy, then O, = Onrp. In fact, if § € pOn
then there is an element o € § such that o ¢ pOy,. Every element of Oy,
can be written as a unit of Oy, times a power of p. Since o ¢ pOy we have
a € O]TM,, which implies @Oy, = Oprp. Then, as a € § it follows that

OM,p = OéOM’p C Op.

It is clear that O, C Oy,. Since § C pOyy for only finitely many primes p,
the lemma follows. U

Let F' be a number field. A prime number p is called non-decomposed in
F if there is only one place in F' lying above p.

Lemma 4.4.3 A number field F embeds into M(Q) if and only if [F : Q] =
1,2 or 4 and p is non-decomposed in F for allp € S.

Proof: The statement about the degree of F' is Proposition 4.1.1 (c). The
case F' = Q is trivial.

Let F' be a quartic field and suppose that F' embeds into M (Q), then F'
is a strictly maximal subfield of M (Q). We say that a subfield K of M(Q) is
a splitting field for M(Q) (or that K splits M(Q)) if M(Q) ® K = Mat,(K).
Proposition 4.1.2(d) tells us that a quartic field embeds into M(Q) if and
only if it splits M (Q).

For p a rational prime, the field Q, is an extension of Q. Hence, by
Proposition 4.1.1(c), the Q,-algebra M (Q),) is central simple over Q,,. Let p €
S. The Schur index, Ind M (Q,), of M(Q,) is, by [45], Corollary 17.10a(iii),
equal to the order of [M(Q,)] in the Brauer group of Q,, where the square
brackets denote the Morita equivalence class. By choice of M(Q) we have
Ind M(Q,) = 4. Let p; be the (finitely many) primes in F' above p. Then
Theorem 32.15 of [49] tells us that, since F' splits M (Q),

4=Tnd M(Qy) | [Fy, : Q]

for all 7. Corollary 8.4 of Chapter IT of [44] says that

[F : Q] = Z[sz : @P]v (42)

7
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which implies that there is only one prime p in F above p and that [F) :
Q) =4.

Conversely, suppose that for each p € S there is only one prime p in F
above p. From (4.2) we get that [F}, : Q)] =4, so

Ind M(Q,) | [Fy: Q). (4.3)

For p ¢ S, by choice of M(Q), the Schur index, ind M(Q,), is equal to 1, so
in this case (4.3) also holds for each p in F" above p. Then, by [49], Theorem
32.15, the field F splits M (Q). By Proposition 4.1.2(d) we then deduce that
F embeds into M(Q).

Now let F' be a quadratic field and suppose that F' embeds into M (Q),
then we consider F' as a subfield of M(Q). By Proposition 4.1.2(c), the
subfield F' of M(Q) is not maximal so there exists a maximal subfield K of
M(Q) properly containing F'; which by the same proposition is quartic. It
was shown above that every prime in S is non-decomposed in K and hence
also in F'.

Suppose p is non-decomposed in F' for all p € S. We choose a quaternion
algebra A over F' by specifying that the local Brauer invariant at p be % for
all places p in F' over some p € S, and that the local Brauer invariant be
0 at all other places of F. Proposition 4.1.2(c) tells us that there exists a
subfield K of A containing F' with [K : F| = 2. Then by the same argument
as above, if p is a place of F' over p for some p € S, then p is non-decomposed
in K. It follows that p is non-decomposed in K for all p € S. It was shown
above that the quartic extension K of Q, and thus also the subfield F' of K,
embeds into M(Q). The lemma is proven. O

Let Ag, denote the ring of finite adeles over Q, ie.
/
Aﬁn = H Qm
p

where p ranges over the rational primes and []' denotes the restricted prod-
uct, that is, almost all components of a given element are integral. Let
Z = Hp Z, C Ag,. There is a natural embedding of Q into Ag,, which maps
q € Q to the adele every one of whose components is q. From this embedding
we derive an embedding of M(Q) in M (Ag,) and an embedding of 4(Q) in
G (Agn).

Lemma 4.4.4 M(Ag,)* = M(Z)* M(Q)*.
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Proof: We have the following commutative diagram with exact rows:

1 9(Q) M(Q)* < Q* 1

where the vertical arrows denote the natural embeddings. The commutativ-
ity of the diagram and the exactness of the rows are clear, except that the
surjectivity of the three determinant maps requires justification. The surjec-
tivity of the map det: M(Q)* — Q* follows from [49], Theorem 33.15. For
all primes p we have that M(Q,) is a central simple Q,-algebra so it follows
from [49], Theorem 33.4 that the map det: M(Q,)* — Q) is surjective. For
p € S, we have that M(Q,) is a division Q,-algebra and so an element z of
M(Q,) is in M(Z,) if and only if det x € Z, ([49], Theorem 12.5). Forp ¢ S,
we have that M(Q,) = Mat,(Q,) and

T

det

I
8

1

for all z € Z,. Tt follows that the map det: M(Z)* — Z* is surjective. From
this we can then see that map det: M (Ag,)* — Af is also surjective.

Let v € M(Agy)* and let w = detv € AY . Since AY = Z*QX, there
exist 7 € Z* and q € Q* such that w = rq. By the surjectivity of det, there
exist 7 € M(Z)* and § € M(Q)* such that det7 = r and detq = ¢. Let
v =7"tog!. Then detv = 1, so v € ¥(Ag,). By the Strong Approximation
Theorem (see [40]), we have that ¢(Q) is dense in 4 (Ag,). Hence there exist
7 e 9(Z) and § € 9(Q) such that v = 7. Finally, we have

~

where 77 € M(Z)* and ¢g € M(Q)*. The lemma follows. O
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Lemma 4.4.5 Let F' be a field that embeds into M(Q). For each embedding
o: F — M(Q) the order O, = o~ (o(F) N M(Z)) is mazimal at all p € S.
Conversely, if O is an order in the field F which is maximal at all p € S,
then there ezists an embedding o : F' — M(Q) such that O = O,.

Let o : ' — M(Q) be an embedding of the field F' into M (Q). By Lemma
4.4.3 each prime p in the set S is non-split in F. Since for p € S there is only
one place in F" above p, we can note that the p-adic completion F}, = F'® Q,
is again a field (see [44], Chapter 1, Proposition 8.3). Firstly we need to
show that for all p € S, the completion O, , = O, ® Z, is the maximal order
in F,. By Proposition 4.1.3(c), M(Z,) is the maximal Z,-order in M (Q,).
Since M(Q),) is a division algebra, M(Z,) coincides with the integral closure
of Z, in M(Q,), by Proposition 4.1.3(d). We can extend ¢ to an embedding
of F, in M(Q,) and then O,, = o0~ (¢(F,) N M(Z,)) is the integral closure
of Z, in F,, which is the maximal order of F},.

For the converse, let O be an order of F' such that the completion O,
is maximal for each p € S. Via o we consider F' to be a subfield of M(Q).
For any u € M(Q)* let O, = FNu 'M(Z)u. Let Yo = uou™?, that is:
vo(x) = uo(z)u~! for all z € F. We will show that there is a u € M(Q)*
such that O = O,. The embedding “o is then the one required by the lemma.

Let Oy = FNM(Z). Since O and Oy are orders, by Lemma 4.4.2 they are
both maximal at all but finitely many places. Let T be the set of primes p
such that either O or O; is not maximal at p. Then T is finite and T'NS = @.
Furthermore, if Tr denotes the set of places of F' lying over T, we have that
for any place p of F' with p ¢ T the completions O, and O, , are maximal
in F}, and thus equal, by uniqueness of maximal orders. Hence, for p ¢ T" we
have

O, =F,NM(Z,).

Let p € T, then p ¢ S so M(Q,) = Maty(Q,). Considering F, as a
Q,-vector space we see that we can embed F), into Ling, (F,, F,) by sending
an element x € F), to the linear map a — axz. We choose a Z,-basis of O,
which is then also a Q,-basis of F},. This gives us an isomorphism

Ling, (Fp, Fp) = Maty(Q,) = M(Qy).

This isomorphism and the above embedding F), < Ling, (£}, F},) then give
us an embedding o, : F, — M(Q,) such that O, = o, (0,(F,) N M(Zy)).
The map o, is a Q,-isomorphism of F,, (considered as a subfield of M(Q,)
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via a suitable extension of o) onto its image in M(Q,), so by the Skolem-
Noether Theorem (Proposition 4.1.3(a)), there exists u, € M(Q,)* such that
upzu, " = o,(x) for all z € F,. Hence

O, = F, Nu, ' M(Zy)u,.
For p ¢ T set u, =1 and let 4 = (u,) € Ag,. By Lemma 4.4.4

M(Agn)* = M(Z)* M(Q)*

X

so there exists an element u € M(Q)* such that for all primes p we have

uw M (Zy)u = uy M (Zy)u,,.

This implies that
O0,=F,Nnu"'M(Z,)u (4.4)

for all primes p and we deduce that
O=Fnu'MZ)u=0,.

This completes the proof of the lemma. U

4.5 Counting order embeddings

Let F/Q be an algebraic number field and let O be an order in F. Let
I(O) be the set of all finitely generated O-submodules of F. According
to the Jordan-Zassenhaus Theorem ([49], Theorem 26.4), the set [I(O)] of
isomorphism classes of elements of 1(O) is finite. Let h(O) be the cardinality
of the set [1(O)], called the class number of O.

Let I be a non-trivial, finitely generated O-submodule of F'. Then, by
[49], Theorem 10.6, I is isomorphic as an O-module to an ideal of O so
also has the property that I ® Q = F. If J is another finitely generated
O-submodule of F, such that J = I, then the isomorphism extends to an
automorphism of F' considered as a module over itself, and hence J = Iz for
some z € F*. So h(O) = card([{(O)]) = [I(O)/F*|.

For a prime p € Z let I}, = F'® Q,. Let pq,...p,, be the prime ideals
of F above p. By [44], Chapter 1, Proposition 8.3 there exists a canonical
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Q,-algebra isomorphism defined by:

F,=F®Q, = []F, (4.5)
i=1
a®r — (ri(a).o),,
where F},, denotes the completion of F' with respect to the p;-adic absolute
value and 7; the embedding of F' into Fj,. If O is an order in F'and p € Z a
prime then let O, = O ® Z,.

Recall that S is a finite, non-empty set of prime numbers with an even
number of elements. Let C(S) be the set of all totally complex quartic fields
F' such that all primes p in S are non-decomposed in F'. Note in particular
that by the isomorphism (4.5) this means that for each field ' in C(S) and
for each p € S we have that I}, = F'® Q, is once again a field, namely the
completion of F' at the unique place of F' above p. For F' € C(S) let Op(S5)
be the set of isomorphism classes of orders O in F' which are maximal at all
p € S, ie. are such that the completion O, = O ® Z, is the maximal order
of the field F), for all p € S. Let O(S) be the union of all Op(S), where F
ranges over C'(9).

Let F € C(S) and O € Op(95), then, by Lemma 4.4.3, F embeds into
M(Q). By Lemma 4.4.1, the group M(Z)* of units in M(Z) contains I as
a subgroup. By Lemma 4.4.5 we know that there is an embedding o of F
into M(Q) such that O = O, = 7! (¢(F)NM(Z)). Let u € M(Z)* and,
as above, let “o = uou~! for embeddings o : FF — M(Q). Then Ou, = O,,
so the group M(Z)* acts on the set () of all embeddings o with O, = O.
This M (Z)* action also restricts to an action of I' on %(O).

We define

As(0) = As(F) = [ /().

peES

where f,(F') is the inertia degree of p in F. Our aim is to prove the following
proposition.

Proposition 4.5.1 The quotient M(Z)*\X(O) is finite and has cardinality
equal to the product h(O)As(O).

We prepare for the proof of the propostition with the following discussion
and then prove some lemmas, from which the proposition will follow.
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Fix an embedding o : F' — M(Q) with O = O, and consider I as a
subfield of M (Q) such that O = F N M(Z). For u € M(Q)* let

w=FNuM(Z)u.
Let U be the set of all u € M(Q)* such that
O=FNMZ)=Fnu'MZ)u=0,.
Let a € F*, then
Fna ' 'MZ)ua=a" (FNu'M(Z)u)a=F Nu'M(Z)u,
so F* acts on U by multiplication from the right. Let v € M(Z)*, then
Fnu v ' M(Z)vu=Fnu'M(Z)u,

so M(Z)* acts on U by multiplication from the left. Let 7 € 3(O), so that
O, = O. Then by the Skolem-Noether Theorem (Proposition 4.1.3(a)) there
exists u € M(Q) such that 7 = “o = uou™", ie.7(F) = uFu~'. Then

O, =Fnu'M(Z)u ut (uFu N M(Z)) u
u (T(F)NM(Z))u

— 0O,
@

Conversely, it is clear that for all u € U we have "o € ¥X(0O), and that
“g = Yo if and only if u = vx for some x € F*. Hence

|M(Z)\UJF*| = [M(2)"\X(0)],

and the proposition will be proved if we can show that the left hand side
equals h(O)As(0O).
For u € U let
I, = FNM(Z)u.

Then I, is a finitely generated O-module in F'. We shall prove that the map

U M(Z)\U/F* — I(0)/F*

u = Iy,
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is surjective and Ag(O) to one. This will be done in the following lemmas
through localisation and strong approximation.

Let p € Z be a prime and let 1(O,) be the set of all finitely generated
O,-submodules of F,, and [I(O,)] the set of isomorphism classes. Let I, be a
non-trivial, finitely generated Op,-submodule of F,,. Then, by [49], Theorem
10.6, the submodule I, is isomorphic as an O,-module to an ideal of O, so
also has the property that I, ® Q, = F,. If J, is another finitely generated
O,-submodule of F,, such that J, = I,,, then the isomorphism extends to an
automorphism of F), considered as a module over itself, and hence J, = I,z
for some x € F*. So card([I(O,)]) = |I(Op)/F)|.

For a prime p and u, € M(Q,)* let

Opy = Fp Ny ' M(Zy)uy,
and recall that
O, =F,NM(Z,).
Let U, be the set of all u, € M(Q,)* such that
Opu, = Op.

As in the global case above, I acts on U, from the right and M(Z,)*
acts on U, from the left. For u, € U, let

L, = F,N M(Zy)uy.
Then I, is a finitely generated O,-module in F,,.
Lemma 4.5.2 Let p be a prime. Then [1(O,)/F;| = 1.

Proof: Suppose p € S. Then p is non-decomposed in F' so there exists a
unique prime ideal p of F' above p, so by the isomorphism (4.5) we can see
that F), = F}, and hence F), is itself a field. By [44], Chapter II, Proposition
3.9, every ideal of O, is principal and hence all non-zero ideals of O, are
isomorphic. The claim holds for p € S.

Suppose p ¢ S. Let py,...,p, be the prime ideals of F' over p. Under
the isomorphism (4.5) an ideal in O, gives ideals in O,,, ..., O,,, where Oy,
denotes the ring of integers in the field F},. As we saw above, these ideals
are each unique up to isomorphism and hence the original ideal in O, is also
unique up to isomorphism and the claim holds for p ¢ S. 0]

We now prove the surjectivity of W.
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Lemma 4.5.3 The map V is surjective.

Proof: Let I C O be an ideal and for a prime p let I, = I ® Z,. By Lemma
4.5.2, for all primes p the Op-module F, N M (Z,) is isomorphic to I,,, so there
exists u, € F such that

F, N M(Zy,)u, = I,.
We have further that

Fynu ' M(Zy)u, = uy ' (F, N M(Zy)u,
— F,nM(Z,).

~

Let @ = (u,) € A . By Lemma 4.4.4 there exist 2 € M(Z)* and u €
M(Q)* such that & = Zu. Then for all primes p we have that

F,Nu'M(Z,)u = F,N M(Z,)

and
F,NM(Zy)u = I,.

We deduce from this that
FNu'M(Z)u=Fn M(Z)

and
FNM(Zu=1.

This is what was required to complete the proof of the lemma. O

In the following series of lemmas we prove that ¥ is Ag(O) to one.

Lemma 4.5.4 Let K be a non-archimedian local field and Ok its ring of
integers. Forn € N let A, C Mat,(K) be the subspace of diagonal matrices
and suppose that u € GL,,(K) is such that

A, NMat,(Og) C A, Nu~"Mat, (Ok)u.

Then there exist z € Mat,,(Ok)* and v € A such that zu = x.
If we suppose further that

An N Matn((’)K) = An N Matn(OK)u

then we have x € (A, N Mat,(Ok))*.
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Proof: The first claim of the lemma will be proved by induction on n. For
n = 1 we take z = 1 and x = u and the claim holds. Assume now that
the claim holds for some n — 1 € N. For any ring R let Upp, (R) denote
the subalgebra of upper triangular matrices in Mat,,(R). We can choose an
element y € Mat,,(Of)* such that v = yu € Upp,, (K) is upper triangular.
Then v’ has the form
;[ a b
-("2)

where a € K, b € Maty(,—1)(K) and ¢ € Upp,,_; (K). Then
-1 —1p —1
ne1 [ @ —a~ " be
= ( S

A, NMat,(Og) C A, Nu"*Mat, (Ox)u

Since u satisfies

it follows that u’ satisfies
A, NUpp,(Ok) C Ay N (u') ' Upp, (Ok)u'.

It follows that there exist & € O, 8 € Mat;y(,—1)(Ok) and v € Upp,_;(Ok)
such that

( o al(ab—kcﬁlcvg be1c) ) _ ) ( o )u _ ( L ) |

where the matrix on the right is the n by n matrix with a one in the top left

corner and all other entries zero. It then follows that a = 1, ¢c"!yc¢ = 0 and
b= —pc. Let

w = ( 1 Iﬁ ) € Mat,,(Ok)™.
n—1

/ 1 B a —fc a
()=
so we have that
wyu:<ac>.

It is then clear that ¢ satisfies

Then

An—l N Matn_l((’)K) C An—l N c_lMatn_l(OK)c
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so by the inductive hypothesis there exist 2’ € Mat,,_1(Og)* and 2’ € A},
such that z’'c = /. Setting

z:(l Z,>wy€1\/[atn((9K)X and xz(a x,)eA;

we get that zu = x and the proof of the first claim is complete.
If we also assume that u satisfies

An N Matn((’)K) = An N Matn(OK)u
then since z € Mat,(Og)* and zu = x € A it follows that
A, NMat,(Ok) = A, N Mat,(Ok)zu = (A, N Mat,(Ok))z.

This can be the case only if z € (A,, N Mat,,(Ok))* so the lemma is proved.

O
Lemma 4.5.5 For p ¢ S we have |M(Z,)*\U,/F)| = 1.
Proof: Let p ¢ S and let u, € U, so that
F, N\ M(Zy) = F, Ny M(Zy)u,. (4.6)
By Lemma 4.5.2, there exists A, € F* such that
F,NM(Z,) = F, N M(Z,)uy,.
Replacing u, with u,\, we may assume that u, satisfies
F,NM(Z,) = F, N M(Z,)u,. (4.7)

We shall show that there exist z, € M(Z,)* and z,, € F such that zu,z,
is the identity element in M(Q,).

Let € be an integral element of F' generating F' over Q, and let L be
an extension of Q containing all the zeros of the minimal polynomial of ¢.
Let L, = L ® Q,, note that neither this nor F}, are necessarily fields, rather
a finite direct product of fields. The embedding F' — M (Q) gives us an
embedding F,, — M(Q,). Since p ¢ S we have M(Q,) = Mat,(Q,) so we
get an embedding

F,® L — M(Q,) ® L = Maty(Ly,).
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Let Op, be the ring of integers in L and let O, = O ® Z,,. Let A denote
the subspace of diagonal matrices in Maty(L,). It follows from our choice
of L that ¢ is diagonalisable in M(L,) by an element A € M (O, )*. Since
F, = Q,(e), the whole of F, ® L is simultaneously diagonalisable in M (L,),
that is, we have that A™'(F, ® L)A is a subspace of A, and by dimensional
considerations we must have that A~ (F, ® L)A = A. Then, tensoring (4.6)
and (4.7) with O, and conjugating by A we get

ANM(Op,) =Anu,'M(Oy,)a, (4.8)

and
ANM(Or,) =ANM(Or,)u,, (4.9)

where 4, = u,A.

We are currently working in the matrix algebra M (L,) = Maty(L,). Let
p1,...,pn be the prime ideals of L above p. By virtue of the isomorphism
(4.5) we can consider separately each p;-adic component of the entries of the
matrices. It then follows from Lemma 4.5.4 and equations (4.8) and (4.9)
that there exist 2 € M(Op,)* and 7 € (AN M(Og,))* such that zu, = 7.
Setting

z=Az € M(OLP)X

and
x=AzA™" € (F,® L)N M(Op,))*

we get that zu, = x.

Consider now the trace map tr /g of the field extension L/Q. The image
of Op, under this map is an ideal in Z. Let v € Z be the greatest such that
tr 1/0(OL) C p"Z. We define a linear map

T:M(Ly) =MQ)®L — MQ,)®Q=MQ,)
Ty — z@p “(trry).
Note that T'(M(Oy,)) = T(M(Z,) ® Op) C M(Z,) @ Z = M(Zy).
We denote by O, the ring of integers of the field L,,. Let { € (F® Ly, )N

M(Op,) and let z; and z; be the p; components of x and z. Then z,u, = z;.
Now set a = 7€ € (F ® Ly,) N M(Oy,). From (4.6) we deduce that

(F®LP1) m]\4«9121) = (F®LP1) mu;IM(OLl)uP
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so there exists 3 € M(Oy,) such that o = u, ! Buy, or equivalently u,a = Buy.
Setting ( = 2108 € M(Oy,), we then get

Cup = 218U, = z1upoe = T100 = &,

Hence we can see that {u,' € M(Op,).
We now consider the linear map defined by

T"-MQ)®L, — MQ®Q,=MQ,)
TRy — Tp “(trr, 0,Y)

where trr, /g, is the trace map of the field extension Ly, /Q,. We note that
T" maps (F' ® Ly, ) N M(Oy,) to F, N M(Z,). The map T" induces a linear
map

T . M(OL1) N M(Zp)
piM(Or,)  pM(Zy)

Note that M(Oyr,)/p1M(Or,) is a vector space over the field Op, /p10p,
and M(Z,)/pM(Z,) is a vector space over the field Z,/pZ, = F,. By the
choice of the integer v we can see that the map 7" is not the zero map,
that is, its kernel is a proper subspace of M(Oyr,)/p1M(Or,). An element
of M(Op,)/p1M(Op,) not in the kernel of 7" corresponds to an element
of M(Op,) whose image under 7" is in M(Z,)*. We choose an element £ €
(F®Lp, )NM(Oy,) such that T'(§) € (F,NM(Zp))* and T'(u, ') € M(Zy)*™.

We shall write £ also for the element of (F, ® L) N M(Op,) with p,
component equal to ¢ and all other components zero. Similarly we denote
by ¢ the element of M(Op,) with p; component equal to §u, L and all other
components zero. Then (u, = £. From the definitions of the maps 7" and 7"
and the isomorphism (4.5) it follows that

T =T(¢) € (F, N M(Zy))"
and
T(¢) =T'(¢) € M(Zy)".

Now set x, =T'(&) € (F, N M(Z,))* and z, =T(¢) € M(Z,)*. We then
have that
Zplp = Tp

and the lemma is proved. U
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Lemma 4.5.6 For p € S we have |M(Z,) \U,/F)| = f,(F).

Proof: Let p € S. We then have that M(Q,) is a division algebra so in
particular M (Q,)* = M(Q,) ~ {0}. Further, since Q, is a local field, M (Z,)
is the unique maximal order of M(Q),) (cf.Proposition 4.1.3(d)) and hence
uy  M(Zp)u, = M(Zyp) for all u, € M(Q,)*. Thus the claim is equivalent to

[ M(Zp) \M(Qp)" / F| = [, (F).
Let vy, be the p-adic valuation on M(Q,) and let
en = e(M(Qy)/Qp) = lom (M(Qy)") /om(Qy)]

be the ramification index of Q, in M(Q,). The valuation vy is a surjective
group homomorphism of M (Q,)* onto Z with kernel M (Z,)*. It follows that

enr = [ M(Zp) \M(Q,)"/Q; |
By Proposition 17.7 of [45] we have
| M(Zp) \M(Qp)"/Qy | = ens = deg M(Q,) = 4.

Let e,(F') be the ramification index of p in F'. Then by [44], Chapter I,
Proposition 8.2, and since p does not split in F', we have

ep(F) fp(F) = [F: Q] = 4. (4.10)

Let & be the valuation ring of F}, and let II = 7& be the unique maximal
ideal of &', where m € & is a generator of the principal ideal II. Let p = pZ,
be the unique maximal ideal of Z,. Then p = IINZ, and p = 7). Thus
v () = var(p)/ep(F), which implies that

o e - ME\M@)/Q|
M2, \M(Q,)/F| = ) -

and hence from (4.10) we get

| M(Zy) \M(Qp)* ) EJ| = fo(F),

as required. O
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Lemma 4.5.7 U is A\g(O) to one.

Proof: Recall that O € Op(S) for some F € C(S). Let F = H; F, be the
restricted product over all primes p, that is, all but finitely many components
are integral, and let U be the set of all & = (u,) € M(Ag,)* such that
O, = F, Nu, ' M(Zy)u, = Oy, for all p.

For I € I(O) let Uy = $~IF*). Let u € U; for some I € I(O). We
denote by u the element of M (Ag,) each of whose components is u. Setting
u, = u for all primes p, we see that for all p

O, =08Z,=0,®ZL,=Op,,
so i eU.
For each I € I(O) we define the map
O, M(Z)\U;/F* — M(Z)\U/F*

by setting ®;(M(Z)*uF*) = M(Z)*@F*. We shall show that ®; is a bijec-
tion. Since from Lemmas 4.5.5 and 4.5.6 we know that |M(Z)\U/F*| =
As(O), the lemma will then follow.

First we show surjectivity. Let @ = (u,) € U, so that Opu, = O, for all
primes p. For all primes p, by Lemma 4.5.2 we have I ® Q, = F, N M(Z,)u,
so there exists z;, € [ such that I ® Q, = F, N M(Zy)u,x,. We replace u,

~

with w,z,. By Lemma 4.4.4 there exist Z = (z,) € M(Z)* and u € M(Q)*

such that @ = zu. It follows that O,, = O, for all primes p and hence we
get that O, = O, so that u € U. Furthermore, since

[®Q, = F,N M(Z,)u, = F, N M(Z,)u

for all primes p, it follows that I = F'N M(Z)u, so u € U;. We have proven
that ®; is surjective.

For the proof of injectivity, suppose that u,v € U are such that ®;(u) =
®;(v). The assumption that u,v € Uy means that there is an isomorphism
of O-modules F'N M(Z)u = F N M(Z)v. As we saw above this implies that
there exists © € F* such that F' N M(Z)u = F'N M(Z)vzx. Replacing v with
vz it follows that

FnM(Z)i=Fn M(Z)b. (4.11)

A

The assumption that ®;(u) = ®;(v) means that there exist Z € M(Z)* and
Z € F* such that @ = Z0z. Together with (4.11) this implies that

FNM(Z)o = F N M(Z)oE
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and hence Z € 0~ M(Z)*%. In other words, there exists j € M(Z)* such
that v = gv. We deduce that

= zZ0T = (29)0.
Replacing z with zy € M(Z)X, we now have that
F=a0"te M(Z)* N M(Q)* = M(Z)*.

Writing z = Z € M(Z)* we get that u = zv and injectivity is proven. O



Chapter 5

Comparing (Geodesics and
Orders

In this final chapter we complete the proof of the Main Theorem. We do
this by using our results on orders in subfields of division algebras of degree
four to interpret the Prime Geodesic Theorem algebraically. This will then
yield information about the class numbers of those orders. All notation is
as defined in previous chapters. In particular we have G = SL4(R) and take
I'=%(Z) as in Chapter 4.

5.1 Regular geodesics

Let F' be a number field with r real embeddings and s pairs of complex
conjugate embeddings and let ¢ = r + s — 1. Let Op denote the ring of
integers of F' and Of the unit group therein. By Dirichlet’s unit theorem
([44], I Theorem 7.4), there exist units €1, ...,&; € O such that every ¢ € O
can be written uniquely as a product

— V1 v,
e =C(Cet &,

where ( is a root of unity and v; € Z. The set {e1,...,&;} is not uniquely
determined. We shall refer to such a set of units as a system of fundamental
units. If O C Op is an order of F' and {e,...,&;} a system of fundamental
units then there exist p; € N and units &; = £ such that every e € O* can
be written uniquely as a product

—_ =V =Vt
6_(81 ...é‘t

108
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where ( is a root of unity and v; € Z. Once again, the set {&1,...,&;} is not
uniquely determined. We shall call such a set of units a system of fundamental
units of O.

If 7y, ..., 7441 are distinct embeddings of F' into C which are pairwise non-
conjugate, then the regulator R(O) of an order O C Op is defined as the
absolute value of the determinant of an arbitrary minor of rank ¢ of the
matrix

(log |7:(5,)1),;
where 1 < i < t+1and 1 < j < t. The value of the regulator does not
depend on the choice of a system of fundamental units.

We shall sometimes refer, somewhat imprecisely, to the elements of a
system of fundamental units simply as fundamental units. In the case t = 1,
let ¢; be a fundamental unit of an order @ in F. We shall refer to the
elements of the set {Cef! : ¢ root of unity in F } as the fundamental units of
O, or in the case that O = O the fundamental units of F'.

In the case that F' is a totally complex quartic field we have t = 1, so we
can choose a fundamental unit £, such that for all ¢ € Oy we have ¢ = (7",
where ( is a root of unity and v; € Z. Then ¢; is determined up to inversion
and multiplication by a root of unity. In this case the regulator of an order
O C Of of F with fundamental unit &, satisfies

R(O) = [log|7(1) |,

where 7 is any embedding of F' into C.

We consider subfields of the field F'. Apart from Q these are all quadratic.
By Dirichlet’s unit theorem, real quadratic fields contain a single fundamental
unit (up to inversion and multiplication by £1) and complex quadratic fields
contain no fundamental unit. We can see then that F' can have at most
one real subfield. Let C"(S) and C°(S) be respectively the subsets of C(S5)
consisting of fields with and without a real quadratic subfield. Let O"(S)
and O°(S) be respectively the subsets of O(S) consisting of orders in fields
in C"(S) and C¢(S). Then C(S) = C"(S)UC*(S) and O(S) = O"(S)UO*(S).

Let [y] € &8™%(T"). Then by Lemma 4.3.1 the centraliser M(Q), is a
totally complex quartic field which embeds into M(Q) and we denote this
subfield of M(Q) by F,. We say that an element v € I" is weakly neat if the
adjoint Ad(y) has no non-trivial roots of unity as eigenvalues. Let &5 (T")
be the set of primitive, regular, weakly neat elements in &p(I).
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Lemma 5.1.1 Let [y] € &4(T). Then F, € C°(S) if and only if [7] €
EE™M(T).

Proof: Let O be the maximal order in F' and let O* denote the group
of units. By Dirichlet’s unit theorem we can see that F, contains a real
quadratic subfield if and only if O* NR # {£+1}. Let 73 € O* be a fun-
damental unit. The element v is a unit F, so there exists a root of unity
¢ and n € Z such that v = (7. If there also exist a root of unity ¢ and
m € Z~ {0} such that £y € R then v; is not weakly neat and so neither is
7.

Conversely, suppose 7 is not weakly neat. We know that ~ is conjugate
in G to an element a,b, € A~ B. From the assumption that v is not weakly
neat it follows that there exists m € N such that one of the components of
b7 is diagonal. Since the group AB is abelian we have that 7™ is conjugate
in G to aZ’b'. Since 4™ € &p(I') it follows from Lemma 4.3.1 that b7 is
diagonal and hence v generates a real quadratic subfield of F,. The lemma
follows. O

Define the map
0: &) — O°S)

by
0:[y]— F,NM(Z).

Let v,8 € I'. Then Fs.5-1 = 0F,0 ", and since by Lemma 4.4.1 the group I'
is a subgroup of the multiplicative group M (Z)*, we can conclude that

Fss-1 N M(Z) =6 (F,NM(Z)§ ' 2 F, N M(Z).
Hence the map is well defined.
Proposition 5.1.2 The map 0 is surjective.

Proof: Let O € O°(S) be an order in the field F' € C°(S). Since deg F' = 4,
Proposition 4.1.2(b) implies that F' is a maximal subfield of M (Q).
Lemma 4.4.5 tells us that there exists an embedding o : F' — M (Q) such
that
O=0,=0"(c(F)NM(Z)).

Let € be a fundamental unit in O*. Let v be the image of ¢ under the
embedding o. The unit ¢ is integral in F', so v € M(Z).
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First we show that v ~¢ a,b, for some a, € A~, b, € B. The field F
has two pairs of conjugate embeddings into C. Let o1, 09 be two distinct,
non-conjugate embeddings of F' into C. The R-algebra F'®g R is isomorphic
to the commutative R-algebra C & C via the map

a®z— (zo(a), zoz(a)).
We note that O ®z R = F ®g R and we get the series of inclusions
OCO@R=F®yRC MQ)®gR=Mat,(R) C Mat,(C).

Thus we see that v may be considered as an element, which we will denote 7,
of a commutative subalgebra of Mat,(C) isomorphic to C & C. The matrix
7 has real entries and can be diagonalised in Maty(C) to the matrix

01(7)
_ 01(7)
X = o5(7)

a(7)

since the eigenvalues of 4 are the roots of its minimal polynomial, ie. the
values of v under its different embeddings into C. Let a,b € R*; 0,¢ €
[—7, 7] be such that o;(y) = ae? and o3(y) = be’®. Since v € M(Z), we
have [[, 0(v) = Npg(y) = dety = %1, where Np|g is the field norm and the
product is over all embeddings o of F' into C ([44], I Proposition 2.6(iii)).
Hence a?b? = +1. But a and b are both real so we must have a?b?* = 1, and

so b =a~! and we have
aet®
ae
X = ,

1,i¢

a 1 .
_€_Z¢
a

Without loss of generality we assume a < b so that a € (0,1). Let R be the

2 X 2 matrix
1
\/§ 1 —

( i R ) € Maty(C)

and Y the 4 x 4 matrix
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Then X is conjugate in Maty(C) via Y to the real matrix

X' — < aR(0) éR(qb)

So % is conjugate in Maty(C) to an element of A~ B, hence by [41], XIV
Corollary 2.3, the matrix 7 is conjugate in Maty(R) to X', that is (Z')™'y2" =
X' for some Z' € Maty(R). Since Z’ is invertible we have that n = det Z' # 0.
Let Z = ]n|*iZ’. Then det Z = +1 and Z7'4Z = X', so that 7 is conjugate
in SLF (R) to an element of A~B. Suppose that det Z = —1. Let W be the
matrix

)eas.

01
10
W= 10

01
Then ZW € G and (ZW)'54ZW = X", where

= ()

Hence ~ is conjugate in G to an element of A~ B.

We also saw above that dety =1 and so v € I" and hence v € &p(I). It
then follows from Lemma 4.3.1 that -, and hence also ¢, generates either a
real quadratic or a totally complex quartic field over Q. The field generated
by ¢ over Q is a subfield of F. However F' € C°(S) so has no real quadratic
subfields. Hence Q(v) = Q(¢) is a totally complex quartic field and Lemma
4.3.1 tells us that v is regular. It then follows from Lemma 5.1.1 that v is
weakly neat.

It remains to show that + is primitive in I'. Note that Q(¢) is a quartic
field contained in and hence equal to the field F. Recall that we write F), =
M(Q), for the centraliser of v in M (Q). Then we have that F, = Q(v) = F
and O* = F, N M(Z)*. The fundamental unit ¢ is primitive in O* and so
v = o(e) is primitive in F., N M(Z)*. Suppose 7 is not primitive in I'. Then
there exists vo € I' € M(Z)* such that v = 7§ for some x € N. However we
also have 7y € F, and so vy € F, N M(Z)*, which is a contradiction. Hence
7 is primitive in I" and we have v € &"*(T).

This concludes the proof of the surjectivity of 6. OJ

€ A™B.

Lemma 5.1.3 Let ¢ be a torsion element of M(Z). Then det (¢) = 1.
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Proof: By Proposition 4.1.2(b), the element ( generates a subfield Q(¢) of
M(Q) of degree 1, 2 or 4 over Q. If [Q(¢) : Q] = 1 or 2 then by Lemma 4.4.1
we have det (¢) = 1.

For a primitive n' root of unity £, the degree [Q(¢) : Q] is equal to
on) =#{1 <m <n:(m,n)=1}. From [9], Chapter II, §2 we see that

p(n) = Hp?“l(pi —1),

where n = p{*...p%" is the prime decomposition of n. It is then straightfoward
to show that [Q(§) : Q] = 4 if and only if n = 5,8,10 or 12. In these cases
the minimal polynomial of ¢ is respectively z* + 23 + 22 + x + 1, 2* + 1,
rt— 23+ 22 —x+1or 2* — 22+ 1. In each of these cases we read off from the
constant term of the minimal polynomial that Ng)o(§) = 1. The lemma

follows. O

For O € O(S) let puo be the number of roots of unity in the order O.
For [y] € &5™%(T) let u, denote the number of roots of unity in the order
F, N M(Z). Note that F,, " M(Z) is equal to the centraliser M(Z)., of v in
M(Z), and by Lemma 5.1.3 the roots of unity in M (Z), are all in I and hence
in I'y. It follows that p. is equal to the cardinality of the torsion part of I',.
It is also immediate from the definitions that, writing O, = F, N M(Z), we

have p1, = po, .

Lemma 5.1.4 Let O € O(S) be an order in the field F' € C(S) and let
f(z) be the minimal polynomial over Q of a fundamental unit in O. Then
the number of roots of f(x) in F which are also fundamental units in O is
independent of the choice of fundamental unit. We call this number k(QO).
Note that k(QO) is equal to 1,2 or 4.

Proof: Let € be a fundamental unit in O with minimal polynomial f(z)
over Q. Suppose there exists another fundamental unit 6 € O* with § # ¢
which is also a root of f(z). Then there exist embeddings « and /3 of F' into
C such that a(e) = £(9).

Let n € O also be a fundamental unit in @ with minimal polynomial
g(z) over Q. Then n = (c** for some root of unity ¢ € O*. We have

a(n) = a(¢e™) = a(C)a(e)™ = a(Q)B(8)*".
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Let n be the order of the root of unity . The order O is a ring so contains all
roots of unity of order n and hence there exists an n® root of unity £ € O

such that 3(£) = a(¢). Let 6 be the fundamental unit £§*' € O*. Then

a(n) = B(F) and so @ is also a root of g(x). The lemma follows. O
Proposition 5.1.5 The map 0 is W to one.

Proof: The question is, given O € O(S), how many conjugacy classes [v] €
ER8(I') are there such that F,, N M(Z) = O. Suppose O is an order in
the field F'. We saw in the proof of the previous proposition that given an
embedding o : F' — M (Q) such that O, = O and a fundamental unit ¢ € O*
the element v = o(¢) satisfies both F, N M(Z) = O and [y] € &5"*(D).
Conversely, it is clear that for [y] € &"*(T'), the element ~ is a fundamental
unit in the order F, N M(Z).

Recall that M(Z)* acts on the set ¥(O) from the left and that, by
Proposition 4.5.1, the cardinality of the set M(Z)*\¥X(O) is h(O)A\g(O). If
g,0 € O* are fundamental units and o, 7 are embeddings of F' into M (Q) such
that O, = O, = O, then o(e) and 7(0) are in the same M (Z)*-conjugacy
class if and only if there exists an automorphism « of F' such that «a(0) = ¢
and the embeddings o and 7 o v are in the same class modulo M (Z)*.

We will show that for each v € &57%(T") the M (Z)*-conjugacy class of v
decomposes into two I'-conjugacy classes. If 7, € I" are in the same M (Z)*-
conjugacy class we shall write [[y]] = [[0]]. For v € T, if v is central in M (Q)
then clearly the conjugacy class [[7]] = {7}. Conversely, if [[7]] = {7} then
v commutes with every element of M(Z) and, since M(Z) is an order in
M(Q), it follows that v commutes with every element of M(Q). Hence the
conjugacy class [[7]] consists of a single element if and only if ~ is central in
M(Q). Note that, by [49], Theorem 34.9, the image of M (Z) under the map
det is equal to Z, so there exist elements of M(Z) whose image under det is
—1.

Let v € &5™#(T"). Then 7 is not central in M(Q) so there exists 0 #
v in [[y]] such that v = n~'dn for some n € M(Z)* with det(n) = —1.
Suppose further that [y] = [d], so that v = 67§60 for some § € T'. Then
v =nt0v07'n, so & = n7'0 is an element of F, with det (¢) = —1. By
Lemma 4.4.1 we then have £ € F, N M(Z)*, where O = F, N M(Z) is an
order in the totally complex quartic field F,, and O* = F, N M(Z)* is the
group of units. But since F is totally complex quartic, Lemma 4.4.1 tells us
that det (§) = 1 and hence, by contradiction, [y] # [4]. This shows that each
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M (Z)*-conjugacy class of elements in &5 (") decomposes into at least two
[-conjugacy classes.

Suppose that [[v]] = [[0]] but [y] # [§]. Then there exists n € M(Z)* such
that v = n~1dn and det (n) = —1. Let 3 € T also be such that [[y]] = [[5]]
but [y] # [8]. Then there exists § € M(Z)* such that v = 67360 and
det () = —1. Then § = nd~'130n~"', where det (dn=') = 1 so [§] = [A].
Hence each M (Z)*-conjugacy class of elements in &5"**(T") decomposes into
precisely two I'-conjugacy classes.

We conclude that the choice of a fundamental unit ¢ € O* gives us
2h(0)As(O) T-conjugacy classes [y] € &p"*(I") such that F, N M(Z) =
O. We have seen that the choice of fundamental unit is determined up to
inversion and multiplication by a root of unity so there are 2ue» choices for
e. We saw in the previous proposition that for a given embedding o of F
into M (Q) and choice of a fundamental unit € € O there is a conjugacy class
Vo] € Ep5(T) with o(g) = ~,.. However, we saw above that if there exists
an automorphism « of F such that § = a(e), then setting 7 = coa™! we have
[Yoe] = [Vr.s]. Such an automorphism exists if and only if J is a root of the
minimal polynomial of € over Q. The claim of the proposition folows. O

Lemma 5.1.6 Let v € & () so that v is conjugate in G to a,b, € A~B
where

y =

for some a € (0,1), 0,¢ € R. If K(O,) > 1 then either 8 + ¢ or 0 — ¢ is in
1ZUIZ.

Proof: The element 7 is a fundamental unit in O.. We shall write f(x) for
its minimal polynomial. The roots of f(x) are the eigenvalues of -, which
are oy = ae’, ay = ae ™, a3 = a e, ay = a"le .

Suppose k(O,) > 1. Then there exist ¢, € {1,2,3,4}, ¢ # j and a root
of unity ¢ such that o; = Cajﬂ. If oy = Ca; then aiaj’l = ( and either
{i,7} ={1,2} or {i,7} = {3,4}. Without loss of generality take i = 1 and
j =2, then ¢ = aqay’ = €. It follows that if n € N is such that (" = 1

then 2" = a™ € (0,1) and so F, has a real quadratic subfield. However, by
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Lemma 5.1.1 this contradicts the assumption that v € &5 ('), so we must
have a; = Cozj_l.

By considering the possible values of ¢ and j which would satisfy «; =
Caj_l we see that either 6 + ¢ or 6 4 ¢ is equal to gm, where ¢ € Q is such
that ¢ = €'". It remains to show what the possible values for ¢ are, that
is, which roots of unity may occur in O,. We saw in the proof of Lemma
5.1.3 that the only roots of unity which may occur in a quartic field are +1
and roots of order 3,4,5,6,8,10 or 12. If { is a root of order 5,8,10 or 12
then ¢ generates a totally complex quartic field, however, Q(¢) has the real
quadratic subfield Q(¢ + ¢~1), which possibility is excluded in our case. So
we are left with the possibility that ( = +1 or ( is a root of order 3,4 or 6,
which implies the claim of the lemma. O

Lemma 5.1.7 Let [y] € &5%(T"). Then

1
x1(l,) = —.
(I "
Proof: By Theorem 1.4.2,
L4 T 4]
Xl(F7’> = : . )
INEREY

where IV C TI' is a torsion free subgroup of finite index. In the case under
consideration we have that I', is isomorphic as a group to the group of norm
one elements in the order O, = F, N M(Z). By Lemma 4.4.1 this is equal
to the group of units OF. By Dirichlet’s unit theorem and Lemma 5.1.3 it
follows that

F’Y = EZ X :u(fy)a

for some generator e and where p(y) is the finite cyclic group of roots of
unity in OF. It then follows that

€kZ,

r

12

/
5
for some k£ € N. Since every torsion element in I', is sent to the identity

under the projection onto I', 4 we also have the isomorphisms

[ya e
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and
/ ~ _kZ
F'Y’A =& .

The lemma follows. O

Let [y] € &5™%(T). Then 7 is conjugate in G to a matrix a.,b,, where
a, = diag(a,a,a™*,a™!) for some 0 < a < 1 and

b= ( O )

for some 6, ¢. Recall that the length [, of 7 is defined to be 8|loga| and
N(y) = eh. For O € O(S) let gp be a fundamental unit of @ and R(O) =
2|log |eo|| the regulator of @ and let 7(0Q) = e*#(©). Under the map 6, the
element vy corresponds to a fundamental unit of the order 6([y]) and it is
clear that

r(0([v]) = N(v).

We recall from the proof of Lemma 4.3.1 that 6([7]) is an order in the field
Q(ae®?,ate'?). By Lemma 2.4.2 we have that tro(y) = 4(1 — cos26)(1 —

cos 2¢). Let
_ _ o)
0= iy )

where the product is over the embeddings of F’, into C. A simple calculation
then shows that

tro(y) =1 —e")1—e)(1 = )1 —e7) =v(y).

We summarise the results of this section in the following:

Proposition 5.1.8 The map 0 is surjective and % to one. For

[v] € &5%(T) we have that x1(I',) = 1/p,, that tra(y) = v(vy) and that
N(v) =r @ ()

5.2 Class numbers of orders in totally com-
plex quartic fields

We are now in a position to prove our main theorem.
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Theorem 5.2.1 (Main Theorem) Let S be a finite, non-empty set of prime
numbers with an even number of elements. For x > 0 let

ms(x) = Y As(O)h(0),

Then, as x — oo we have

€4ac

Y Q'
Proof: By [2], Proposition 17.6 we know that I" has a weakly neat subgroup
I which is of finite index. Hence there exists nr € N such that all roots of

unity which are eigenvalues of Ad() for some v € I" have order less than or
equal to nr. Define the sets

7T5([L’)

B?:{(Rw) R(o) > EB:Q,qbgéwZU%ZU---UlZ}

and

Bg:B?u{(R<9) R(9) ) eB:(9+¢),(e—¢)¢gZugz}.

For z > 0 define the functions

@)= Y x@,) and m(z) = > x1(I'y).
MesB™ (1) [H1€EB™™ (D)5 (04)=1
N()<e N(v)<e

Setting B® = BY in Theorem 3.0.4 we get as z — 00

2z

~ logx’

" () (5.1)

Setting B® = BY in Theorem 3.0.4 we get, using Lemma 5.1.6, as x* — oo

2x
logx’

™" (z) (5.2)

We also define the following functions for z > 0:

msa() = Y )\S(g)h((’)) and 7sa(x)= Y. As(O)h(O).
0ec0c(S) K”( ) 0€0(8);k(0)=1
R(O)<= R(O)<z
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By Proposition 5.1.8 and the fact that N(vy) = ¢*#(©) we deduce from (5.1)
that

64:5
mws1(x) ~ . (5.3)
and from (5.2) that
4x
sa(2) ~ Z_x' (5.4)
For x > 0 define
, As(O
Toale) = maale) ~msae) = 30 25ho)

Oe0c(8);k(0O~)>1
R(O)<z

Then from (5.3) and (5.4) it follows that

Pyola) = 0 (%) |

Since k(O) < 4 for all O € O°(S) we have
moa(t) < ms(w) < ma(w) + Ay (a)
and the theorem follows. O
We can also prove the following:

Theorem 5.2.2 Let S be a finite, non-empty set of prime numbers with an
even number of elements. For x > 0 let

is(x) = Y v(O)As(0)h(0),
Oe0c(S)
R(O)<z

QMOZH( )’

where the sum 1is over the 2ue different fundamem‘al units of O and the
product is over the embeddings of O into C.
Then, as © — oo we have

where
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Proof: Let &&™(T) = & 5(0) N &R (T') be the set of regular, non weakly
neat elements in &4(T"). Setting B = B™8 in Theorem 3.0.4 we get

S~ —

log x
yleeB 8 () &
N(v)<z

and with (5.1) above it follows that

> umi=ofin).

[MeeR ™™ (1)
N(y)<z

It follows from Lemma 2.4.2 that 0 < tra(b,) < 16 for all v € &p(I'), and
hence we have

S a)ue,) =o (bﬁ ) |

[vleeB ™ (1)
N(v)<z

It then follows from Theorem 3.0.3 that

S ) ab) ~

~Y
logz’
[1e&B™ () &

N(v)<z

We can also deduce from (5.1) and (5.2) that

S a)tab,) =o (1g ) |

(€ER™ (I)ir(0)>1
N(v)<=z

The theorem then follows from Proposition 5.1.8 using the same arguments
as in the proof of the previous theorem. O

The methods we have used to deduce the asymptotic result for class num-
bers from the Prime Geodesic Theorem were not sharp enough to preserve
the error term which was proven there. However, we make the following
conjecture:
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Conjecture 5.2.3 Under the conditions of Theorem 5.2.1, as x — o0 we
have

ro(z) = %L(le) +0 (i) 7

T

where
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